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1. Introduction

Robins (1993, 1994, 1997, 1998) has developed a set of causal or counterfactual models, the structural
nested models (SNMs). The purpose of this paper is to introduce a simpler class of causal models —
the (non-nested) marginal structural models (MSMs). We will then describe a class of semiparametric
estimators for the parameters of these new models under a sequential randomization assumption. We
then compare the strengths and weaknesses of MSMs versus SNMs for causal inference from complex
longitudinal data. Owur results provide an extension to continuous treatments of the semiparametric

efficient propensity score estimator of an average treatment effect.

2. The Data

Consider a study where we observe n iid copies of data O = (A (C), L (C)), where C is an administrative
end of follow-up time, A (C) is a treatment process, L (C') is an outcome or response process and, for any
Z(u),Z () ={Z(u);0 <u < t}. We assume C is an element of L (0) since it is assumed known at time
0.

For purposes of causal inference, we assume the existence of an underlying treatment process A =
{A(u);0 <u < oo} with A (u) taking values in a set A (u) and the existence of underlying counterfactual

random variables

(TmacA) M)

where Lz = {Lz(u);0<u<oo},a@=a(-) = {a(t);0<t<ooanda(t) € A(t)} is a treatment plan
(equivalently, regime or function) lying in a set of functions A. Given a regime @, let fa(u),o be counter-
factual history under a regime @* that agrees with @ through time w and is 0 thereafter, where 0 is the
baseline value of a (t). Then we assume that the Lz satisfy the following consistency assumption with
probability 1:

Lau.0 (u) = Lag).o (u) = Lz (u) = Lz (u) (2)

for all + > u and all @' with @' (u) = @(u). This assumption essentially says that the future does not

determine the past. The observed data are linked to the counterfactual data by

L(C) = Tx10,0 (C) - (3)

We assume Lz = (75, 75) where Yz is an outcome process of interest and Vi is the process of

other recorded variables. Further, we shall make the sequential randomization (i.e., ignorable treatment



assignment) assumption that for all ¢ and @ € A,

O[A® )L A() (4)

where for any variable Z (t) = {Z (u) ;u > t}. Because of measurability issues, (4) is not well-defined. If
the A () process can only jump at dlscrete non-random times ¢1,ts, ... and the L (t) process has left-hand

limits, i.e., L (¢7) Eli?tl L (u), (4) is formally, for each ty,

FIA@R) 1T () A(ty)  Yatn)] = F[At) | T(t;) . A ()] - (5)

where f (- |-) is the conditional density of A (t;) with respect to a dominating measure. If A(¢) is a
marked point process that can jump in continuous time with CADLAG (continuous from the right with
left-hand limits) step-function sample paths, then Eq. (4) is formally that

ML), A7), Ya@)] =Aa[t|L(t7),A(t7)] (6a)

and

SAGIT (), A@W), AW £ A7), Ya(t)] = (6b)
fIA@ L), A7), A #A()] .

Here, the intensity process A4 (t | -) is 6ltim0 prlA(t+6t) £AR") | A7), ]/6t.
Following Heitjan and Rubin (1991), we say the data are coarsened at random (CAR) if

fTA(C {La }] depends only on
= (4(0),T(0)) - (7)

We assume the {Lg (u);a e A C ./Tl} have a non-degenerate joint distribution whenever @ (u) # @s (u)

for all a1,as € ./TlT. Then CAR implies sequential randomization (4) but the converse is not true. Robins
(1997, pg. 83) gives examples where one would expect (4) to be true even when (7) is false. In this
paper, we shall only need (4). However, if (7) is the sole restriction imposed, this essentially places no
restrictions on the joint distribution of the observable random variables (Gill, van der Laan, Robins,

1997) and, thus, is not subject to empirical test.

2.1. MSMs

A MSM for {7@;6 € X} places restrictions on the marginal distribution of the Yz possibly conditional
on a baseline variable VT in V (0) (with C' € VT if C is random). Examples of MSMs follow.

Model 1: Suppose C' = K + 1 w.p.1., the A(C) process jumps only at times 0,1,2,..., K and the Lz
process jumps only at times 07,17,27,..., K7, K + 17. In models la-1c, we are only concerned with
an outcome measured at end of follow-up. Hence, we set Yz (m) = 0 with probability 1 for m < K and
define Yz = Yz (K 4 1). Then we have

Model 1a — non-linear least squares: F [Yg | VT] =g [6 (K) ,VT,BO] where ¢ (+,+,-) is a known
function.

Model 1b — semiparametric regression: 1 {E [Yz | V1]} = g[a(K), VT, 5] + g (V) where 7 (-)

is a known monotone link function, g (-) is unknown and unrestricted and g (-,-,-) is a known function



satisfying g (0, VT, 3) = 0. The requirement that g (0, V', 3) = 0 implies that g' (V1) is the “main effect
of V1.7
Model 1c — stratified transformation model: pr[R(@,f,) <t| V'] = Fy (t|VT),Fy (t| V') an
unknown distribution function, R (a,5) =r (YE,E, Vi, 6) is a known increasing function of Yz satisfying
r(y,@,Vi,8)=yifa=0or B =0.

