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1 Introduction

There are now many important cconometric estimators that depend on nonparametric
regression or density estimates, including average derivatives, (Powell, Stock, and Stoker,
1989) and nonparametric consumer surplus (Hausman and Newey, 1995). The purpose
of this note is to show that particular nonparametric estimates give semiparametric esti-
mators with a small bias property (SBP), that the bias converges to zero faster than the
bias of the nonparametric estimate. Estimators with the SBP have the theoretical advan-
tage that their bias shrinks to zero at a faster rate. We find in some examples that this
theoretical advantage can lead to significant small sample improvements in mean-square
€rror.

Kernel estimators have been popular and are the standard method for important
estimators that depend on densities, such as weighted average derivatives, Powell, Stock,
and Stoker (1989) and inverse density weighted estimators, e.g. Ruud (1986) and Lewbel
(1998). We find that a twicing kernel (defined below) gives the SBP. In particular, we
show that the bias of a twicing kernel average derivative has smaller order than the
nonparametric bias. We also show that twicing kernels can give /n-consistency of a
semiparametric m-estimator without requiring that /n times that nonparametric bias
goes to zero. In addition, we find that the SBP is present when nonparametric estimation
does not affect the asymptotic variance, by showing /n-consistency with a standard
kernel without requiring that \/n times that nonparametric bias goes to zero.

It is known that other kinds of nonparametric estimators also confer the SBP. The
Bickel and Ritov (1988) split sample estimator of the average density has the SBP.
Newey (1994) showed that series nonparametric regression confers the SBP and Shen
(1997) that sieve maximum likelihood estimators do also. To help explain why the SBP
property holds for series and sieve estimators, as well as for twicing kernels, we interpret
these estimators as idempotent transformations of the empirical distribution and show
that idempotent linear transformations of the empirical distribution confer the SBP.

Thronghout this note we focus on simple settings to aid in understanding the SBP
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and its affect on the performance of semiparametric estimators. We leave to other work
the formulation and proof of more general results. Such results might include the SBP
being present for any estimator where the nonparametric estimate does not affect the
asymptotic variance, the SBP being conferred by any nonparametric estimator that is an
idempotent transformation of the empirical distribution, and a full stochastic expansion
and higher-order mean-square error derivation for kernel based nonlinear semiparametric
estimators.

One distingnishing feature of the SBP is that undersmoothing may not be needed for
v/n-consistency. That is, the nonparametric estimator may both converge at its optimal
nonparametric rate and yield a y/n-consistent semiparametric estimator. Bickel and
Ritov {2000) explore this property (calling it the plug in property, PIP for short}, showing
that certain smoothness restrictions arc necessary for existence of such as estimator.! We
find that the extent of the SBP, i.e. the amount by which the semiparametric bias is
smaller than the nonparametric bias, depends on how smooth certain functions are.

In some settings there may be better bias reduction methods. Stoker (1993) provides
nice results for estimation of average derivatives, showing that a particular instrumental
variables estimator greatly reduces bias. The virtue of twicing kernels is that they confer
the SBP on essentially any semiparametric estimator.

In Section 2 we consider twicing kernels and derive the mean-square error of kernel
average derivatives. These results show that the twicing kernel confers the SBP, and
help quantify the effect of using a twicing kernel on higher-order variance. We also show
V/n-consistency of a general semiparametric m-estimator, with the SBP resulting from
use of a twicing kernel or from no effect on the asymptotic variance from nonparametric
estimation. Section 3 explains the SBP as the result of an adjoint transformation. Section

4 reports some Monte Carlo results.

'Early versions of our work, including Newey, Hsieh, and Robins (1991), were done independently of
and before Bickel and Ritov (2000}.
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2 Twicing Kernels and Semiparametric Bias

A twicing kernel is one with the form
K{u) = 2k(u) — /k(u —u)k(v)dy, - {2.1)

where k(n) is a kernel function, satisfying [ k(u)du = 1. We consider nonparametric
estimates of vy(z) = f(z)F[w|z], where f(z) is the density of an r x 1 vector x of
continuonusly distributed variables and y is a vector of random variables?. A kernel

estimator of vy(x) is given by
Y(z) =D Kn(z — zj)w;/n, Kp(u) = h "K(u/h),
j=1

for a bandwidth A.
To facilitate comparison with previous results we first consider linear kernel averages
like those Powell and Stoker (1996). Define the "leave one out” estimator
Foidwy =) Kz — a;)w; /n.
i
Also, let A denote an r x I vector of nonnegative integers, |A| = 327, Ay, = I_ ()%
and *y(z) = dPvy(z)/8Mx, ... 8 x,. For a random variable y and some A we consider

a scalar estimator
B=3" M i(zi)y:/n. (2.2)
=1 .

