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Abstract 
 

Inferences about counterfactuals are essential for prediction, answering 
“what if” questions, and estimating causal effects.  However, when the 
counterfactuals posed are too far from the data at hand, conclusions drawn 
from well-specified statistical analyses become based on speculation and 
convenient but indefensible model assumptions rather than empirical 
evidence.  Yet, standard model outputs do not reveal the degree of model-
dependence, and so this problem can be hard to detect.  We develop easy-
to-apply methods to evaluate counterfactuals that do not require sensitivity 
testing over specified classes of models.  One analysis with these methods 
applies to the class of all models, for any smooth conditional expectation 
function, and to the set of all possible dependent variables, given only the 
choice of a set of explanatory variables.  We use these methods to evaluate 
the extensive scholarly literatures on the effects of changes in the degree 
of democracy in a country (on any dependent variable), and find evidence 
that many scholars are inadvertently drawing conclusions about 
democracy based more on their hypotheses than on their empirical 
evidence.  
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1 Introduction

Social science is about making inferences, using facts we know to learn about facts we

do not know. Some inferential targets (the facts we do not know) are factual, which

means that they exist even if we do not know them. Many want to know, for example, the

proportion of Florida voters in the 2000 election who intended to vote for George W. Bush.

Although events subsequent to the election demonstrated the difficulty of determining this

number, no one seems to question its existence. In contrast, other inferential targets are

counterfactual, and thus do not exist, at least not yet. Counterfactual inference is crucial

for studying “what if” questions, such as what kind of president Al Gore would have

made if the 2000 election had turned out differently. It is also crucial for making forecasts

since the quantity of interest is not knowable at the time of the forecast, although it

will eventually become known. Counterfactual inference is essential as well in making

causal inferences, since causal effects are differences between factual and counterfactual

inferences: for example, how much smaller would the 2001 federal tax reduction have been

if Gore rather than Bush had been elected president.

As Lebow (2000: 558) explains, “Counterfactuals are an essential ingredient of scholar-

ship. They help determine the research questions we deem important and the answers we

find to them. They are necessary to evaluate the political, economic, and moral benefits of

real-world outcomes. These evaluations in turn help drive future research.” Counterfac-

tual inference has thus been popular topic in political science (Fearon, 1991, Thorson and

Sylvan, 1982; Tetlock and Belkin, 1996; Tetlock and Lebow), psychology (Tetlock, 1999;

Tetlock et al., 2000), history (Murphy, 1969, Gould, 1969; Dozois and Schmidt, 1998; Tally,

2000), philosophy (Lewis, 1973; Kvart, 1986), computer science (Pearl, 2000), statistics

(Rubin, 1974; Holland, 1986), and other disciplines. As scholars have long recognized,

however, some counterfactuals are more amenable to empirical analysis than others. In

particular, some counterfactuals are more strained, farther from the data, or otherwise

unrealistic.1 With a sample of U.S. time series data, we could reasonably ask how much

U.S. presidential approval would drop if inflation increased by two percentage points, and
1For example, Fearon (1991) and Lebow (2000) distinguish between “miracle” and “plausible” counter-

factuals and offer qualitative ways of judging the difference. Tetlock and Belkin (1996: ch. 1) also discuss
criteria for judging counterfactuals (of which “historical consistency” may be of most relevance to our
analysis). In this paper, we provide quantitative measures of these and related criteria that are meant to
complement the ideas for qualitative research discussed by these authors.
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we could generate a fairly certain answer. We should not expect to get a valid answer from

the same data, given any model, if we asked how much approval would drop if inflation

increased by 200 percentage points. Remarkably, however, whatever statistical model we

used to compute the first counterfactual inference could also be used to compute the sec-

ond. Our confidence interval for the second inference would be somewhat wider than the

first, but the second inference would be far more uncertain than the confidence interval

indicates. The confidence interval is not wrong: if the other assumptions of the model are

correct, it accurately portrays the uncertainties, conditional on the model. The problem is

that we have little reason to believe the model when it veers so far from the data. In other

words, the second inference is far more model dependent than the first. Thus, for example,

if the model used were a linear regression, the 2% inference would not depend very heavily

on the exact linearity assumption as long as the model fits the observed data reasonably

well and the underlying true conditional expectation function is reasonably smooth. How-

ever, the 200% inference is so far from historical experience that any conclusion will be

very sensitive to most features of the model, no matter how good the fit of the model to

the data. The linearity assumption in this context thus looms very large. Extrapolate

using a slightly quadratic function instead of a linear one, even one that fits the in sample

data only slightly differently, and inferences will differ dramatically, even if little evidence

exists with which to distinguish between the two models.

But how can we tell how model dependent are our inferences when the counterfactual

is not so obviously extreme, or when it involves more than one explanatory variable? The

answer to this question does not come from any of the model-based quantities we normally

compute and our statistics programs typically report, such as standard errors, confidence

intervals, coefficients, likelihood values, predicted values, test statistics, first differences,

p-values, etc. To understand how far from the facts are our counterfactual inferences,

and thus how model-dependent are our inferences, we need to look elsewhere. At present,

scholars study model-dependence primarily via sensitivity analyses: changing the model

and assessing how much our conclusions change. If the changes are substantively large for

models in a particular class, then inferences are deemed model dependent. If the class of

models examined are all a priori reasonable, and conclusions change a lot as the models

within the class change, then the analyst may conclude that the data contain little or
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no information about counterfactual question at hand. This is a fine approach, but it is

insufficient in circumstances where the class of possible models cannot be easily formalized

and identified, or where the models within a particular class cannot feasibly be enumerated

and run, i.e., most of the time. In practice, the class of models chosen are those that are

convenient — such as those with different control variables under the same functional

form. In practice, the identified class of models rarely includes all possibilities, and it

normally excludes at least some models that have a reasonable probability of returning

different substantive conclusions. In contrast, our analysis applies to the class of nearly

all models, whether or not they can be formalized, enumerated, and run, and for the class

of all possible dependent variables.

In addition to the methodological contributions that would appear applicable to most

empirical analyses, the substantive goal of this paper is to evaluate the counterfactuals

used in the scholarly literatures on the effects of democracy. These effects (on any of the

dependent variables used in the literature) have long been among the the most studied

questions in comparative politics and international relations. Our results demonstrate

that many scholars in these literatures are asking counterfactual questions that are far

from their data, and are therefore inadvertently drawing conclusions about the effects

of democracy based on indefensible model assumptions rather than empirical evidence.

The results also show that almost all analyses about democracy include at least some

counterfactuals with little empirical support.

Section 2 shows more specifically how to identify questions about the future and “what

if” scenarios that cannot be answered well in given data sets. This section introduces sev-

eral new approaches for assessing how based in factual evidence is a given counterfactual.

Section 3 provides a new decomposition of the bias in estimating causal effects using ob-

servational data that is more suited to the problems most prevalent in political science.

This decomposition enables us to identify causal questions without good causal answers

in given data sets and shows how to narrow these questions in some cases to those that

can be answered more decisively. We use each of our methods to evaluate counterfactuals

regarding the effects of democracy. Section 4 concludes.

3



2 Forecasts and “What If” Questions

Although statistical technology sometimes differs for making forecasts and estimating the

answers to “what if” questions (e.g., Gelman and King, 1994), the logic is sufficiently

similar that we consider them together. Although our suggestions are general, we use

aspects of the international conflict literature as a running example to fix ideas. Thus,

let Y , our outcome variable, denote the degree of conflict initiated by a country, and X

denote a vector of explanatory variables, including measures such as GDP and democracy.2

In regression-type models, including least squares, logit, probit, event counts, duration

models, and most others used in the social sciences, we usually compute forecasts and

answers to “what if” questions using the model-based conditional expected value of Y

given a chosen vector of values x of the explanatory variables, X.

The model typically includes a specification for (i.e., assumption about) the conditional

expectation function (CEF):

E(Y |X) = g(X, β), (1)

where g(·) is some specified functional form and β is a vector of parameters to be estimated.