In the following model, we are interested in the outcome at each m > 1 so we no longer assume that
Yz (m) = 0 with probability 1.
Model 1d — multivariate non-linear least squares: E [Yz(m)|V'] = g, [a(m—1),VT, 5],
m=1,..., K + 1 where the g,, (+,-, ) are known.
Model 2: C' = oo, Yz is a failure time process, i.e., Yz jumps from 0 to 1 at some particular time and
stays at 1. Then define the failure time T by the equation Yz (T%) = 1 and Yz (T ) = 0. Let o (t) and
Ao (t | VT) be unknown non-negative functions of ¢ and (t, VT) respectively and, for any Z, Az (u) is the
hazard of Z.
Model 2a — Cox proportional hazards model: Ar [t | V] = Ao (t) exp [r (@ (t7),t,VT; 5y)] where
r () is a known function satisfying r (0, ¢,0; 3) = 0.
Model 2b — stratified Cox proportional hazards model: Az (t | VT) = Ao (t | VT) exp [r (6 (t)t, VT, /30)]
where, now, 7 (O,t, vt B) =0.
Model 2c — stratified time-dependent accelerated failure time model: pr [r (T7, @, V', 8)) <t | V'] =
Fy (t | VT) where 7 (u,a, VT, 8) =7 (v, a(uw), VT, 6) is a known function increasing in its first argument

satisfying r (u,0, V1, 8) = u. This model can also be written as
Argsy) (E1VT) =2 (¢ V)

for a € A, where R (@, () =r (T%,a, VT,B).

3. Estimation

3.1. Ancillary treatment process

In this section, we consider estimation of the parameter 3, of our marginal structural models. In this
subsection, we will suppose that A is an ancillary (i.e., exogenous) covariate process, i.e.,

Al[{TmacA} | VI, (8)

The often unrealistic assumption (8) implies CAR but, in contrast to CAR, places restrictions on the

joint distribution of the data. Specifically (8) implies
AT @) 1A ), Vi (9)

and thus (8) is subject to an empirical test.

Given (8), the restrictions on the observables O implied by any MSM are (9) and that the restrictions
on the distribution of Yz given V1 specified by the MSM hold for the conditional distribution of the
observable Y (C) conditional on (A (C),VT).

For reasons that will become clear below, we indicate with a “*” any expectations, probabilities or
hazard functions computed under the assumption that (8) and (9) hold. For convenience, denote A (C)
as A. Thus, for our MSM models (1a) — (2c), (8) implies



Model 1la: E* [Y | VI, A] =g (A, VT, 3))
Model 1b: n{E* [Y | VI, A]} = g (A, VT, 5,) + gt (VT).
Model 1c: R(8y)[["A| VT where R(8,) = R (4, By).
Model 1d: E* [Y (m) | VI, 4] = g,, [A(m —1),VT;8,] ,m=1,...,K +1.
Model 2a: A} [t | VI, A] = X3 [t | VI,A(T)] = Xo () exp [r (A(t7), ¢, VT, 8y)].
Model 2b: A} [t | VI, A] = AL [t | VI,AR)] =X (6| V) exp[r (A7), L, VT, By)].
Model 2¢: Agg,) [u| VT, 4] = AR(8o) [ | A[r=" (u, A, VT,80)], V] = Ao (u]| VT) where R(B,) =
R(A,By) and r~* (u, A, VT, B) = tif r (¢,a, V1, 8) =u.
We shall now consider estimation of these models for the observables, under assumption (9), and the

further assumption that

A(C) has a known conditional

distribution given V1 . (10)

Semiparametric inference in models 1a - 2¢ without (9) and (10) imposed has been examined previously
by many authors. Below we use their results to solve the estimation problem in our semiparametric
model.

We will show that associated with each MSM model with (9) and (10) imposed is a class of reg-
ular asymptotically linear (RAL) estimators {ﬁ* (h, g{))} for (,, indexed by vector functions h € H

and ¢ € ® such that the set ZF* = {IF* (h,¢)} of influence functions of the B* (h, ) constitute all
the influence functions for the model, in the sense that if B* is any other RAL estimator, then the
influence function of ﬁ* equals IF* (h,¢) for some functions h € H,¢ € ®. We obtain B* (h,d) by
solving the estimating equations n~2 > [A);k (B,h,¢) = o0, (1) described below. The solution ﬁ* (h, 9)

has influence function IF* (h,¢) = {x* (h)}f1 U* (By, h,¢) where U} (By, h,¢) depends only on sub-
ject i’s data, k* (h) = —OL* [U* (B, h, $)] /0B|3—p, does not depend on ¢, and n=% > ﬁj (8o, h, @) =
n"z > U (Boy hy @) + 0p (1). Furthermore, At = {U* (By, h,¢)} is the linear span of ZF* and thus is
the orthogonal complement to the nuisance tangent space for the model in the Hilbert space induced
by the covariance norm. We refer to U* (8, h, ¢) as the influence function for the estimating function
D (By, h, @). More specifically, U* (3, h, ¢) and D (8, h, ®) are each expressed as the sum of the two com-

ponents, one of which Uy, (¢) = Dy, (¢) is independent of the choice of the MSM and follows from the
fact that, for the “treatment process (tp),” (9) and (10) are assumed. Specifically, if the A (¢) can jump
only at times 0,1,2,...,U;, (¢) = W%C)gz) (k,A(k), T (k™)) — B [¢ (k, A(k), T (k7)) | T(k™), A (k)]

where int (C) is the greatest integer lléss that or equal to C. It is easy to see that {Ut*p (¢)} is, as ¢ varies,

the sum over k of functions of the observed data (A (k),L (k™)) with mean zero given (A (k~),L (k7).

If A(t) is a continuous time marked point process, then Uy, (¢) = [dM} (u) ¢, (u, A (u”) ,f(u_)) +

[ ANA () {65 (A (), T(w)) = Bl (0. A (w) I () | Aw) # Au),

L(u™),A(u")]} where dM} (u) = dNa (w)—Xy [u| A(u™),L(u”)] duand dNa (u) = I {A(u) # A(u™)}
counts jumps in the A process.