The leave one out featurc of this estimator makes our results comparable to those of
Powell, Stock, and Stoker {1989) and Powell and Stoker (1996), and also leads to the
MSE converging to zero at a faster rate than would be obtained if the own observation
were included. This estimator includes several well known examples, such as the average
density, where A = 0 and y = w = 1, and the density weighted average derivative, where

A 1s a unit vector and w = —2.

2The density f(x) is a component of v,(x) when the corresponding component of w is 1.
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Some notation is uscful for the mean square error comparisons. Let fo = E[@(z)y],

O = f k{u)utdu, and

vz) = (DN Eylaif (@)},
P(z) = Pylz)y— Bo+ v(r)w — Elv(zhl,

Vo= Var(p(), @ = [{Bwlx)Ella] + (~DI Bleylal’}f (r)de,
K = [ 97K ()2 du, E:./‘[axk;(u)]gdu,

P = Z OGs / E)A'yo(z)a;\?;(x)da:/(.s!)Q,p: Z Cx [ v(z)yo(x)dx/(sY).

M=s,||=s [Al=s

We assume that all of the integrals in these expression exist, but for notational simplicity
postpone the statement of regularity conditions until the appendix.

Powell and Stoker (1996) show, for a version 3 of this estimator where the original
kernel k(w) is used rather than the twicing kernel K(u), vo(z) is s times diflerentiable,

and other regularity conditions hold, that
MSE() = V/n+n 27" 2PleQ + h2p? + o(n P +n 27 2P g %),

For the twicing kernel we have the following result, with some assumptions given in the

appendix:

Theorem 1: If Assumptions AI-A3 are satisfied, vo(x) and v(z) are s times differ-

entiable, (, =0 for 0 < |A| < s, and h — 0 as n — oo, then

~

MSE(B) = V/n +n72h "2 MEQ + h*P? + ofn™ +n~2h 7P 4 pte).

For both 3 and 3 the dominant part of the MSE consists of three‘terms. The first.
is an asymptotic variance term, the second a higher-order variance term, and the third
a squared bias term. The asymptotic variance term is the same for both but the higher
order variance and bias terms differ. The squared bias term shows the SBP conferred
by the twicing kernel, because it converges to zero with h faster than the nonparametric

rate h?*. The higher-order variance term will generally be la,fger for the twicing kernel,
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with K > k. However, this increase in variance only comes through the constant term,
so that for a range of bandwidths the MSE of the twicing kernel version will be smaller in
large samples.® This variance increase is analogous to that found by Kauermann, Muller,
and Carroll (1997).

An interesting example is a density weighted average derivative estimator like that of
Powell, Stock, and Stoker (1989), where |A| = 1 and w = —2. Suppose that k(u) is a sym-
metric density (with s = 2}, Fly|z| and f(z) are three times continuously differentiable,

and the other conditions of Theorem 1 are Settisﬁed. Then
MSE(B) =V/n+n2h T 2KQ + h*P? + o(n™ ' + n72h7""2 4+ 18,

For an appropriate choice of bandwidth this estimator will be \/n-consistent for r < 6.4
In comparison with Powell, Stock, and Stoker (1989), /n-consistency requires fewer
derivatives of the density to exist but more of the regression E[y|z].

The SBP conferred by a twicing kernel is different than the nonparametric bias re-
duction that results from a higher order kernel. As discussed more fully in Section 3, the
SBP is a result of the bias for 3 being a product of smoothing biases for #(z) and vo(z)
rather than just bias for yp{x). This leads to the MSE formula, where bias of 3 goes to
zero at the rate h?* even though ~o(z) is only s times differentiable. The magnitude of
this bias reduction depends on the smoothness (number of derivatives in existence) of
v{z). If v(z) has fewer than s derivatives 3 will still have the SBP, but the bias of 3 would
be of order A+t for some ¢ < s. For simplicity we have excluded from consideration such
weaker smoothness conditions.®

One consequence of the SBP is that undersmoothing may not be required for /n-

consistency. To see how this works for twicing kernel averages, consider the case where

3For the twicing kernel the optimal choice of bandwidth, minimizing the dominant MSE terms is
h=[KQ(r+ 2\1\)/(P24sn2)}1/(45+’"+2|’\I). This could be estimated by replacing ) and P by estimates,
similarly to Powell and Stoker (1996).