To make a forecast, we plug the specified vector of values x, and the point estimate of β,

which we denote β̂, into this CEF and compute the estimated CEF:

Ê(Y |x) = g(x, β̂). (2)

The estimated CEF for the familiar linear regression model, for example, is xβ̂ = β̂0 +

β̂1x1 + · · ·+ β̂kxk; the logit model is [1 + exβ̂]−1; the exponential duration model is e−xβ̂;

count models are usually specified as exβ̂, etc.3

Interestingly, each of these CEFs can be computed for any (real) values of x. The

model never complains, and exactly the same calculation can be applied for any value of

x. However, even if the model fits the data we have in our sample well, a vector x far from

any rows in the matrix X is not likely to produce accurate forecasts. If a linear model

indicates that one more year of education will earn you an extra $1,000 in annual income,
2For notational convenience we also use Y and X to denote the observed data matrix of the dependent

and explanatory variables when the context is clear.
3More generally, we are interested in the full conditional density, P(Y |x) =

R
P(Y |x, β)P(β|Y )dβ. All

our methods apply in this situation as well, but for expository purposes we continue to focus on the CEF
in Equation 1. Equation 2 is included only to fix ideas, since our methods do not require an estimate of the
CEF or a specification of the model. Normally a better way of computing the estimated CEF recognizes

the uncertainty in β̂:
ˆ̂
E(Y |x) =

R
g(x, β̂)P(β̂)dβ̂, where P(β̂) is the posterior density of β.
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the model also implies that 10 more years of education will get you $10,000 in extra annual

income. In fact, it also says — with as straight a face as a statistical model ever offers

— that 50 years more of education will raise your salary by $50,000. Even though no

statistical assumption may be violated as a result of your choice of any set of real numbers

for x, the model obviously produces better forecasts (and “what if” evaluations) for some

values of x than others. Predictive confidence intervals for forecasts farther from the data

are usually larger, but confidence intervals computed in the usual way still assume the

veracity of the model no matter how far the counterfactual is from the data.

If you are worrying about your choice of a model, that may be a good thing in general,

but it will not help here. Other models will not do verifiably better with the same data; we

simply cannot determine from the evidence which model is more appropriate. So searching

for a better model, without better data, better theory, or a different counterfactual ques-

tion, in this case is simply futile. We merely need to recognize that some questions cannot

be answered from some data sets. Our linearity (or other functional form assumptions)

are written globally — for any value of x — but in fact are relevant only locally — in

or near our observed data. In this paper, we seek to understand where “local” ends and

“global” begins. For forecasting and analyzing what if questions, our task comes down to

seeing how “far” x is from the observed X.

We now offer several procedures that can be used to assess whether a question posed

can be reliably answered from any statistical model. We will not assume knowledge of the

functional form, model, estimator, or dependent variable, but we do assume that the CEF

is fairly smooth (a concept we define formally below). Such is not always the case, but

the idea comports with most statistical models and theoretical processes in the discipline.

2.1 Interpolation vs. Extrapolation

An important distinction in assessing the counterfactual question x is whether answering

it by computing E(Y |x) would involve interpolation or extrapolation (e.g., Kuo, 2001).

Assuming some minimal smoothness in the CEF in the region near the data implies that the

data would in general contain more information about counterfactual questions that require

interpolation than those that require extrapolation. Hence answering a question involving

extrapolation is normally far more model-dependent than one involving interpolation.

For intuition, imagine we have observed data on income for those with high school de-
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grees and for those with four-year college degrees, and we wished to estimate what income

one with a two-year college degree would have. This is a simple counterfactual “what if”

question because we have no data on people with two-year degrees. The interpolation

task, then, is to draw some curve from expected income among high school graduates to

the expected income among four-year college graduates. Without any assumptions, this

curve could go anywhere, and our inferred income for those with two-year degrees would

not be constrained at all. Imposing the assumption that the CEF is “smooth” (i.e., that

it contains no sharp changes of direction and that it not bend too fast or too many times

between the two end points, a concept we formalize below) is quite reasonable for this

example and indeed for most political science processes. The consequence of this smooth-

ness assumption is to narrow greatly the range of income into which the interpolated value

must fall. Even if it is higher than income for four-year colleges or lower than for high

school educated students, it probably won’t be too much outside this range. However,

now suppose we observed the same data but needed to extrapolate to the income for those

with masters degrees. We could impose some smoothness again, but even one bend in the

curve could make the extrapolation change a lot more than the interpolation. One way to

look at this is that the same level of smoothness (say the number of changes of direction

allowed) constrains the interpolated value more than the extrapolated value, since for in-

terpolation any change in direction must be accompanied by a change back to intersect

the other observed point. With extrapolation, one change need not be matched with a

change in the opposite direction, since there exists no observed point on the other side of

the counterfactual being estimated.

Thus, as a first step in evaluating a counterfactual question, we need to know whether

the question requires interpolation or extrapolation. If it involves extrapolation, we still

might wish to proceed if the question is sufficiently important, but we would be aware of

how much more model dependent our answers will be. How to do this with one variable

should now be obvious; fortunately, doing it for more than one requires only one additional

concept: Indeed, our main message in this section is that, mathematically, questions that

involve interpolation are values of the vector x which fall in the convex hull of X, and

with this definition (and our explanations below) researchers can easily check whether a

particular question requires extrapolation.4

4An alternative formal definition of extrapolation is an inference that occurs at x that is off the sup-
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Formally, the convex hull of a set of points is the smallest convex set that contains

them.5 This is easiest to see graphically, such as via the example in Figure 1 for one ex-

planatory variable (on the left) and for two (on the right), given simulated data. The small

vertical lines in the left graph denote data points on the one explanatory variable in that

example. The convex hull for one variable is marked by the maximum and minimum data

points: any counterfactual question between those points requires interpolation; points

outside involve extrapolation. (The left graph also includes a nonparametric density es-

timate, a smooth version of a histogram, that gives another view of the same data.) For

two explanatory variables, the convex hull is given by a polygon with extreme data points

as vertices such that for any two points in the polygon, all points that are on the line

connecting them are also in the polygon (i.e., the polygon is a convex set). A counterfac-

tual question x that appears outside the polygon requires extrapolation. Anything inside

involves interpolation.

Although Figure 1 only portrays convex hulls for one and two explanatory variables,

the concept is well defined for any number of dimensions. For three explanatory variables,

and thus three dimensions, the convex hull could be found by “shrink wrapping” the fixed

points in three dimensional space. The shrink wrapped surface encloses counterfactual

questions requiring interpolation. For four or more explanatory variables, the convex hull

is more difficult to visualize, but we can still easily assess whether a point lies within the

hull based on the mathematical property of the hull. Appendix A shows how to do this by

solving a standard linear programming problem, meaning that generally available linear

programming software can be employed to solve the problem quickly.

We can also describe the advantages of interpolation over extrapolation more formally.

port of the distribution that generated X, so that there is zero probability of having observations within
some neighborhood of x in repeated sampling. Manski (1995: 16) uses this definition and shows that
for continuous functions, interpolation enables nonparametric identification of the conditional distribution
P (Y |X = x) (and therefore the CEF at x) while extrapolation requires additional assumptions. Unfortu-
nately, estimating the support of the distribution of X, P (X), from sample data is difficult or infeasible
for more than a few explanatory variables, and so in this section we focus on our definition using the
convex hull which leads to easy verification. In Section 3, however, where we discuss counterfactuals in
causal inference that have a more specific form, we show that checking whether a counterfactual falls on
the support of the X distribution is also easily implementable. For finite samples, the convex hull of X and
the support of P (X) are closely but qualitatively related, there is no universal quantitative relationship.
Asymptotically, the convex hull either equals the support or contains it as a subset and so can be seen as
a conservative approach.

5A set is convex if for any two elements in the set, the convex combinations of them are also in the set.
A point is a convex combination of two other points if it lies on the line segement between the two points,
i.e., it is a linear combination of the two points with coefficients that are each between zero and one and
together sum to one.
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Figure 1: Interpolation vs. Extrapolation: The convex hull of X is the smallest convex set
that contains the data. Inference on points inside the convex hull requires interpolation,
outside it requires extrapolation. With one explanatory variable, the convex hull is the
closed interval between the minimum and the maximum values of the observed data (as
portrayed on the left graph, along with a nonparametric density). With two explanatory
variables, the convex hull is a polygon with vertices at the extreme points of the data (as
in the right graph).

If we make no assumptions about the true CEF, then we can learn nothing about coun-

terfactuals other than those that are coincident with the data points X (the “factuals”).