The other structural model-specific component B;m (B,h)and UZ,, (8, h) of D~ (B, h,¢) and U* (08, h, ¢)
are the well-known estimating functions and their associated influence functions for models la - 2¢ with
neither (9) nor (10) imposed.

Model 1a: D, (3,h) =U*, (3,h) =h (A, VT)e(B) withe () =Y —g (A, VT,3) and h (4, V1) is any
dim () vector function.
Model 1b: 5 (z) =z : D%, (8,h) = Uz, (B,h) = {e (8) — ha (A, V1)}



{hy (A, V1) — E* [hg (A, V1) | VT]} where hy is any real valued function, £ (3) is as just defined and the
range of hs is of dim (53).

n(@) = Wfe/(1=2)] : U5, (B,0) = UT(h,P(8)) and D%, (8,h) = U, (hP(8)), where P () =

expit [g (A, V1, B) + gt (VT)] P (B) = eapit (9 (A, VT, 8) +g" (VT)], expit (x) = e*/ (1 +¢€*),g" (VT) is

ant - consistent estimate of g" (V'1), and Ut (h, P (8)) =

¥~ P} (b AV) ~ B [ (AVT) P(3) {1 - P(3)} | V1] /e [P(8){1-P @) V1]}.

Model 1c: D%, (3,h) =U* (8,h) =h [R(B), A, V'] — [R[R(B),a,Vi]dF* [a|VT].

Model 1d: Let e (8) = {e1 (0),...ex+1 (0) }l, em (B) =Y (m)—gp [A(m —1),VT; 8]. Then D:m (B,h) =
Uz, (B,h) = h (A, V1) e(8) where h (4, V1) is now any dim (3) x (K + 1) matrix of real valued functions.

Model 2a: D, (8,h) = [ dNy (u) {h (u, A (u), V1) — Z(h,uﬁ)}, where £ (h,u,3) = J|h,0]/

J[1, B); for any h(u, A(u),VT) ,J (h,3) = E[h (u, A(u), V) I(T > u)exp{r [A(u),u,VT,B]}]; for any

HZ,E(H) Z H;/n; 1 is the constant function equal to one; and Ny (u) = I (T <wu). UZ, (8,h) =

[ dMy (u) {th(u,Z(u) V1) — L7 (h,u, VT, 8)} where £* (h,u,8) = J* [h, 8] /J* [1,6]; J*[h, B] is de-
fined like J (h, 3) but with E* replacing E; and dMr (u) = dN7 (u) — Ap (u | A, V1) I (T > u) du.
Model 2b: Uz, (8,h) and D%, (B, h) are as above except J* (h, 3) = E*[h (u, A (u), V1) I (T > u)
exp {r r (u), 7VT,ﬁ]} | V1] and j(h,ﬁ) replaces E* ( | V1) in J* (h, B) by a nt - consistent estimator
E(-| V).
Model 2c: Dz, (6,h) = [ dul [R(8) > u] {Ha (u, B) — E* [Ha (u, 8) | VI]} +
foo dNpa) (u ) [Hl (u, ) = E* [Hy (u, 3) | V1]] and, for j = 0,1, H; (u, 8) = hj [u, A{r=" (u, A, VT, B8)},VT].
Ui (8,h) = D (8,h) — B* [D,, (B,h) | A, V1]

Remark: Note that in model 2b and in model 1b with n () =In[z/ (1 — x)], smooths are necessary
if V1 has continuous components. In particular, due to the curse of dimensionality, it is not possible to
obtain a reasonable n? — consistent estimator of B in these models when VT has multiple continuous

components.

3.2. Non-ancillary treatment process

In this section, we no longer assume (8) is true. The essential idea of this section (requiring some minor
modification) is to reweight Dsm (8, h) by the inverse of a subject’s probability of having had his observed

treatment history. We continue to assume that

fla@) | T(t),A(), V]

is known for ¢t < C (11)

which implies that if A (t) jumps at non-random times 0,..., K, W (k) = f [A(k) | L(k~),A(k™)] and
_ k —
W (k)= [] W (k) are known. If A (¢) jumps in continuous time, W (t) =

m=0

exp [f I a [u|T (), (u)] du} I FIA() | A ), T (u), Au) £ A(u)] is known.
{u; A(u)#A(u),u<t}
Now if A( ) jumps at non-random times, let :l (k,a(k™),v") =
{a(k);fla(k) | D), A(k™) =a k™), VT =0o] #0w.p.1} and set CT = mm{ Ak) ¢A (kA (), vT)}.

IfA()Jumpsmcontlnuoustlme letA(ta(t ), ’UT)—{CL() fla ()\L( ), AT )=a(t7),At) #
a(t™),Vi=vl]#£0wplora(t)=a(t")} and set CT:mf{t;A( )¢A (t, A7),V )} The variable
C' is crucial because, as indicated in the remark following Lemma 3.1 below, one can only unbiasedly



reweight a function of A (¢) for ¢ e (t,v').

Let f* (a | VT) be a density (chosen by the analyst). L * denote the joint distribution which differs
from the true distribution F' of O only in that f [a (¢ ) | f( =), A(t7),VT] is replaced by the ancillary
density f* [a(t) | A(t7),VT]. Further, define W (t) = W (t) /f* [A(t) | V] and O = (L (CT) , A (CT)).
A key result, which follows from direct calculation, is
Lemma 3.1: For any z (O), E [z (OT) /W (CT) | V] = E* [z (OT) | VT].