4\Nhe}l r = 6 the higher order terms will have the same magnitude bandwidth as the leading term,
50 that 3 will not have V as its asymptotic variance.

SFor instance, the twicing kernel average density estimator from equation (2.2), where w = y = 1
and A = 0 attains /n-consistency under the minimal Holder continuity conditions of Bickel and Ritov
{1988), that do not require any derivatives of v () to exist.



X = 0. In this case the conditions for y/n-consistency are that n=1h~" and nh*® are
bounded, which allows the order of the nonparametric variance n='h~" and bias hA** to
shrink at the same rate.

The SBP also applies to estimators that are nonlinear in 4. Indeed, one could gener-
alize Theorem 1 by deriving a stochastic expansion of the semiparametric estimator and
the MSE of leading terms. However, this derivation would be quite complicated and so
is beyond the scope of this note. Instead, we content ourselves with showing how the

SBP affects /n-consistency.® Consider a semiparametric m-estimator 3 solving

Sz B.4) = 0.
=1

For analyzing this estimator we will adopt notation and conditions like those of Newey
and McFadden (1994), to which we refer the interested reader for a fuller discussion. In

particular we will assume that there is a function D(z, ) that is lincar in - such that

Im(z, 80, 7) = m{z, Bo, 7o) — D{z;y — )l < b(2) |7 — wll*, (2-3)

where |7} = sup,ex s <¢ |8*(x)| for some compact set X and nonnegative integer d. In
the special case of a linear kernel average b(z) = 0 and D(z,7v) = & vy(z)y.

We will also assume that there is a matrix of functions v(x} such that

D)™ [ D(zMFo(dz) = [v@)i(w)da. (2.4)

For a linear kernel average, integration by parts gives this equation, with D{y} =
E[0*y(z)y] = [ Py(z)g(z)f(z)dr = [v(z)y(z)dz for v(z) defined above. More gen-
erally, existence of such an integral representation will be a consequence of D{(y) being
contimuions in the Ly norm ||y = [f v(z)"y(x)dz]'/? and the Riesz representation theorem.
Snch continuity is fundamental to /n-consistency; e.g. see Newey and McFadden (1994).

We will also impose other regularity conditions, which are stated in the Appendix. Under

5This derivation only requires bounding terms in a stochastic expansion rather than derivation of
expectations and variances.



these conditions and the ones stated in the theorem, the asymptotic variance of 8 will be

V = MTE[R(2)¢(z)|M™Y, M = E[dmz, B, v)/08],

(z) = m(z, Bo,v) +viz)w — Ev(z)w].

Theorem 2: If Assumptions A1-A6 are satisfied, Eljjw||"] < co for p > 4, h = h(n)
with n'=%PR7 [In(n) — oo, \/nh? - 0, and either A) v(x) is s times differentiable and
the kernel is K(u); or B) v(x) = 0 and the kernel is k(u); then

V(B = B) S N, V).

To interpret this result, note h* is the nonparametric bias rate, and that only \/nh? —
0 is imposed rather than \/nh® — 0. Thus, we obtain /n-consistency without requiring
that /n times the nonparametric bias rate h° converges to zero. This means that 4 has
the SBP (in its stochastic expansion). The interpretation of condition A) is that the SBP
holds for a twicing kernel. Condition B) shows that when v(x) = 0, a twicing kernel is
not needed for the SBP. Since »{x} accounts, in the asymptotic variance, for the presence
of 4, we interpret B) to mean that {1 antomatically has the SBP when the presence of
the nonparametric estimator does not affect the asymptotic variance of 8. Although we
have only shown this result for kernel estimation, we conjecture that it can be shown in
general, e.g. using the set up of Newey and McFadden (1994).