Counterfactual inference thus requires some type of additional assumption, which almost

always involves a version of smoothness in the CEF. For our more general purposes, we

shall only require that the CEF is smooth in the precise sense that it satisfies the Lipschitz

condition on a convex set containing both the observed data X and the counterfactual x,

so that for any two points in this convex set — in particular, the counterfactual x and an

observed point Xi ∈ X —

||E(Y |x)− E(Y |Xi)|| ≤ K||x−Xi||, (3)

where K is some fixed positive number. Having bounded derivatives on the convex

set would be sufficient for this condition to hold per the Mean Value Theorem, but

not necessary. Under this condition, the “distance” (defined by the norm) between the

CEF at the counterfactual E(Y |x) and the observed data point corresponding to Xi,

Yi = E(Y |Xi) + e(Xi), is bounded:

||E(Y |x)− [E(Y |Xi) + e(Xi)]|| ≤ ||E(Y |x)− E(Y |Xi)||+ ||e(Xi)||

≤ K||x−Xi||+ ||e(Xi)||, (4)
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where we denote e(Xi) as the (bounded) random error in the outcome variable at point

Xi, and ||x − Xi|| as the distance between x and Xi. This result means that the error

in using the data point at Xi (i.e. Y |Xi) to approximate the CEF at the counterfactual

point x depends on the distance from the counterfactual x to the observed Xi. Equation

4 also implies that one such bound exists for every Xi ∈ X, and it is easy to see that

collectively the bounds are more informative about E(Y |x) if x is in the convex hull of X

than if it is outside simply because, in most cases, more points are nearby. Of course, we

might hesitate to assume anything about the CEF outside of the observed data domain

that is the convex hull of X only, in which case no bound is available for extrapolation at

all, meaning the observed data contain no information about the CEF at that point.

Outliers in X would make this extrapolation-detection method inefficient. That is,

some questions x would be identified as requiring interpolation even though they would

really involve extrapolation. However, if this method identified a question as requiring

extrapolation, then the suspicion of outliers in X would only make the finding more solid.

Of course, outliers need to be identified before, or as part of, any estimation strategy or

the model applied will not be reasonably estimated, even if the counterfactual question

asked is close to the data. As such, the problem of outliers is not unique to the issue at

hand.

While we do not need to specify any further details about the CEF (i.e., except for

smoothness in the form of meeting Equation 3) to establish the bound in Equation 4, and

thus the relative informational advantage of interpolation over extrapolation everywhere

in this very general class of CEFs, additional knowledge of the CEF can inform us more

about the absolute quality of any inference. In particular, if assumptions can be added

to narrow further the range of functions the CEF can take on, then this information

can be used to narrow the bound on the error in approximating the true CEF from the

specific models (see, for example, Wu and Schaback, 1993; Madych and Nelson, 1992;

and Shaback, 1996). To our knowledge, all such model-specific bounds are related to

the distance between the counterfactual and the observed data, too, which reenforces our

model-independent conclusion about the advantage of interpolation over extrapolation.

Similarly, if specific forms of nonlinearity and interactions (such as squared terms or

products of existing variables) are known to be present in the CEF, explicitly using them
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as additional input variables will result in a CEF that is a smoother function of the larger

set of inputs. As a result, counterfactual inference within the convex hull of this larger

data matrix X will be more accurate, and so the results of the test we propose will be

more informative about the approximation error in making interpolations.6 However,

researchers should not include these extra terms in their input data X unless they know

they belong in the CEF: putting them in when they do not belong could cause one to

conclude incorrectly that a counterfactual requires extrapolation.

While the informational advantage for interpolation holds in general, if we are willing

to assume that the CEF is smooth in the neighborhood of observed data, then points just

outside the convex hull are arguably “less of an extrapolation” than those farther outside.

Another related issue is that it is possible for a point just inside the extrapolation region

(i.e., just outside the convex hull of X) to be closer to a large amount of data points

than one inside the hull that occupies a large empty region away from most of the data.

These qualifications — as well as the need to evaluate counterfactuals within the interpo-

lation region — point to the need for other methods that could be used simultaneously,

a problem to which we now turn. But even with the need for other methods, we view

the distinction between interpolation and extrapolation as sufficiently fundamental that

we think readers of all articles making counterfactual inferences have the right to know

which type is involved.

2.2 How Far Is The Counterfactual from the Data?

In addition to assessing whether a counterfactual question requires interpolation or ex-

trapolation, we can further examine how “far” it is from the data by computing various

distance or closeness measures. For example, one such measure could be derived based

on parametric approaches. If we assume that X is generated from some super-population

with multivariate probability density P(X), then we could ascertain whether there exists

sufficient hyper-volume in the region near x to base a reasonably reliable inference. If R

is the region near x defined in some way, then we might calculate the fraction of the prob-

ability density P(X) that falls within R as the integral
∫
x∈R P(X)dX. If this probability

mass around x is too small, then we might conclude that there does not exist enough
6Identification of “features” of the original data such as squared terms or interactions that may be

present in the CEF is part of the routine data “pre-processing” step that political scientists often perform.
For a rigorous treatment of this topic see, for example, Bishop (1995: Chapter 8).
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empirical evidence nearby x to make a reasonable inference.

The question then is what distribution we should assume for P(X) and how to estimate

it. Since X can be quite high dimensional (i.e., there might be many explanatory variables),

and X may have scattered missingness, a simple parametric approach would be to use

the same model for missing data as King, Honaker, Joseph, and Scheve (2001), which

is multivariate normal on the fully observed data. If data are missing, the multivariate

normal is estimated using all available information, by integrating out the missing cell

values. One advantage of this approach is that we can use the software written for this

purpose, Amelia (Honaker, Joseph, King, and Scheve, 2001), to accomplish our task.

Amelia can be used to estimate the mean vector µ and the covariance matrix Σ of the

multivariate normal distribution, and then the integral above can be computed.7

Although as with imputation problems, this parametric approach may be a reasonable

approximation in many situations, its disadvantage is that a multivariate normal may be

too much of a simplification, especially with many dichotomous variables. Also, sampling

designs that stratify on some variables in X may contain no information on aspects of P(X)

without adding auxiliary information. We now address both issues by using a distance

measure based on Gower’s (1971) nonparametric measure of similarity, which allows mixed

data types. Gower’s measure of similarity between two points xi and xj in K dimensional

space is:

gij =
1
K

K∑

k=1

(
1− |xik − xjk|

rk

)
(5)

where xik is element k of xi, xjk is element k of xj , and rk is the range of the kth element

and, applied to our problem, is

rk = max(X.k ∪ x.k)−min(X.k ∪ x.k). (6)

where the min and max functions return the smallest and largest elements respectively in

the set including the kth elements of the counterfactual x and explanatory variables X.

Thus, the elements of the measure are normalized for each variable to range between zero

and one, and then averaged. The measure is designed to apply to all types of variables,

including both quantitative and qualitative data.
7Or, instead of the integral, which can be complicated to compute, we could use the log posterior

density evaluated at the observed value x. A simple version of this would be to plug in the estimates,
lnP(x|µ̂, Σ̂). A somewhat better version would be to average over the uncertainty in estimating the
parameters ln

R
P(x|µ, Σ)P(µ, Σ)d{µ, Σ}.
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The distance measure between the points xi and xj we use is Gij =
√

1− gij , and thus

G2
ij =

1
K

K∑

k=1

|xik − xjk|
rk

. (7)

Gower (1971) shows that this measure also satisfies the triangle inequality

Gij + Gik ≥ Gjk, (8)

and hence has a metric interpretation.8

The problem with the usual uses of the Gower distance measure in our context is that

if data are collected by stratifying on X, the minimum and maximum values in (6) may be

misleading. For example, suppose education is one of the variables and is only measured

for 1, 2, 3, or 4 years of college education, and assume for the moment that x is coded

within those years. In this case, rk will be observed at 3. But the full range of years of

education might instead be seen as having a range of 15. The fact that the range of X was

artificially restricted does not bias any estimates conditional on the model, but it can have

a large affect on our measure of closeness of x to X. In fact, if the data collection design

restricts education to this small range, then any distance from x to X in this situation

should be a good deal narrower than the full range of 15. Our measure of similarity should

reflect this: in this example, we should be normalizing by dividing by 15 instead of 3. In

that way, the maximum distance would be 3/15 instead of 1, as is appropriate. Although

few have followed up on this suggestion, Gower (1966: 859) recognizes this problem and

allows rk to be defined based on external information and so, although our particular

empirical example in Section 2.3 is unaffected, we suggest using available sample design

information.

Another reason for modifying the standard definition of rk, of course, is that for our

purposes the min and max functions in (6) are meant to summarize the data. As such,

in order to avoid having the nature of the question constraining the answer, they should

not include x. Thus, we modify Gower’s measure by removing x from the definition and

choosing rk accordingly — from the design if X was selected by stratification or as in

Equation 6 without x if X was randomly sampled.
8Ordinal explanatory variables are typically assumed interval or coded as a set of dichotomous variables,

and Gower’s measure follows that practice. Some versions also include weights, but we we exclude those
here.
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Since x may be outside the convex hull of X, and because we allow rk to be set by the

user from design information, the modified version of G2 may range anywhere from zero

on up. Thus, if G2 = 0, then x and the row in question of X are identical, and the larger

G2
ij , the more different the two rows are. (If G2 > 1 then x lies outside the convex hull of

X, but the reverse does not necessarily hold.)