Remark: It is false that E [2(0) /W (C)| V'] = E*[2(0) | VT']. Let D}, (8,h) be the probabil-

ity limit under F* of D%, (3,h) and let {Usp, (8,Rh)} and {Dsn, (8,h)} be the subsets of {UZ, (3,h)}
and {D%, (3,h)}, respectively, that depend on the data only through Of. Set W = W(C’T) and
note Dy, (3,h) and Ugpy, (B, h) often depend on E* [- | V1] = E[-/W|VT] or E*[] = E[/W]. De-

fine Dy, (6, h) and Usim (6, h) like Dy, (B, h) and Us,, (5, h) except replace any unknown expectations
E[/W | V1] and E[-/W)] with appropriate estimates E [-/W | V1] and E[-/W] -.
Examples: In model 1b, with n(z) = z, Uy (B,h) = Dy (B,h) = UL, (B,h) has hy (X, VT) and
ha (Z, VT) being functions only of {Z (CT) ,VT}. Note E* [hg (Z, VT) | VT] is known and need not be
estimated.

In contrast, in models 2a and 2b, D, (3, k) will be defined like D*,, (3, h) except in defining J (h, 3)
we replace I (T > w) by I (T > u) /W in order to estimate the unknown expectations.

In model 1b with 7 (z) =In[z/ (1 — )], g (V') =g (VT, ) could be chosen to minimize
E {(Y — expit {g (A, V1,B) + gt (VT) })2 /W} over gt (V1) in some class (e.g., splines), whose dimension
may increase with sample size. In the Appendix, we sketch a proof of the following.

Theorem 3.1: Subject to regularity conditions, in the semiparametric model (i) characterized
by (4), (11), the data O, and a MSM, {ﬁ(h,qs)} solving 0 = 2, D; (B, h, ¢) with {f)(ﬁ,h, ¢)} -
{ﬁsm (B,h) /W + Dy ((b)} is a class of RAL estimators with influence functions ZF = {IF (h,¢)},
IF( ) = {K“( )}_1 U (ﬁOv h, ¢)’ K (h‘) = —0F [U (ﬁ» h, d))] /8ﬁ|5:50 U (50» h, (b) = Usm (507 h) /W +
Utp (¢), where Uy, (¢) = Dy (¢) is defined like Uy, (@) except with the true law I replacing F*. Further-
more, ZF is the set of all influence functions.

3.3. Efficiency for fixed h

By a projection argument similar to that given in Robins et al. (1994), we have

Theorem 3.2: For a given h, among all estimators B(h, ¢), the most efficient has ¢ equal to ¢,,, =
Gopt (R): if A(t) only jumps at non-random times 0,1,2,... then ¢,,, = 0 if k > Ct, and if k < OT,
Popt [k, T (K) L (k)] = E[Usm (h )/W | A(k)=a(k),L(k7)=L(k")]=

(7 (00} 1 dit ) £ (3] 07) Bl (3 (1), V5 (C1) VI, 1Y | To(ho) = T0) ) = a(h)
and Usp, (h) = Usm (B, h). Furthermore if CAR holds, A (k) =@ (k) can be removed from the last con-
ditioning event above. If A (t) jumps in continuous time, ¢, ., = E[Usy (h) /W | L(u™) , A(u™), A(u) #
A = B [Us () /W T (w), A ()] since B [Us () /W] T (), A ()] =

B [Usn (0) W | T (), A () A ) = A ()], and 6,0 = B [V (0) W] A (w) T (7).

Theorem 3.2: a) The semiparametric model (ii) characterized by (4), data O, and a MSM (with (11)
not imposed), has the set of influence functions {IF (h, ¢, (h))}.

b): In model (7i) characterized by (4), data O, a MSM, and a parametric model indexed by parameter
afor fla(t)|L(t),A(t™)], the set of influence functions for the model is the set

{n (h)~! [U (h,¢) — E[U (h, ¢) S.]{E[SaS,]} Sa} } of influence functions of {B (h, ¢, a)} solving o, (1) =
n3 > D; (8, h, ¢, @) where & is the MLE of «, S, is the subject-specific score for «, and D (3, h, ¢, @)



is D (B, h, ¢) evaluated at a.
Theorem 3.2b can be extended to semiparametric models for f (a (¢) | L(t7), A(t7)) such as a Cox
proportional hazard model as in Robins (1993).

4. Semiparametric Efficiency

4.1. The Efficient Score

In any semiparametric model, the semiparametric variance bound is the inverse of the variance of the
efficient score Scf¢. The efficient score in models (i) - (444) of Theorems 3.1 and 3.2 are the same and, by
Theorem 5.3 in Newey and McFadden (1993), equal Sesp = U (8o, heps, @opp) Where ¢orr = ot (hegr)
and heysy is uniquely characterized by the requirement that for all U (5, h, ¢)

B [U (B0, 5, ) U (B> et Gupt (hegp) | = 1 (1)

which is equal to /
E [Usm (Boys M) U (B heg s €opt (hess)) | = (h). (12)

To show how to use (12) to calculate h.s¢, we consider the following simple example.

Model 1a: Consider MSM 1la with Ct = C = K +1 =1 w.p.1 so K = 0 and the A (C) process only
jumps at time zero. So A = A(0) and W' = f*[A| V1] /f[A| L(0)] where VT C L(0) =V (0). As
the proof of the following theorem, available from the author, shows, we can let f* (Z | VT) =1 w.p.l
without worrying that it is not a density, because it can be absorbed into h.y (Z, VT).