The result for condition B) also suggests a general approach to constructing estimators
with the SBP. By adding to the original m(z, 3,v) an estimator of the correction term
v(x)w — Elv(z)w] for estimation of v we can construct a new m(z, 3,v), where estimation
of v does not affect the asymptotic variance of 3. Hence the 3 based on the new m(z, 3,7)

should have the SBP. For brevity we omit further discussion of this alternative approach.”

"This approach is discussed in the previous version of this paper, including a proof that kernel average
derivatives based on a twicing kernel are identical to such a modified estimator.



3 Adjoint Bias and Idempotent Transformations

The SBP can be explained by the integral form of the bias and an adjoint transforma-
tion. For simplicity, consider the case where v(x) is the density of z, i.e. w = 1. Let
k(z,y) = h™"k({z — y)/h). By a change of variables (details in the Appendix) we have
R [ k([(z—y)/h] — ) k(t)dt = [s(z,t)s(t, y)dt. A twicing kernel density estimator is
then given by

Z{%“) / (2, )k(t, )t} /n. (3.1)

For a function g define B as the linear mapping that gives the smoothing bias from the

original kernel k(u) with bandwidth A, that is

By(w) = [ w(e,)g(y)dy - 9(a)

The pointwise bias in terms of B is given by

Ef(@) =) = 2 [ wle,)w)dy - [ [ e, st n)dtnly)dy - o)
= Q.f k(z, y)vo(y)dy — f K(z, 1) /ff (t, ¥)vo(y)dydt — vo(x)
= ~B(By)(z) = - B ().
Thus we see that the pointwise bias from a twicing kernel is equal to the negative of the
"hias of the bias” for the original kernel.
To relate the pointwise bias to the semiparametric bias, consider B, = F [Dﬁ/ - 0},
which is the bias of a linear kernel average and also is the expectation of the linear
in v term in the expansion of 3 — f3 for a semiparametric m-estimator. Let {a,by =

[-a{x)b(x)dz for square integrable functions a and b. Then
B, = {(v,E[}]—7) = (v,-B%*) = —{(v, B%y)
= —(B"», By)= fB*'U - Bry(z)dz.

where B*g(z) = [ s(y, z)g(y)dy — g(x) is the adjoint transformation for B.® Furthermore,

symmetry of the kernel gives «(x,y) = «(y, z), so that

B, = —(Bv, Bry). 7‘ (3.2)

83ee Luenberger 1969, p. 153.
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Thus we see that the semiparametric bias is the integral of the product of smoothing
biases for v(z) and ~y(z) from the original kernel k(u). The SBP is a consequence of this
product form for B,, because the bias B, will be smaller asymptotically than B~(z).
The intcgral form of B, is essential to this result. It is the integration which allows us
to obtain the bias product form in place of the "bias of bias” form.

It is interesting to note that the adjoint bias formula only depends on «(z, y) = k(y, z),
and not, on s having the kernel form. Thus, any estimator of the form given in equation
(3.1) will confer the SBP, becanse equation (3.2) is satisfied, so that the semiparametric
bias B,, will be of smaller order than the nonparametric bias.

An important, type of estimator the confers the SBP, because it equals the twicing

estimator of equation (3.1), is

T

(z) = Zﬁ(ﬂf,ﬂfi)/ﬂ, ﬁ(z,.y) = j.n(m,t)ﬁ(t,y)dt. (3.3)

i=1
Orthogonal series density estimators are examples. Let p(z) = (pi(x), ..., p;(z)) be or-

thonormal, with [ p(t)p(t)'dt = I, and let k(z,y) = p(z)'p(y). Then¥(z) = XL, s(z, z;)/n =

p(z) T p(x;}/n is an orthogonal series density estimator. Also,

[ st 0ttt = play | [ pp(eyat] p) = pla)p) = we,p),
Thus, equation (3.3) is satisfied, so that orthogonal series density estimators will confer
the SBP.?