With G2 applied to our problem, we need to summarize n numbers, the distances

between x and each row in X. If space permits, we suggest presenting a cumulative

frequency plot of G2 horizontally by the fraction of rows in X with G2 values less than

the given value on the horizontal axis. If space is short, such as would happen if many

counterfactuals need to be evaluated, any fixed point on this graph could be used as a

one-number summary. For example, one possibility is to report the fraction of rows with

G2 values less than some specific number, such as the “generalized variance” of X.9 We

illustrate in Section 2.3.

In concluding, we note that the methods discussed here do not exhaust the possible

methods for evaluating how far x is from X. The parametric distance method analogous

to G2 is Mahalanobis distance, which underlies the normal distribution and the approach

outlined earlier in this section. Any method of outlier detection could be used to see

whether x is an outlier with respect to X (although note that the usual outlier detection

scheme uses rows of {Y, X}, whereas we only want to look at X). Methods of multivari-

ate cluster analysis or other high dimensional data techniques would also be useful for

identifying how close x is to portions of X.

2.3 Counterfactuals About Democracy

We now apply these methods of evaluating counterfactuals to address one of the most

asked questions in political science: what is the effect of a democratic form of government

(as compared to less democratic forms). We study counterfactuals relating to the degree of

democracy using data collected by the State Failure Task Force (Esty et al., 1995, 1998a,

1998b, 1999). The State Failure Task Force is a group of academics and consultants,
9The generalized variance, or squared generalized standard deviation, is the geometric variability

(Cuadras and Fortiana, 1995; Cuadras, Fortina, and Oliva, 1997). The geometric variability is a gen-
eralized version of the usual variance formula in that for Euclidean distances (which are inappropriate
with binary data, for example), it equals the regular variance for one explanatory variable, or in general
the trace of the covariance matrix of X. For other measures of distance, such as used in Equation 7, the
geometric variability is a generalized measure of dispersion of X.
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selected and funded by the U.S. Central Intelligence Agency, whose task is to collect

data and develop methods for forecasting state failure. State failure is the collapse of the

central authority of the state, so that it can no longer impose the rule of law on its citizens.

Examples include Somalia and Bosnia.

Our independent evaluation of the task force’s efforts revealed some (fixable) method-

ological errors but a superb data set (King and Zeng, 2002). Indeed, this example is an

especially good one for our present purposes because the task force authors had the re-

sources of the federal government to marshall for their data collection efforts, and so the

usual scarcity of time, resources, expertise, etc., that affect most data collection efforts are

not constraints here. The only limitation on types and especially combinations of data the

task force could collect, in addition to the authors’ research design, was the world: that

is, countries can be found with only a finite number of bundles of characteristics, and this

constraint affects everyone studying counterfactuals about democracy. Thus, to the extent

that we find that certain counterfactual questions of interest are unanswerable with task

force data, we know that remedying the problem will require something more than merely

additional resources.

After extensive searches, the task force settled on a logistic regression model to fore-

cast state failure as a function of trade openness, (as a proxy for economic conditions and

government effectiveness) the infant mortality rate, and democracy. Democracy is coded

as two dummy variables representing autocracy, partial democracy, and full democracy.

King and Zeng (2002) added to these the fraction of the population in the military, pop-

ulation density, and legislative effectiveness and showed that a prior-corrected version of

a committee neural network model could forecast uniformly better than the task force’s

approach. The details of these alternative statistical models are not relevant here, since

the methods developed in this section hold for almost any statistical model, and as such

we only need a list of explanatory variables and a given counterfactual question. Thus, for

present purposes, we use all these explanatory variables, and focus on a counterfactual of

central importance: what would happen to the probability of state failure if the degree of

democracy changed.

Since the dependent variable need not be specified for any of the techniques introduced

in this section, the conclusions from one analysis applied to a given set of explanatory
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variables holds for any dependent variable that might in the future be used with these

variables. This is fortunate in the present application, since something close to the same

counterfactual also accounts for much of the research on the democratic peace hypothesis

in international relations. Although the dependent variable there is inter-state conflict

rather than intra-state failure, our methods and this same analysis apply there too without

modification. “What would happen if more of the world were democratic” is a question

that also underlies much other work in comparative politics and international relations

over the last half century as well as a good deal of American foreign policy, and so our

analysis here may be of some interest to a variety of readers.

We begin a description of our empirical analyses with four clear examples, the first

two obviously extrapolations and the second two obviously interpolations, and then move

to averages of many other cases of more substantive interest. For example, what would

happen if Canada in 1996 had become an autocracy, but its values on other variables

remained at their actual values? We find that this extreme counterfactual is outside the

convex hull of the observed data and therefore requires extrapolation. Similarly, if we ask

what would have happened if Saudi Arabia in 1996 had become a full democracy, we would

also be required to make an extrapolation, since it too falls outside the convex hull.

Conversely, suppose we ask what would happen if Poland had became an autocracy in

1990 (i.e., just after it became a democracy). From qualitative information available about

Poland, this counterfactual is quite plausible, and many even thought (and worried) about

it actually occurring at the time. Our analysis confirms the plausibility of this suspicion

since this question falls within the convex hull; analyzing it would require interpolation

and thus not much model dependence. Another reasonable counterfactual is to ask what

would have happened had Hungary become a full democracy in 1989 (i.e., just before it

actually did become a democracy). This question is also in the convex hull and would also

require only interpolation to produce specific estimates.

We now further analyze these four counterfactuals questions using our modified Gower

distance measure. The question is how far the counterfactual x is from each row in the

observed data set X, and so the distance measure applied to the entire data set gives n

numbers. We summarize these numbers, without loss of information, in the cumulative

frequency plots in Figure 2. The left plot includes counterfactuals that change from autoc-
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Figure 2: Distance to Four Counterfactuals: Cumulative frequencies of modified Gower
distances. Countries in the left graph are changed from autocracies to democracies, and
the reverse in the right graph. Dashed lines are outside the convex hull of observed data;
solid lines are within it.

racies to democracies, and the right plot is the reverse. The dark line in each graph refers

to a counterfactual within the convex hull and the dashed line is for a counterfactual out-

side the hull. Each line gives the cumulative distribution of our modified Gower distance

square measures. Take, for example, the value of G2 (given horizontally) of 0.1 (which is

an average distance of 10% from the minimum to the maximum values on each variable

in X).10 Essentially no real country-years are within 0.10 or less of this counterfactual for

changing Saudi Arabia to a democracy, but about 25% of the data are within this distance

for Hungary. Similarly, just a few observations in the data are within even 0.15 of Canada

changing to an autocracy, although about a quarter of the country-years are within this

distance for Poland. Of course, the full cumulative densities in the figure provide a lot

more information than this one point.

We now examine a larger sets of counterfactuals all at once with more convenient

numerical summaries along the lines of our verbal description of Figure 2. We leave all

variables set at their actual values and first ask what would happen to all autocracies

if they became full democracies, and to all full democracies if they became autocracies.

This analysis includes 5,814 country-years, including 1,775 tracking full democracies and

4,039 representing autocracies. What we found was that only 28.4% of the country-years

in this widely examined counterfactual fell within the convex hull of the observed data.

This means that to analyze this counterfactual in practice, 71.6% of the country-years
10This number is equivalent to a “generalized standard deviation” for X of

√
0.1 = 0.32.
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Table 1: How Factual Are Counterfactuals About Democracy?

Average % of Data “Nearby”
Counterfactuals N % in Hull All in Hull only

Entire World
—Full Dem. to Autoc. 1775 53.1% 5.5% 8.4%
—Autoc. to Full Dem. 4039 17.6 2.4 8.2
—Part. Dem. to Autoc. 1376 80.5 12.3 14.7
—Autoc. to Part. Dem. 4039 61.8 4.2 6.0

Europe and Former USSR
—Full Dem. to Autoc. 961 54.2% 4.0% 5.8%
—Autoc. to Full Dem. 863 23.3 3.8 10.7
—Part. Dem. to Autoc. 493 86.0 11.2 12.7
—Autoc. to Part. Dem. 863 76.6 5.3 6.5

Canada and Latin America
—Full Dem. to Autoc. 383 64.5 8.6 11.7
—Autoc. to Full Dem. 604 30.5 3.4 8.1
—Part. Dem. to Autoc. 328 81.7 11.9 13.9
—Autoc. to Part. Dem. 604 69.5 5.4 7.3

Other Regions:
—Full Dem. to Autoc. 431 40.4 5.9 11.6
—Autoc. to Full Dem. 2572 12.8 1.7 6.4
—Part. Dem. to Autoc. 555 74.6 13.6 17.3
—Autoc. to Part. Dem. 2572 55.0 3.5 5.4

would require extrapolation and would thus be highly model-dependent regardless of the

model applied or dependent variable analyzed. As Table 1 summarizes, the result is not

symmetric: Among the full democracies switched to autocracies, 53% require interpolation,

whereas among the autocracies switched to full democracies, only 17% are interpolation

problems. Unfortunately, little discussion in the literature reflects these facts.