Theorem 4.1: With f* (A | V') = 1 w.p.1, Eq. 12 implies h.ss (4, V) is the unique solution to the
type two Fredholm equation hegy (A, V1) [[var [e | A, L(0)] {f(A| L (0))}71 SV VT du(Ve)] +

[ hegs (@ VT w (@, A,V du(@) =g (A, VT, B,) /0B where V* = L (0)\V' and w (@, 4, V) =
[[Ele|a,L(0)]E[e|AL®)]f(V*|VT)du(V*)]. Note that if A has finite support, this is a finite
dimensional matrix equation. Our estimators, specialized to this example, are continuous treatment

extensions of efficient propensity score estimators of an average treatment effect.

4.2. Efficiency calculations using missing data theory

Given (4), imposing CAR cannot change the efficient score. Thus, it is of interest to rederive the efficient
score using the Hilbert space results of van der Vaart (1991) and of Robins et al. (1994) for missing
data models under CAR. For convenience, assume C' is non-random and write A = A (C). The full data
are T' = {fg;ﬁ € ]} Given any B = b (ZF), the score operator s(B) = E[B|0],0 = (Z, ZZ)‘
For any Q = ¢(O), the non-parametric adjoint operator s’ under CAR is s" (Q) = FE {Q | ZF} =
[du(@)q (6, ZE) f [6 | fg]. Suppose for the remainder of this subsection that the A jumps only at

times 0,1,...,K and L jumps at 0~,..., K + 1~ and C = K + 1. We then have by CAR
— k —
Flaw) | Ie) = I fla(m) |a(m - 1), Iz (m)] (13)
m=0

and f[a|Lz] = f[a(K) | Lg]. It is then easy to check the null space of s', N (s) = {U, (¢)}. Now
define the non-parametric information operator, m = s's : " - R (ST) where R (ST) is the range of s'.
Note that R (s") = {B = [du(a)b(a,Lz)}. Let m~*: R(s") — R (s') be the inverse of m on R (sf).
Given @y, ds, let ujs be the smallest w with a; (u) # as (). We then have by a direct calculation



Theorem 4.2: If for all @y, as
351 Hfaz | fal (ul_Z) (14)
then

1

ot | [ au@b @) = [au@ (S 47 [wom 1)1 )

{E [b (6,33) |Za(m)] - F [b (E,ZE) | E(m — 1)]} + F [b (6,33) |ZE(O)] } .

(15)

Remark: Since (14) places no restriction on the law of the observed data O, we can and do always
assume that (14) holds.

Now let Sf} 7 and AT Dbe the efficient score and the orthogonal complement to the nuisance tangent
space for the parameter 8 of our marginal structural model when we have data on IF. Then the
efficient score Scss based on data O under CAR is g [mfl (Def f)] where D,y is the unique member of
AN R (ST) satisfying

T [m™" (Degy) | AFH] =S5, (16)

where II is the Hilbert space projection operator. To show how to use this result to calculate Scsr, we
revisit the example given in the last subsection.

Example: Model 1a: Consider MSM 1a as in Sec. 4.1. Then, by an extension of Theorem 8.3 of
Robins et al. (1994)

AFL = {/du @) h(ﬁ)s(a)} (17)

where (i) ¢ (@) = € (@, 3y), (i) h (@) is a vector valued function of the dimension of 3,. Note that AL
is contained in R (s') as will be the case for MSMs with positive information.
Remark:
If A= {ai,...,as} is finite, (18)

then e (@) can be identified with the S vector that has components €, (@) = Y5, —g (as, V', 3;). For arbi-
trary A, € (@) is a stochastic process with index set A. For @,a@* € A, let cv (a,a*) = cov (¢ (a) ¢ (@)). If
Ais given by (18), cv (@,@") corresponds to the S x S matrix with j, k entry cv (@, @x). Let cv™! (a**,a")
be a (generalized) inverse of cv (@,@*), i.e., by definition, for any function ¢ (@*),

[[[fev™t (@™, a)ev (a,a*)du(@)] q(@)du (@) = q(@*). In particular, if (18) holds, cv™! (a*,7) is just
the inverse of the matrix identified with cv (@,@*). Then, generalizing Chamberlain (1987)

Sk = /d/.t (@) {og (@, V';3,) /0B} [/cv_l (@, a*)e (@) du(@)| . (19)

If A is given by (18), dg (@,VT;8y) /OB can be identified with the dim 8 x S matrix with j,k entry
dg (@, v Bo) /0B;. Again, generalizing Theorem 8.3 in Robins et al. (1994),

I [/du (@)b (@, Lz) AF#} —
/du @E b(@Tn)e (@ | V'] [/ vl (@) e (@) du (@)| . (20)



Hence to solve (16), we need to find the solution heys (E, VT) to the equation

phat{ [ @) @ v e @) e@ Vi) =09 (3.V156,) /05 (21)
By (15) with K = 0 and the fact that, by CAR, f (@ | Lz) = f (@ | L(0)), the LHS of (21) can be written

E{/dﬂ(ﬁ*)h(ﬁ*yw){k(ﬁ*) —Ele@) | LON{f@ [LO)} " +[@) | LO)}e@) |V} =
E{/dﬂ @) h @, V') [covle @),e@ | LO]{f @ | L)} " +E[@)|LO)]E[@]|LO]V}.
However, since by assumption (14), Yz, [[ Yz, | L (0) for k # j, (21) reduces to

h(@ V1) B{var[e@) | L(0)] f(@| L(0))™" |V} +
/ dp (@) h (@, V) E{E[e @) | L(0)] Ele (@) | L(0)] |V} = a9 (a@,VT,8,) /05

Upon noting that, by CAR, f [e | A=1a,L(0)] = f[e(@) | L (0)],w. We see that this is the same expres-
sion for hess (@, V1) as obtained in Theorem 4.1.