The condition [ &(z,t)s(t, y)dt = k(z,y) is equivalent to ¥(z) = [ x(x,y)F(dy) be-
ing an idempotent transformation of the empirical distribution F, in the sense that
[ w(z,y)5(y)dy = 4(z), as shown in Lemma A3 in the Appendix. Thus, we see that any
nonparametric density estimator that is an idempotent linear transformation of the em-
pirical distribution, as in equation (3.3}, confers the SBP. This link between idempotent
transformations and the SBP is consistent with previous results on nonparametric esti-
mators that confer the SBP. For example, Newey (1994) showed that series estimators of
conditional expectations confer the SBP. Not. surprisingly, given their least squares pro-

jection form, series estimators can be interpreted as idempotent transformations of the

9This result was fully shown in a previous version of this paper.
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empirical distribution. Also, Shen {1997) showed that a sieve density estimator, where
4 = [Invy(z)F(dx) for some set of densities I', has the SBP. This result is consistent with
the idempotency of the sieve density as a transformation of the empirical distribution,
with ¥ = argmax.,cr f[Invy(xz)|¥(z)dz holding by the information inequality. Although
series and sieve estimators are nonlinear transformations of the empirical distribution,
so that the preceding analysis does not directly apply, we conjecture that the SBP is a
direct result of their being idempotent.

The SBP provides a simple criteria for selecting among different nonparametric esti-
mates to use in semiparametric estimation. In the linear kernel average case of Section 2,
and we conjecture in general, these estimates increase the rate at which the bias converges
to zero and so lead to smaller asymptotic MSE. Of course, it is important to understand

whether this asymptotic advantage translates into small sample improvements. For this

purpose we turn to some Monte Carlo work. *

4 Monte Carlo Comparisons

The importance of the SBP in practice depends on small sample properties. We investi-
gate these properties in a Monte Carlo expériment. We first consider the density weighted
average derivative estimator of Powell, Stock, and Stoker (1989), as given in equation
(2.2) for |A| = 1 and w = 2. This estimator is important because ratios of weighted
average derivatives estimate the coefficients § in an index model E[y|z] = 7(2'6), up
to scale. Also, average derivatives can be of interest in their own right, as in Hardle,
Hildenbrand, and Jerison (1991).

Our experiment was based on the same model considered by Ruud (1986), given by
y = exp(z; + 22+ u), wu distributed uniformly on (—1/2,1/2},
(21,22} has p.df ¢z + 1/2)¢(z2/2} + Pp(x2 — 1/2)p(21/2).

The regressor distribution is a bivariate mixture of normal densities which leads to sub-
stantial biases in quasi-maximum likelihood estimators of the ratio of regression coefli-

cients for z; and z,. We consider two estimators of the density weighted average deriva-
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tive, one based on a standard normal kernel and the other on the corresponding twicing
kernel. Figure 1 plots the MSE as a function of the bandwidth for both estimators, for
sample sizes n = 50 and n = 200. We find here that the MSE for the twicing kernel
has a somewhat smaller minimum and is lower than that of the original kernel over a
wide range, especially for the larger sample size. In this sense the MSE function for the
twicing kernel is less peaked than that of the original kernel, a surprising finding and a
further advantage of the twicing kernel. Also, the fact that the MSE of the twicing kernel
is below that of the original one over such a wi\de range of bandwidths may be important
in practice, where the optimal bandwidth is not known.

We also obtain similar results for the ratio for n = 200. Although the advantages of
the twicing kernel are not as pronounced here, the MSE function is still somewhat flatter
and is below that of the original kernel over a very wide range of bandwidths.

Significant MSE gains from using a twicing kernel have also been reported by Newey
and Ruud (2001) for the inverse density weighted least squares estimator of Ruud (1986),
for the design given above. The estimator is weighted least squares, Bo = (30 gzr) !
S0 gy, where @; = o(w;,0)/f(z;) and @(z;,0) is a spherically symmetric density
that can depend on estimated parameters 0. Ratios of components of B are consistent,
estimators of the corresponding ratio of components of 4. For the design given above,
for a range of bandwidths the MSE of this ratio was 25 percent to 50 percent smaller
with the twicing kernel than the original kernel. Slightly smaller MSE gains from using a
twicing kernel were also found for a different model where y = 1(z; + 2 > 1) + u, where
u is distributed as N (0, .01).

Overall, these Monte Carlo results show substantial gains from using the twicing
kernel. Except for the ratio with n = 50, the minimum MSE for the twicing kernel is
below that for the original kernel in Figures 1 and 2. Also, the MSE for the twicing kernel
is below that for the original kernel over a wide range of bandwidths. This promising

performance indicates potential for practice.