The first few colums of Table 1 break down this average result for counterfactuals from

three different regions. The rest of the table provides the fraction of countries within

a modified Gower distance of 0.1 of a counterfactual, averaged over all counterfactuals

within a given region and type of change in democracy. For example, across the 4,039

country-years where we could hypothetically change autocracies to partial democracies,

an average of only 4.2% of the data points are this close to the counterfactual.
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The overall picture in this table is striking. Studying the effects of changes in democ-

racy have been a major project within comparative politics and international relations for

at least half a century. This table applies to almost every such analysis with democracy

as an explanatory variable in any field, regardless of the choice of dependent variable.

Some areas and counterfactuals are less strained than others, but the results here show

that most inferences in these fields (or most countries within each analysis) are highly

model dependent, based much more on unverifiable assumptions about the model than

on empirical data. A large fraction are highly model-dependent extrapolations, but even

those which are interpolations are fairly distant from available data. This result varies by

region and by counterfactual, and it would of course vary more if we changed the set of

explanatory variables, but no matter how you look at it, the warning in Table 1 about

intepreting the political science literature comes through clearly.

Numerous interesting case studies also emerge from analyses like these. For example,

public policy makers and the media spent considerable time debating what would happen

if Haiti became more of a democracy. In the early to mid-1990s, we find that the coun-

terfactual of moving Haiti from a partial to a full democracy was in the convex hull, and

hence a question that had a chance of being answered accurately with the available data.

By 1996, conditions had worsened in the country, and this counterfactual became more

counter to the facts, moving well out of the hull and thus required extrapolation.

3 Causal Effects

We now turn to counterfactual evaluation as part of causal inference in general and about

the effects of democracy in particular. We begin with a version of the democratic peace

hypothesis, which states that democracies are less conflictual than nondemocracies and

later generalize to all possible dependent variables. Let D denote the “treatment” (or “key

causal”) variable where D = 1 denotes democracy and D = 0 denotes nondemocracy.11

The dependent variable is Y , the degree of conflict.

To define the causal effect of democracy on conflict, we denote Y1 as the degree of

conflict that would be observed if the country were a democracy and Y0 as the degree of

conflict if the country were a nondemocracy. Obviously, only either Y0 or Y1 are observed
11The analysis of treatments with more than two levels is similar (e.g., Lechner 1999, Imbens n.d.). For

expository purposes we focus on the binay treatment case in this paper.
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for any one country at any given time, but not both, since (in our present simplified

formulation) a country either is or is not a democracy. That is, we observe only Y =

Y0(1−D) + Y1(D).

In principle, the democracy variable can have a different causal effect for every country

in the sample. We can then define the causal effect of democracy by averaging over the

whole world, or for the democracies and nondemocracies seperately (or for any other

subset of countries). For democracies, it is the so-called “average causal effect among the

treated,” which we define as follows:

θ = E(Y1|D = 1)− E(Y0|D = 1) (9)

= “Factual”− “Counterfactual”

We call the first term factual since Y1 is observable when D = 1, although the expected

value still may need to be estimated. We refer to the second as counterfactual because Y0

(the degree of conflict that would be initiated by a country if it were not a democracy)

is not observed and indeed is unobservable in democratic countries (D = 1). The causal

effect for nondemocracies (D = 0) is directly analogous and also involves factual and

counterfactual terms.

The average causal effect for the entire set of observations is

γ = E(Y1)− E(Y0), (10)

where both terms have a counterfactual element, since each expectation is taken over

all countries, but Y1 is only observed for democracies and Y0 only for nondemocracies.

These definitions of causal effects are widely used in a variety of literatures (Rubin, 1974;

Holland, 1986; Robins, 1999, 1999b; King, Keohane, and Verba, 1994; Pearl, 2000).

A counterfactual x in this context therefore takes the form of some observed data with

only one element changed — for example, Mexico with all its attributes fixed but with the

regime type changed to autocracy. Fortunately, we can easily evaluate how factual is this

counterfactual with the methods already introduced in Section 2: by checking whether x

falls in the convex hull of the observed X and computing the Gower distance from x to

X. In addition, since x has only one counterfactual element we show below that we can

also easily consult another criterion, whether x falls on the support of P (X).12

12The support of P (X) is the range of values of X that are possible (i.e., have positive density) whether
or not they occur in our data (see also Footnote 4).
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In most cases, the true causal effect, θ or γ, is unknown and needs be estimated, often

from observational data since social experiments are costly and, in many cases, such as

our running example of democracy, infeasible. In section 3.1, we discuss the sources of

potential problems in using observational data to estimate the causal effects. We focus on

θ there for expository purposes as is usual in the statistical literature but, as our proofs

in Appendix B show, our results hold for the effect on nondemocracies and the overall

effect γ as well. Our empirical examples analyze the overall average causal effect, which

is the usual parameter of interest in political science. In addition to illuminating sources

of potential problems in causal inference, the decomposition of the estimation bias shows

that inference involving counterfactuals not on the common support is a critical source of

bias.

3.1 Decomposition of Causal Effect Estimation Bias

We begin with the simplest estimator of θ using observational data, the difference in means

(or, equivalently, the coefficient on D from a regression of Y on D):

d = mean(Y |D = 1)−mean(Y |D = 0)

= mean(Y1|D = 1)−mean(Y0|D = 0), (11)

where mean(a) =
∑

i ai/n. The first line is the data-based analogue to (9), whereas the

second recognizes that, for example, when D = 1, Y = Y1. To identify the sources of

potential problems using observational data in causal inference, we now present a new

decomposition of the bias E(d − θ) of d as an estimator of the causal effect θ. This

decomposition generalizes Heckman et al.’s (1998b) three-part decomposition. Their de-

composition was applied to a simpler problem that does not adequately represent the full

range of issues in causal inference in political science. Our new version helps to identify

and understand the threats to causal inference in our discipline, as well as to focus in on

20



where counterfactual inference is most at issue. Thus, we show that,

bias ≡E(d− θ)

=E[mean(Y1|D = 1)−mean(Y0|D = 0)− θ]

=[E(Y1|D = 1)− E(Y0|D = 0)]− [E(Y1|D = 1)− E(Y0|D = 1)]

=E(Y0|D = 1)− E(Y0|D = 0) (12)

=∆x + ∆z + ∆n + ∆d (13)

We derive the last equality and give the mathematical definition of the terms ∆x, ∆z,

∆n, and ∆d in Appendix B. These four terms denote the four sources of bias in using

observational data, with the subscripts being mnemonics for the components. They are due

to, respectively, omitting relevant control variables (∆x), controlling for variables that have

been affected by the key causal variable (∆z), insufficient overlap in the distributions of the

control variables for the democracies and non-democracies (∆n), and density differences

in the control variable distributions (∆d). We now explain and interpret each of these

components.

The absence of all bias in estimating θ with d would be assured if we knew (from

Equation 12) that

E(Y0|D = 1) = E(Y0|D = 0). (14)

Assumption (14) says that it is safe to use the observed control group outcome (Y0|D = 0,

the level of conflict initiated by nondemocracies) in place of the unobserved counterfactual

(Y0|D = 1, the level of conflict initiated by democracies, if they were actually nondemoc-

racies.) Since this is rarely the case, we introduce control variables: Let Z denote a vector

of control variables (explanatory variables aside from D), such that X = {D, Z}. If, after

conditioning on Z, treatment assignment is random — that is, if we measure and control

for the right variables (those that are related to D and affect Y ), so that

E(Y0|D = 1, Z) = E(Y0|D = 0, Z) (15)

holds, then from (25) in Appendix B, the first component of bias vanishes: ∆x = 0. Thus,

this first component of bias, ∆x, is due to pertinent control variables being omitted from

X so that (15) is violated. This is the familiar omitted variable bias, which can plague

any model.
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The second component of bias in our decomposition, ∆z, deviates from zero when some

of the control variables Z are consequences of the key causal variable D. If Z includes

post-treatment variables, then when the key causal variable D changes, the post-treatment

variables may change too. Thus, if we denote Z1 and Z0 as the values that Z take on when

D = 1 and D = 0, respectively (components of Z that are strictly pre-treatment do not

change between Z0 and Z1), then, as with Y , either Z1 or Z0, but not both, are observed

for any one observation, and the observed Z = Z0(1 −D) + Z1(D) will be different from

the counterfactuals Z0 and Z1, resulting in a non-zero ∆z in (22).