4.3. A practical approach to obtaining reasonable efficiency

Estimation of h.ss is computationally difficult because of the need to solve integral equations without
closed form solutions. A practical approach to choosing h and f* (E | VT) is important. Given a model for
fla() |@(t™),?(t")] depending on parameter o’ = (o}, o) such that oy = 0 < f [a(t) |a(t7),0(t7)] =
fla(®)|a(),v'], rather than choosing f* [@| V], we use f* [@| VT;az] where as is the MLE of as
with a; set to zero. [The fact that f* [6 | VT] is estimated does not influence the asymptotic distribution
of B(h,(b)] It follows that if (8) holds [i.e., A is an ancillary process], W will converge to 1. When
(8) is false, any variation in W will be unavoidable variation. Further, in each of the models la — 2c
of Sec. 3.1, the efficient choice of h, say, hop, for solving >, Dst (h) = 0 when (9) is not imposed
is well known. We suggest choosing h to be h,p; or an estimate hopt thereof, and choosing ¢ to be an
estimate of @, ( Opt) Such a choice guarantees that if A is an ancillary process, our estimate of 3,
will be more efficient than the estimate based on solving 0 = >", ﬁsm,i (hopt)- Specifically, in MSM 1a,

hopt = {0e (By) /08} {var ( (Bo) | A VT)} . For model 1b, Chamberlain (1988) gives h1 opt and ho opt.
In model 1¢, hop = [0/00] [In {[OR (8,) /0Y] f [R(By) | VT]}]. In model 1d, Aoy is as in model la with
£(By) now a vector. In model 2a, hop = Olnr [A(u™),u, VT, By] /08. For model 2b, hgy is given by
Sasieni (1992). In model 2¢, hopt.2 = hopt,1 N0 (u | VT) and hope,1 = OlnAp(g) (u | VT) /8@5:50 )

5. Comparison of MSMs and SNMs

5.1. Structural Nested Distribution Models

For concreteness, we consider the setting of the MSM model 1a - 1c with Yz = Yz (K + 1) and the A pro-
cess and L process jumping at non-random times 0,..., K and 07,..., K 4+ 1~ respectively. Henceforth,
)) be the unique function
€(m),A(m) =a(m). A
( L (m),a(m) ,60)

we take VT = (). Suppose Y is a continuous variable. Then let v (y, ¢ (m),a(m
mapping quantiles of Y(,,) o into those of Yz(,_1),0 conditional on L(m) =
structural nested distribution model (SNDM) specifies that v (y, ¢ (m),a(m)) =



where ~ (y,Z( ),a(m),3) is a known increasing function of y satisfying v (y 0 (m), E(m) B) =y
if a(m) = 0 or 8 = 0. Recursively define random variables f%K 0),. ].% (8) by Rk (8) =
( ( ) Z( )7 ) and Ry, (ﬂ) :;m (KZ(K) 7Z(K) 7ﬁ) =7 (Rm-i-l ( ) ( ) ( ) 6) and set

R (3) =r (Y,L(K),A(K),B) E}.BO (8). Also let 7.“_1 (y,€(K),a(K),B) be the inverse of the function
7 with respect to its first argument. If v (y,0(m),a(m),B) =~ (y,a(m), ) does not depend on ¢ (m),
we say that the SNDM model has no interaction.

Theorem 5.1: Under (4), a no interaction SNDM model is a stratified transformation model (STM),
i.e., MSM 1c, with R (@, 8) =r (Y,a,3) and R (3) =R (6). However, the converse is not true.

The semiparametric information bound for § is greater if we impose a no-interaction SNDM than if
we only imposed the corresponding STM. Theorem 5.1 indicates that a STM is the natural MSM analog
of a SNDM. If ~ (y,z (m),@(m)) depends on £ (m), we must choose between analyzing the data under a
SNDM versus a STM. To understand the advantages and disadvantages of each, we need some additional
background. Define a regime g = (go, ..., 9x) € G to be a collection of functions g,, : £,, — A,,. Define
g(€(m)) ={g0(fo),--.,gm (€(m))}. Let Y, be the counterfactual value of Y if regime g were followed.
If g (ZK) = ag = @ does not depend on fx, then Y, = Yz and we say g is non-dynamic; otherwise, g is

dynamic. Let g [¢ (k)] denote a realization of A (k). If

Y [[A®IT@E),A0) , (22)

then, by Theorem 3.2 of Robins (1997), the law of Yj is given by the G-computation algorithm formula

Fy, (y | L (k) f D)) =
//Fy<y|Z<K>,g<Z<K>)) H dF [£(m) | T(m—1),g (7 (m - 1)] (23)

m=k+1

which, for continuous Y and k£ = —1, equals

y) = //Iw‘fl (0T (K) g (1K), By} > 4]

K
HdF[f(m) \Z(m—l),g(?(m—l)),é(ﬁo):u}dF. (u). (24)

=0 R(Bo)
In many settings, the g-null hypothesis that
Fy,, (y) = Fy,, (y) forall gl,g2 € g (25)

will be of interest. Robins (1997) proves the following.
Theorem 5.2: Given (22), (25) holds < (23) is the same for all g < 7 (y, ln, @m) =y <

YI[AR) | T(k), A(k—1),k=0,...,K. (26)

5.2. Advantages of SNDMs with a continuous Y

1. Although (25) implies B, = 0 for both a SNDM and a STM, only for a SNDM is (25) equivalent to
By =0.
2. If the L (k) are discrete with only a moderate number of levels, then, even with f [a (k) | £ (k — 1) @ (k — 1)]
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totally unrestricted, an asymptotically distribution-free g-null test of 5, = 0 (and thus of (25)) exists
for a SNDM but, because of the curse of dimensionality, not for a STM. Specifically, a non-parametric
g-null test is equivalent to a test of lack of correlation of Y with A (k) within strata defined jointly by
L(k),A(k—1) (Robins, 1997). Thus, even if A (k) is continuous, a test of lack of correlation of A (0)
with Y within levels of L (0) will be an asymptotic « - level test under (25). In contrast, a test of 8, =0
in a STM (without (25) additionally imposed) requires, by Theorem 3.2a that VW can be consistently
non-parametrically estimated which will not be possible due to the curse of dimensionality.