[11]



Appendix: Proofs

Throughout the Appendix, C' will denote a generic positive constant that may be different

in different uses, and DCT a reference to the dominated convergence theorem.

ASSUMPTION Al: [ k(u)du =1, k(—u) = k(u), k(u) has bounded support, k(u) is
differentiable of order d = || with Lipschitz d** derivative.

ASSUMPTION A2: For all multi-indices A and A with |A| = s and |A| = s there is

a ¢ > 0 such that [supja)<. oz + A)| dx < oco. Also, v(r) is

8/\70(1? + A)’ SupHA”Sc

contimious and vg(x) and v(x) are bounded.

ASSUMPTION A3: Let p,,(z) = Ely?|z] f(2), pwuw(z) = Ew?|z]f(z), and p,,(z) =
Elyw!z]f(z). Then fiy.,(z) and i, (2) are continuous and for some ¢ > 0,

ISP A <e Hyy (T} pww(z + A)dz and
Isupjaj<e [ty (T + A) iy (z)! dz arc finite.

ASSUMPTION A4: Equation (2.3) is satisfied for all v with ||y — ]|l small enough,
DG, 8)II < b(2)2||8]], and E[b(z) [|w]]’] < oc.

ASSUMPTION A5: Equation (2.4) is satisfied and v(z) is zero outside X.

ASSUMPTION A6: E[m(z, fo,70)] = 0, E[m(z, 8o,7)|") < oo, and Ef|jw||”|z]f(z)
is bounded. Also, for all ||y — || small enough m(z, 3,7) is continuously differentiable
on a neighborhood of Fy, M = E[0m(z, By, v)/053] exists and is nonsingular, and there
is b(z) and € > 0 such that E[b(z)] < oo and ||@m(z, 5,7)/08 — 0m(z, Bo, %) /88| <
b(2) (18 = Boll” + lv = ")
Proof of Theorem 1: We have
B = ZZ;\Z(Z’?’_, Zj)/[n(n — 1)]1 k(Zi, Zj) = aAK}L(Ii - Ij)’iﬂjyi,
i#]
where we suppress dependence of & on h for notational convenience. Define F(x) =

J k(u)vo(x + hu)du and ©(z) = [ k(u)v(z + hu)du. Taking expr‘ectations, and integrating
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by parts, it follows similarly to equation (2.7) that for 8y = [ v(x)vyo{z)dz,

E|B] = Ek{zi, )] = / [ Ki(z1 — x2)vo(x2)v(z) )dz1dzy — By

= = [ [7@) = v(@)] [7(2) = v(@)de + o
By an expansion in h with Lagrange form of the remainder and by (, = 0 for |A| < s,

3(2) — () MM'EZ]% VWP o + hu)du, 1B < |h]. (A1)
|Al=

For ¢ in Assumption A2 let d.(z) = 5 \_,supjaj<c |0 0(z + A)|. By k(z) having
bounded support ¢, for small enongh A, |k(u) 3|5 s v y0(z+hu)| < Cl{u € U)da(x) <
0o. Then by the dominated convergence theorem, [ K (u)udvo(z + hu)du — (0 (),

50 that 2 [5(z)=70(%)] = Tjaj=e GO0(z)/ sl Similarly, h*[5(z)—v(x)] — Tjx=s G (@) /1
Also, noting that |h~*[7(z) — y(z)]| < Cd,(z} and |h~[5(z) — v(z)]| < Cd,(z) for d,(z)
defined analogously to d,(z), and for [d.(x)d,(x)dr < oo by Assumption A2 and eq.
(A.1), the dominated convergence theorem gives h=2*( E[3] — ) — P, so that

E[8] = By + h®P + o(h*). (A.2)

Next, note that (3 is a U-statistic with kernel [k(zi, z;) + k(z;, 2,)]/2. Then by Serfling
{1980},

Var(3) = [(n—~2)/n(n —1)] Var(E[k(z1, z2) + k{22, 21)|21])
+[1/n(n — 1}{ Var(k(z1, z2)) + Cov(k(z1, 22), k(2zg, 21)) }

By Assumptions Al and A3 and another application of the dominated convergence the-
orem, [ [[OMK (W) pyy(z — hu)puu(z)duds — Qv = [[O*K(w)]*du [ pyy () runs () dz.
Then by a change of variables, u = (z; — zy)/h, z =z,