As an example that illustrates the bias of controlling for post-treatment variables,

suppose we are predicting the vote with partisan identification. If we control for the

intended vote five minutes before walking into the voting booth, our estimate of the effect

of partisan identification would be nearly zero. The reason is that we are inappropriately

controlling for the consequences of our key causal variable, and for most of the effects of it,

thus biasing the overall effect. Yet, we certainly should control for a pre-treatment variable

like race which cannot be a consequence of partisan identification but may be a confounding

variable that needs to be controlled. Thus, causal models require separating out the

pre- and post-treatment variables and controlling only for the pre-treatment, background

characteristics.

Post-treatment variable bias may well be the largest overlooked component of bias in

estimating causal effects in political science (see King, Keohane, and Verba, 1994: 173ff).

It is known in the statistical literature, but is assumed away in most models and decom-

positions (Frangakis and Rubin, 2001). This decision may be reasonable in other fields,

where the distinction between pre- and post-treatment variables is easier to recognize and

avoid, but in political science, especially comparative politics and international relations,

the problem is often severe. For example, is GDP a consequence or cause of democracy?

How about education levels? Fertility rates? Infant mortality? Trade levels? Are interna-

tional institutions causes or consequences of international cooperation? Many or possibly

even most variables in these literatures are both causes and consequences of whatever is

regarded as the treatment (or key causal) variable. As Lebow (2000: 575) explains “Schol-

ars not infrequently assume that one aspect of the past can be changed and everything

else kept constant,. . . [but these] ‘Surgical’ counterfactuals are no more realistic than sur-

22



gical air strikes.” This is especially easy to see in quantitative research when each of the

variables in an estimation takes its turn in different paragraphs of an article playing the

role of the “treatment.” However, only in rare statistical models, and only under stringent

assumptions, is it possible to estimate more than one causal effect from a single model.

To avoid this component of bias, ∆z, we need to ensure that we control for no post-

treatment variables, or that the distribution of our post-treatment variables does not vary

with D:

P(Z0|D = 1) = P(Z|D = 1). (16)

If this assumption holds, then ∆z = 0 in (22) vanishes. Of course, there may be situations

where it is difficult to ensure that both the first and second components of bias are elim-

inated. If a variable that is partially pre- and partially post-treatment is not controlled

for, we might have omitted variable bias (∆x 6= 0) because Equation 15 will no longer

be satisfied; if this variable is controlled for, we might instead have post-treatment bias

(∆z 6= 0) (Rosenbaum 1984).

One way to avoid both ∆z and ∆x in the presence of variables that are partially

post-treatment, aside from choosing better research designs in the first place, is to study

multiple-variable causal effects. If we cannot study the effects of democracy controlling for

GDP because higher GDP is in part a consequence of democracy, we may be able to study

the joint causal effect of a change from nondemocracy to democracy and a simultaneous

increase in GDP. This counterfactual is more realistic, i.e., closer to the data, because it

reflects changes that actually occur in the world and does not require us to imagine holding

variables constant that do not stay constant in nature. If this alternative formulation

provides an interesting research question, then it can be studied without bias due to

∆z since the joint causal effect will not be affected by post-treatment bias. Moreover,

the multiple-variable causal effect might also have no omitted variable bias ∆x, since both

variables would be part of the treatment and could not be potential confounders. Of course,

if this question is not of interest, and we need to stick with the original question, then no

easy solution exists at present. At that point, we should recognize that the counterfactual

question being posed is too unrealistic and too strained to provide a reasonable answer

using the given data with any statistical model.

The last two components of bias — nonoverlap, ∆n, and density differences, ∆d —
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are both affected by aspects of the distribution of the control variables, Z. For clarity,

during our discussion here we assume that the two components of bias we have previously

discussed are not an issue, so that we have no post-treatment bias, and we have the right

pre-treatment variables Z to control for. From (23) and (24), we see that what contributes

to the remaining two components of bias is the difference in the distribution of Z across

the treatment (democracies) and control (nondemocracies) groups. These differences are

precisely what create bias: For example, before assigning a drug or a placebo to two groups

of patients, we first need to ensure that the two groups are the same on all relevant pre-

treatment characteristics (i.e., Z). If, before treatment, the control group is on average

healthier than the treatment group, then the effect of the drug will not be estimated

correctly.

These group differences take two forms. First, the support of the distributions might

differ, that is, there may be certain values of Z that some members of one group take on but

no members of the other group have (for example, we might observe no full democracies

with infant mortality rates as high as in some of the autocracies). This part of the difference

constitutes non-overlap bias ∆n. Intuitively, in regions of nonoverlap, the treatment and

control groups are simply incomparable, and thus the counterfactuals underlying the causal

inference are not sufficiently factual to draw valid inferences. The second form of difference

is in the unequal distribution of Z across the two groups in the region of common support

(for example, we may have observations on both democracies and autocracies that have a

relatively low infant mortality rate, but a lot of more such observations are democracies

than autocracies.) This component, ∆d, contributes to the bias but through weighting or

some other appropriate nonparametric or parametric method, we may be able to eliminate

it.

Thus for the last two components of bias to vanish we need to ensure that the dis-

tribution of Z in the treatment group is the same as that in the control group. That

is,

P(Z|D = 1) = P(Z|D = 0). (17)

If we restrict inference to the overlap region only, then we do not have the problem of

comparing the incomparable, and the nonoverlap bias ∆n is eliminated. This would change

the question being asked, but at least the result would be a question that has an answer,
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which of course would be useful only if the resulting question is of interest. And if in the

region of valid inference (overlap) we correctly adjust, the density differences across the

two groups, then ∆d is eliminated. Together, (17) holds.

So the question is how to ensure (17), that is, how to identify regions of density overlap,

and how to adjust for differences in this region. It is easy to see, for the counterfactual

x implied in the second term of (9), that being on the common support of P (Z|D = 1)

and P (Z|D = 0) is in fact equivalent to being on the support of P (X), so identifying the

regions of density overlap is also a direct check of the quality of the key counterfactual

required for causal inference. In the simple case when Z contains just one variable, such

as GDP, we could plot the histogram of GDP for democracies and compare it to that for

nondemocracies. Nonoverlap can easily be identified just by looking at these histograms

(or nonparametric density estimates), which also readily reveals the nature of density

differences across the two groups.

To avoid inference on the nonoverlap region, we would simply restrict our analysis to

data with the same range of observations on GDP for both groups. To adjust for the

density differences, some form of nonparametric matching, such as subclassification on

GDP, can be easily applied as there is only one variable to match on. Or alternatively a

parametric model of adequate functional flexibility can be used to control for GDP.

In most real applications, of course, Z contains many control variables, and so checking

assumption (17) would involve estimating and comparing two multidimensional densities

in hyperspace. For more than a few explanatory variables, this is a formidable task (es-

sentially impossible without stringent assumptions). Adjusting the density differences by

matching would be extremely difficult or infeasible since with many matching variables

matches are hard to find; similarly, parametric models suffer from the curse of dimension-

ality as correct functional forms are difficult to identify, or to estimate efficiently due to

the large number of parameters.

Fortunately, this curse of dimensionality problem has been solved with the use of the

propensity score, π ≡ Pr(D = 1|Z), the probability of D = 1 given the control variables

Z. The propensity score summarizes relevant aspects of the multidimensional Z with a

scalar π. Rosenbaum and Rubin (1983) show that conditioning on π provides a substitute
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for Equation 17 that is true without assumptions:

P(Z|D = 1, π) = P(Z|D = 0, π). (18)

This statement is interesting in and of itself, since it implies that if we can estimate π,

and control for it, we will be able to eliminate bias even if assumption (17) does not

hold. For present purposes, Equation (18) enables us to show that assumption (17) can be

expressed in an equivalent and more easy-to-verify form. That is, the assumption sufficient

to eliminate the two remaining components of bias (so that ∆n = ∆d = 0) is that the

distribution of π for democracies is identical to the distribution of π for nondemocracies:13

P(π|D = 1) = P(π|D = 0). (19)

This expression solves the curse of dimensionality problem in Equation 17, and so is easier

to use, because it only requires comparison of two unidimensional densities of π (one for

democracies and one for nondemocracies), and adjusting the density differences based only

on one control variable.14

3.2 The Causal Effect of Democracy

In this section we use the ideas discussed this section to analyze the literature studying

causal effect of democracy, focusing mainly on the ∆n component that is most relevant

to our theme of counterfactual evaluation. We take the state failure data and consider

the causal effect of partial democracy vs. autocracy, and then separately of the effect

of full democracy vs. autocracy. (The analysis here applies to the causal effect of these

changes on any dependent variable.) To identify regions of nonoverlap — i.e., areas in

which one type of country does not have a comparable counterpart in the other, and

therefore where the counterfactuals underlying the causal inference are not reasonably

factual — we compute the propensity score and plot the density estimates (smooth versions
13By definition, P(Z|D = 0) =

R
P(Z|D = 0, π)P (π|D = 0)dπ, which upon substituting in Equation 18,

gives P(Z|D = 0) =
R

P(Z|D = 1, π)P(π|D = 0)dπ. Comparing this result with P(Z|D = 1) =
R

P(Z|D =
1, π)P(π|D = 1)dπ, which is also true by definition, proves that (17) holds if (19) does.