3. Henceforth, assume a correct model for f [a (t) | 0(t7) ,@(t7)] is available. Given a SNDM, with some
difficulty the law of Y; for dynamic g can be estimated using (24). In contrast, the law of Y; for dynamic
g is very hard to estimate given a STM. Specifically, given a SNDM, we estimate the law of Y, as follows:
(i) obtain an estimate 3 by g-estimation (Robins, 1997), (i) estimate Fk(ﬁo) (u) by the empirical law of

the ].%Z (B), (i) specify and estimate a parametric model for f [L (m)| L(m—1),A(m—1), R (B)},
(iv) and then evaluate the estimated version of the integral (24) by Monte carlo.

In contrast, given a STM, we must, as discussed in Robins (1997, pg. 114; 1998, Sec. 11), specify a
parametric model for v* (y,Z(m) ,6) where v* (y,z (m),a) =v (y,z (m),a)—v (y, {Z (m—1),¢(m) = O} ,a)
and v (y,Z(m) ,E) maps quantiles of Yz given ¢,,,@,_1 into quantiles of Yz given £, 1, @m_1. As dis-
cussed in Robins (1997, pg. 114-116; 1998, Sec. 11), estimation of v* (y,Z(m) ,E) is a computational
nightmare; indeed, fully parametric Bayesian or likelihood-based inference for a MSM is computationally
extremely burdensome.

4. As discussed in Robins (1997, Sec. 9), for SNDMs it is easy to perform a sensitivity analysis in
which the fundamental assumption (22) of ignorable treatment assignment is no longer imposed. For a
STM such a sensitivity analysis is much less straightforward and cannot be based on estimating equations
similar to those in Theorem 3.1.

5. A parameter (5, of a SNDM, in contrast to that of a STM, can often still be consistently
estimated if (22) is false but data are available on an instrumental variable. Specifically, suppose
A(t) = (A1 (t), Az (t)) with A; (¢) recording a physician’s prescribed treatment and As (t) recording
treatment actually received. We might suppose (22) is false, but A; (£)[[Y, | L(¢t7), A(t7) is true if a
predictor of Y, and of A () was not recorded in L (t7). A; (¢) is often then referred to as an instrumental
variable process, particularly when A; (¢) has no direct causal effect, i.e., Yz = Y5, w.p.1. In this setting,
the parameter of a STM is not identified but the parameter of a SNDM can still in general be consistently
estimated by g-estimation (Robins, 1993).

5.3. Advantages of MSMs with continuous Y

1. Even in the presence of interaction [i.e.,  (y, {m, @) depends on ], given a STM, Fy_ (y) can be
estimated by n=' " I {r‘l {Ri (B) ,a, ﬁ} > y} without requiring either integration or modelling of the
conditional law of L(m). In contrast, as described in point 3 of Sec. 5.2 above, for a SNDM, both
integration and modelling are required.

2. Any MSM that can be easily estimated when (8) holds (i.e., A is an ancillary process) can be easily
estimated when (8) is false. For example, we can use the Cox proportional hazards MSM 2a for a
continuous failure time outcome T%. In contrast, a structural nested Cox model would model the ratio
of the conditional hazard given ¢,,, @y, of Yz(m),0 to that of Yz(,,_1),0- Unfortunately, a structural nested
Cox model does not admit any simple semiparametric estimators, and even complex estimators will fail
due to the curse of dimensionality.

A hybrid approach is to impose a MSM model and then specify a model for v* (y,Z(m) ,E) whose
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parameter is the product of the parameter 8 of the MSM model with another parameter 1, so that v is
identified only if 3 # 0. Such a model can overcome objections 1 and 2 of Sec. 5.2 (but not objections
3-5) while retaining the advantages 1-2 of Sec. 5.3.

5.4. Structural Nested Mean Models (SNMMs)

SNMMs are applicable to discrete and continuous outcomes. Let v (€ (m),a(m)) =

B [Yamy0 = Yamonyo | T(m) @ (m)]. Let o7 (Z(m) @ (m)) =

In{E [Ya(m)o | £(m),a(m)] /E [Yaan-1),0 | €(m),@(m)]}+ A structural nested mean model (SNMM)
specifies v (f( ),a(m )) =7 (f( ),a(m),B3y) withy (Em, @y, 3) aknown function satisfying ( s @m, B) =
0 if a,, = 0 or 3 = 0. A multiplicative SNMM specifies 7 (Z( ),a(m)) =~ (Z( ),a(m),B3y). The
g-null mean hypothesis is the hypothesis

E [Ygl] =F [}/!}2] y 91,92 € g (27)

Robins (1997) proves the following.
Theorem 5.2: Given (22), (27) holds if and only if v (¢ (m),a(m)) = 0 < ~f (¢(m),a(m)) =0 <
EY | Z(k),f(k)] =EY | Ak — 1),f(k)] k=0,...,K:

Advantages (1) - (4) of Sec. 5.2 of a SNM over a MSM for continuous Y also will hold (appropriately
modified) for discrete Y when considering the g-null mean hypothesis or when estimating E [Y;]. Advan-
tage (5) is no longer so clear, since estimation of a SNMM when (22) is false is not as straightforward as
for a SNDM. Advantages (1) - (2) in Sec. 5.3 of a MSM over a SNDM for continuous outcome also hold
in the discrete case.