Elk(z,2)"] = //[5’\Kh 21 — z2)] Elws|2) Blyi|21] fo(x2) folw )dmad

= [ [P K gy la bl (z)dudz = b T2Q, + o),

[13]



Also, since Elk(zy, 22}] converges, E[k(z1, 22)]? = o(h ™M), so Var(k(z1, 22)) = E[k(z1, 22)%]+
o(h=7=2). Therefore,

[L/n(n— 1)) Var(k(z1,22)) = [L/n(n— DIR7"72NQ) + o([1/n(n — 1)]A~""2R)

_ n—-‘Zh—T—QﬁMQl +O(ﬂ472h7r72|)\|)?
Also, by 0*K(—u) = (=1)M0*K (u), it follows similarly that

Elk(z1, 20)k(z0,21)] = E[0*Kp(z) — 22)waapn O Kz — 21 ) w1 ys)
(~1)“'E[6’\Kh(3:1 - .’I'Q)ZE[’LUzygllig]E[wlyl|$1H

R ENQ — Qr) + ok ),
so that
[1/n(n — 1)} Cov(k(z1, 22), k{22, 21)) = n2h"HN(Q — Q1) + o(n=2R~"—21),

Next, let 7(z) = [ K(u)v(x 4+ hu)du and a(z) = [ K(u)a(z + hu)du. By applying the
dominated convergence theorem as we have done previously it follows from Assumption
A2 that 7(z) — v(zx) and a(x) — a(x) as h — 0, so that a(z)y + o(z)w — a(z)y +v(z)w
as h — 0. Since [a(z)y + o(z)w]? < C(y? + w?), Assumption A2 and the dominated
convergence theorem imply that Var(a{z)y 4+ (z)w) — V. Furthermore, by integration

by parts and interchanging the order of differentiation and integration,

Elk(z1, z2) + k{22, 21)|21]
= E[*K,(z) — z3)Elws|zy)|21)1n + E[0*Kp(zy — z1) E[ya|z2]| 21wy
= [f P Ky (z, — 2) E[wlz] fo(x)dz]y, + (=)™ / MKy (xy — 2)b(x)dz)un

= a(z)y + v{x)w.
Therefore,
[(n—2)/n(n — 1)] Var(E[k{z1, z2) + k(z2, 21)|z1]) = V/n + o(n™1).

Then MSE(B) = Var(8) + (E[B] — B)? gives the resuit. '- QED.

[14]



Proof of Theorem 2: It follows exactly as in Newey and McFadden (1994) that for
any 3 = By we have %, Om(z, 8,4)/88/n = M, and for 3(z) = E[¥(x)],

kil

> _mz, o, 4) — m(zi, Bo, v0) — D(zi % — w))/v/n B 0,

i=1

Z[Dz“ D’Y 70]/\/‘—“)
VaD(y =) = D {v(zijw; — Elu(z)w]}/vn 5 0.

Then by the central limit theorem and the triangle inequality, for 30 ; m(z;, 5o, ) /1 4
N(0, E[t(2)(z)'] it then suffices to show that \/nD(¥ — vy) — 0. It follows similarly to
eqs. (3.2} and (A.2} that

DG = 0) = = [[5(w) = o(@)][3(x) = w(w)de = O(*),

so that the conclusion follows by \/nh* — 0. Q.E.D.

Lemma A3: If zy,..,z, are i.i.d with support S for x; and for all z € S,
Elk(z,x,)?] < oo and E[{[ s(z, y)r(y, z:)dy}?] < oo, then k{x,y) = [x(z,t)x(t,y)dt
for all (z,y) € § x S if and only if [ k(z, )3 (y)dy = ¥(z) forallz € 5.

Proof: The only if part is casy, so we show just the if statement. We have ¢/U = 0
where e and U are n x 1 vectors with e = (1,...,1), U, = k(z,z;) — [ &z, y)x(y, z,)dy.
Then by U i.i.d with finite second moment,

0=E['U] =nE[U:],0 =Var(eU) = Var(U)e = nVar(ly),

By E|U;] =Var(U,) =0, U, = 0= k(z,x;) — [ k(z,y)ly, z;)dy for all z; € S. Q.E.D.
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