14Of course, the propensity score itself is often unknown and must be estimated from data. The standard
practice is to run a logit model of D on the variables Z, adding enough higher order terms such as
interactions or squared terms into the model so that the estimated propensity score does behave as a
propensity score: that is, Equation 18 has testable implications such as the means of Z within each given
small interval of π (such as [0,0.1], [0.1,0.2], etc.) should be approximately the same for D = 1 and D = 0
countries. Formal tests of the condition can be performed using, for example, Hotelling’s T 2 test. In our
empirical example below we use a neural network model to estimate the propensity score that passes the
Hotelling’s T 2 test.
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Figure 3: Propensity Score Density Estimates for partial democracies and autocracies in
the left graph and full democracies vs. autocracies in the right graph. Note the differences in
the densities (which contribute to ∆d), and especially the areas of zero density (nonoverlap)
for each curve (which produce ∆n).

of histograms, computed with kernels that have bounded support) for partial democracies

and autocracies (in the left graph) and for full democracies and autocracies (in the right

graph) in Figure 3.

Figure 3 clearly shows that the densities within each pair of comparisons are not the

same, which is no surprise. The ex ante probability of being a democracy should be higher

for actual democracies than actual autocracies, and this is clearly the case: most of the

mass of democracies is on the right of each graph (indicating high probability values) and

even more of the density for autocracies is at the left (indicating low probability values).

Also as expected, the differences are more dramatic for causal effect of full democracy

vs. autocracy (on the right) than for partial democracy vs. autocracy (on the left). The

extent to which the two densities are not identical in each graph is a vivid description of

the bias of the difference in means estimator (11) due to the ∆n and ∆d components. If,

in contrast, the values of D were assigned randomly, then the ex ante probabilities would

not be related to D, and so the two densities would be the same. It is the observational,

nonrandom aspects of this assignment that produce these components of bias. In the figure

the nonoverlap bias, ∆n, refers to portions of each graph for which one curve has positive

density and the other has zero density. In each plot in this figure, areas of nonoverlap

are at the ends. For example, no actual autocracies have an ex ante probability of being

a partial democracy or full democracy of more than about 0.8. Yet, a large fraction of

democracies have this high an ex ante probability. Similarly, a large number of autocracies’
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ex ante probabilities of being democracies are less than about 0.02, but no democracies

can be found with such low probabilities.

Nonoverlap is a serious problem. Using nonoverlap data requires highly model-dependent

extrapolation to areas where no data exist. The problem is closely related to “what if”

counterfactuals that lie outside the convex hull we discuss earlier (at the limit, being in

the overlap region is a sufficient condition for being in the convex hull). In the causal

inference literature where scholars have begun to pay attention to the problem, the “so-

lution” mostly takes the form of changing the question to be asked, that is, eliminating

the portions of the population to which the areas of nonoverlap correspond and hence

changing the target of inference. The counterfactuals required for inference on the original

population are considered too strained for that purpose. Just as we recommend in Sec-

tion 2, we must conclude that these causal effects cannot be reliably estimated in existing

data. In our empirical example here, the area of nonoverlap in both graphs in Figure 3

is substantial. In the comparison between full democracy vs. autocracy in particular, the

nonoverlap area is so large that the counterfactuals for causal inferences would be too far

from the data to allow empirical justification for the vast majority of such inferences.

Before ending this section we comment briefly on the component of bias due to density

differences in the overlap region, ∆d. This can be a substantial component of the total bias

in many empirical problems. Unlike the nonoverlap problem which is just beginning to

receive attention, however, adjusting density differences is a topic extensively researched

and a practice routinely performed. A major function of standard regression type models

used in political science, for example, is precisely for that purpose. Parametric models are

subject to incorrect functional form assumptions, so alternatively nonparametric methods

such as matching or inverse propensity score weighting can be used instead (e.g., Rosen-

baum and Rubin, 1984; Heckman et al., 1998; Robins, 1999, 1999b; Winship and Sobel,

2000). The discovery of the propensity score has made these methods more feasible for

most problems, as the task is reduced to one dimensional operations without the curse

of dimensionality. These techniques are gaining popularity in many disciplines in recent

years and have much to offer political scientists, but we save a detailed discussion of them

for another paper.

We conclude this section by noting that although decompositions of bias are very
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useful in understanding the problems, all four components of bias must ordinarily be

eliminated simultaneously to produce reliable inferences. With one exception that we

discuss momentarily, a partial “fix” may make the total bias worse. For example, if ∆z

and ∆x are both known not to be zero, it is possible (although perhaps unlikely) that

fixing one rather than both components may actually increase the total bias.

The exception is ∆n. Although blind luck can always occur, eliminating the nonoverlap

region, hence recognizing the impossibility of making certain causal inferences, should

always be helpful. It may be disappointing of course to know that the desired questions

have no good answers in available data, but it is better to know this than to ignore it.

4 Concluding Remarks

Even far-out questions with answers that are highly model-dependent may still be impor-

tant enough to warrant further study. For a few examples, what would happen to the

stability of the U.S. Government if inflation increased to 200% or had Gore refused to

concede the 2000 election? What would the future of military conflict be in a world with-

out nation states? How bad would the devastation be from a third world war? If a new

virulent infectious disease that is ten times as bad as AIDS strikes the developed world

and lasts longer than the AIDS crisis, would current international institutions survive?

Scholars can and certainly still should ask questions like these, but we would be better

served if we knew whether and to what degree our answers are based on empirical evidence

rather than model assumptions. Sometimes, with the data at hand, no statistical model

can give valid answers, and we must rely on theory or new data collection efforts. The

techniques offered in this paper may be useful in ascertaining the degree to which this is

the case. In this regard, it may be useful for empirical researchers to report these or other

statistics in evaluating their counterfactuals.

We have used the methods discussed here to evaluate counterfactuals in the large area

of research devoted to assessing the effects of democracy. We found that questions about

democracy with empirical answers that are not highly model-dependent are a subset,

sometimes a small subset, of those that have been asked. Usually scholars combine data

on all available democracies to make predictions, ask “what if” questions, or estimate

causal effects. Unfortunately, many of the explicit or implied questions have no available
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control groups or otherwise cannot be estimated without making assumptions that even the

authors would probably be unwilling to defend. We might like to know what would happen

if Iraq became a full democracy, for example, but almost no evidence exists in our data

with which to evaluate such a question. Having time series-cross-sectional data sets with

thousands of observations does not change this basic fact and will not make inferences like

these any more secure. In fact, these data sets must be analyzed with more care than has

been common since, as it turns out, they do not include much evidence on many otherwise

interesting counterfactuals. Asking questions about the effects of changes in democracy

averaged over all countries — the predominant approach taken in the literature — almost

always implies questions without useful empirical evidence. Statistical analyses in data

sets like these should change: scholars could seek different types of evidence, develop better

theory, or narrow their inferential target to a subset of countries and counterfactuals that

have empirical support in their data.

In addition to sensitivity testing, some other related approaches to the problem we

study might include Bayesian model averaging and other methods that improve model

generalization, such as committee methods. These approaches are useful in numerous

circumstances, but they require the analyst to specify a particular class of models for

exploration. In all cases, for practical purposes, the class of models must be narrower than

the set of all possible models. In contrast, the questions about counterfactuals we ask here

are broader and are not feasible to attack by these other approaches as they apply to the

class of all possible models given a data set. One productive procedure might be to use the

methods we offer here and then to use substantive assumptions or theories to narrow the

class of models. Then we might be able to assess the degree to which model dependence is

reduced by adding theoretical information, rather than data, to the estimation problem.

Suppose we read about a model that fits the data exceedingly well, has big likelihood

ratio or F statistics, narrow confidence intervals, significance on all coefficients, large

causal effect estimates, predictions with path breaking policy implications, and fascinating

answers to a range of “what if” questions. With statistical reporting standards now

commonly used in political science, essentially all such models would be published and

taken seriously by readers. A subset of these, however, would involve counterfactuals

that are so model-dependent as to be nearly unrelated to the data at hand, and so are
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based more on the authors’ hypotheses and convenient model assumptions than their

data. The main message of this paper is that assessing model dependence of counterfactual

questions needs to be a routine and expected part of statistical reporting for anyone making

predictions, asking “what if” questions, and estimating causal effects — which together

encompasses the goals of a large fraction of empirical work in the discipline. The goal of

this paper is to keep this empirical work based on empirical evidence.

A Checking Membership in a Convex Hull as a Linear Pro-
gramming Problem

The goal is to check whether a given point x1×k is in the convex hull of Xn×k, where n is

the number of data points in X and k the number of variables. Let S be the set of vertices

of the convex hull of X, so that S contains all the “boundary” or “extreme” points of X.

By definition, x being in the convex hull of X means that x can be expressed as a convex

combination of points in S. Since all points of X are of course also convex combinations of

points in S, the condition is equivalent to x being a convex combination of all points in X.

Identification of S can be computationally very expensive, but we show that the second

form of the condition can be checked easily using standard linear programming software.

To do so, we formulate the problem as one of checking the existence of a feasible

solution for a standard linear programming problem. If x can be expressed as a convex

combination of points in X, then there exists a vector of coefficients ηn×1 constrained to

the simplex so that X ′η = x′. This last equation contains k linear constraints, each stating

that an element (variable) of x is a convex combination of the corresponding elements in

X. Combining this with the constraint that the elements of η sum to one, we have a total

of k + 1 linear constraints in the form A′η = B′, where A′ and B′ are X ′ and x′ with a

row of ones added respectively.

To check whether x is in the convex hull of X therefore is equivalent to checking the

existence of a feasible solution to the following standard form linear programming problem:

min C ′η

s.t. A′η = B′ (20)

η ≥ 0

where C is a vector of zeros (so there is no objective function to minimize). Checking
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whether there is a feasible solution to problem (20) is what all standard LP software does

in Phase I, and it can be done very efficiently for very large n and k.

B Decomposition of Causal Effect Estimation Bias

We now derive the bias of the estimator d in Equation 11. Note that d is the simplest

estimator for all three causal effect parameters (the average causal effect in democracies, θ,

its counterpart for nondemocracies for which we have assigned no symbol, and the average

causal effect overall, γ, from Equation 10). In this appendix we prove that the bias of d

as an estimator of any of these three parameters has the same four types of components

as given in Equation 13 and discussed in section 3.1.

We start by showing that the bias of d in estimating the total effect γ is a convex

combination of its bias in estimating the two group-specific causal effect parameters. We

have

E(d− γ) = [E(Y1|D = 1)− E(Y0|D = 0)]− [E(Y1)− E(Y0)] .

Let τ = Pr(D = 1) be the size of the treatment group and then rewrite the terms in

the definition of γ above as E(Y1) = τE(Y1|D = 1) + (1 − τ)E(Y1|D = 0) and E(Y0) =

τE(Y0|D = 1) + (1− τ)E(Y0|D = 0). Thus,

E(d− γ) =E(Y1|D = 1)− E(Y0|D = 0)

− τE(Y1|D = 1)− (1− τ)E(Y1|D = 0) + τE(Y0|D = 1) + (1− τ)E(Y0|D = 0)

=(1− τ) [E(Y1|D = 1)− E(Y1|D = 0)] + τ [E(Y0|D = 1)− E(Y0|D = 0)]

=(1− τ)B0 + τB1 (21)

where B1 = E(Y0|D = 1) − E(Y0|D = 0) = E(d − θ) is the bias of using d to estimate θ,

the causal effect on the treated (democracies), as derived in Equation 12. In a directly

analogous way, B0 = E(Y1|D = 1) − E(Y1|D = 0) is the bias of d as an estimator of the

causal effect in the control group (nondemocracies). (Note that, quite intuitively, B1 is a

function of unobservables among the treated, and B0 is a function of unobservables among

the untreated.)

We now derive the four components of bias for B1, and then in an identical fashion for
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B0, before we combine them as per Equation 21. We have:

B1 =E(Y0|D = 1)− E(Y0|D = 0)

=Ez0 [E(Y0|D = 1, Z0)− E(Y0|D = 0, Z0)]

− Ez[E(Y0|D = 1, Z)− E(Y0|D = 0, Z)] + Ez[E(Y0|D = 1, Z)− E(Y0|D = 0, Z)]

=[Ez0E(Y0|D = 1, Z0)− EzE(Y0|D = 1, Z)] + Ez[E(Y0|D = 1, Z)− E(Y0|D = 0, Z)]

=∆z + Ez[E(Y0|D = 1, Z)− E(Y0|D = 0, Z)]

where

∆z = Ez0E(Y0|D = 1, Z0)− EzE(Y0|D = 1, Z) (22)

is the bias due to controling for post-treatment variables, and Ez[E(Y0|D = 1, Z) −
E(Y0|D = 0, Z)] can be further decomposed, following and generalizing the approach

in Heckman et al. (1998b). Let Sj denote the support of F (Z|D = j) for j = 0, 1 and S

the common support. Then

Ez[E(Y0|D = 1, Z)− E(Y0|D = 0, Z)]

=
∫

S1

E(Y0|D = 1, Z)dF (Z|D = 1)−
∫

S0

E(Y0|D = 0, Z)dF (Z|D = 0)

={
∫

S1\S
E(Y0|D = 1, Z)dF (Z|D = 1) +

∫

S
E(Y0|D = 1, Z)dF (Z|D = 1)}

− {
∫

S0\S
E(Y0|D = 0, Z)dF (Z|D = 0) +

∫

S
E(Y0|D = 0, Z)dF (Z|D = 0)}

+ {
∫

S
E(Y0|D = 0, Z)dF (Z|D = 1)−

∫

S
E(Y0|D = 0, Z)dF (Z|D = 1)}

=∆n + ∆d + ∆x

where, through regrouping the terms,

∆n =
∫

S1\S
E(Y0|D = 1, Z)dF (Z|D = 1)−

∫

S0\S
E(Y0|D = 0, Z)dF (Z|D = 0) (23)

∆d =
∫

S
E(Y0|D = 0, Z){dF (Z|D = 1)− dF (Z|D = 0)} (24)

∆x =
∫

S
{E(Y0|D = 1, Z)− E(Y0|D = 0, Z)}dF (Z|D = 1), (25)

Combining results above gives:

B1 = ∆z + ∆n + ∆d + ∆x (26)
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(which proves Equation 13).

Decomposition of B0 proceeds identically and we omit the intermediate steps. The

results are:

B0 = ∆0
z + ∆0

n + ∆0
d + ∆0

x (27)

where

∆0
z = EzE(Y1|D = 0, Z)− Ez1E(Y1|D = 0, Z1) (28)

∆0
n =

∫

S1\S
E(Y1|D = 1, Z)dF (Z|D = 1)−

∫

S0\S
E(Y1|D = 0, Z)dF (Z|D = 0) (29)

∆0
d =

∫

S
E(Y1|D = 0, Z){dF (Z|D = 1)− dF (Z|D = 0)} (30)

∆0
x =

∫

S
{E(Y1|D = 1, Z)− E(Y1|D = 0, Z)}dF (Z|D = 1) (31)

Now, to arrive at the decomposition of bias in estimating the total effect γ, we only

need to combine Equations (26) and (27) as per Equation (21). Omitting tedious but

straightforward intermediate steps, the results are:

E(d− γ) = ∆t
z + ∆t

n + ∆t
d + ∆t

x (32)

where

∆t
z =(1− τ){EzE(Y1|D = 0, Z)− Ez1E(Y1|D = 0, Z1)}

+ τ{Ez0E(Y0|D = 1, Z0)− EzE(Y0|D = 1, Z)}

∆t
n =

∫

S1\S
{(1− τ)E(Y1|D = 1, Z) + τE(Y0|D = 1, Z)}dF (Z|D = 1)

−
∫

S0\S
{(1− τ)E(Y1|D = 0, Z) + τE(Y0|D = 0, Z)}dF (Z|D = 0)

∆t
d =

∫

S
{(1− τ)E(Y1|D = 0, Z) + τE(Y0|D = 0, Z)}{dF (Z|D = 1)− dF (Z|D = 0)}

∆t
x =

∫

S
(1− τ)[E(Y1|D = 1, Z)− E(Y1|D = 0, Z)]

+ τ [E(Y0|D = 1, Z)− E(Y0|D = 0, Z)]dF (Z|D = 1)

Clearly, the four components of bias have the same qualitative interpretations across

Equations (26), (27), and (32).
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