An important advantage of MSMs over SNMs with ¥ dichotomous (or, more generally, when Y has
finite support) is that neither a SNMM or multiplicative SNMM naturally imposes the fact that, for
dichotomous Y, E[Y,] € [0,1] (and logistic SNMMs have not been developed). In contrast, using the
MSM model 1a with g (@, 8) a logistic function, the above restriction is naturally imposed. Analogously,
in the setting of MSM model 1d, we can use standard marginal logistic models for the Yz (m).

5.5. Direct effect models

In this section we show that some of the advantages of MSMs described in Secs. 5.3 and 5.4 are not
retained in semiparametric models for the effect of a treatment a; when a second treatment as is held fixed
(set). In such a setting, both MSMs and direct effect SNMs (Robins, 1998) have important limitations
due to the curse of dimensionality. Let a (u) = (a1 (u), a2 (u)) and, in a slight abuse of notation, set
@(u) = (@i (u),as (u)) and @ = (@1, az). Continue to assume VT = ). Consider the following.

Model 3a — direct effect semiparametric regression: Consider the set-up of MSM 1b, with

n{E[Yal} =g @B +g' (@)

where g[a,3,] = 0 if @ = 0 and ¢’ (-,-) is unknown and unrestricted. Since, according to the model,
E Yz, 3 — Ya=0a] = 9 (@, By), it follows we are modelling the direct effect of treatment @;. Furthermore,
the main effect of the second treatment g' (@2) = F [Ya,207, — Ya,=0.,=0] is completely unrestricted.
The model for the observables O induced by MSM 3a is isomorphic to that induced by MSM 1b with
Ay = A, (K) playing the role of VT (under sequential randomization assumption (4)). In particular, if
n(z) =z [or In(x)], B (h, ¢) will perform well in moderate size samples, provided f [a(t) [ L(t7),A(t)]
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is known or can be parametrically modelled. However, as discussed in the final remark of Sec. 3.1, if
n (x) =In[z/ (1 — x)], reasonable estimators of 3, are unavailable because A, (K ) will be high-dimensional.
Indeed, any choice of 7 (z) that guarantees that E [Yz] € [0,1] will fail to provide reasonable estimators
of 3y, negating the advantage of this MSM for dichotomous Y.

Model 3b — direct effect semiparametric Cox proportional hazard model: Consider the set up

of MSM 2b, with
M (8) = Aty oz, (8 exp [r{@ (7)1 60 }]

a]=0°aqy

with 7 (@ (t7),t;8,) = 0 if @ (¢7) = 0. This is a model for the direct effect of treatment @; on the
hazard of T" with the main effect of @ left unrestricted. Given (4), MSM 3b induces a model for the
observables isomorphic to that induced by MSM 2b. This implies that, as discussed in the remark in
Sec. 3.1, due to the curse of dimensionality, it will not be possible to obtain reasonable estimators of 3,
negating advantage 2 of Sec. 5.3.

Model 3c — direct effect semiparametric time-dependent accelerated failure time model:

Consider the model
AR@ By (t) = A1y oz, (8)

where R (a, ) = r (15, a, §) satisfies r (t,a,8) = t if a3 = 0 or § = 0. The model for the observables
induced by MSM 3c is isomorphic to that induced by MSM 2c with Ay in the role of V. Hence, model
3c can be used to estimate the direct effect of @; on T with the main effect of @y unrestricted. MSM 3c is
the natural MSM associated with a structural nested failure time model (SNFTM) (Robins, 1993, App.
1, 1998) since a direct-effect SNFTM without interaction is a MSM 3c. In the presence of interaction,
the MSM 3c retains advantage 1 of Sec. 5.3.

6. Censoring

No new idea is required to account for and adjust for right censoring. Specifically, let @) be censoring time.
Define a censoring process As (u) by Az (u) =0 if @ > u and Ay (u) = 1 otherwise. Let the treatment of
interest be a1 (u) and define a (u) = (a1 (u), a2 (u)). To want to adjust for censoring is only to say that
interest is in the direct effect of @ when @3 = 0, i.e., when censoring is abolished. As a concrete example,
the Cox model MSM 2a in the presence of censoring would become

Af (| V) = Xo () exp {r @ (t7),t,VT; 8]}

ay1,a2=0

If A is ancillary (now including the censoring process), D%, (3, h) and U, (8, h) are as above except that
now Np (u) =I[T <u]I[T < Q] and I[T > u] is everywhere replaced by I [T > u] I [Q > u]. Of course
W (t) is now the probability that a subject would have his observed treatment and censoring history.
Appendix 1:
By arguments as in Robins et al. (1994), Theorem 3.1 and 3.2b are easy corollaries of Theorem 3.2a.
Sketch of Proof of Theorem 3.2a: For convenience, assume the L process and A process jump at
times 0~,17,... and 0, 1,... respectively. Then by Theorem 3.2 of Robins (1997), Eq. (4) implies the

G-computation algorithm formula
k
Foy [TR) [0T] = H:Of[y(m) v(m) [g(m—1),5(m—1),a(m—1),0] (A1)

T diufo ()] dye (2).

m=1
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with 0= v(0)\v'. Thus, if for some j < k, the proposition f [a G laG—-1),LH) ,UT] # 0 w.p.l
given VT is false, then (A1) is not identified. Hence, a MSM model places no (local) restrictions on
f[L(m) | L(m—1),A(m—1)] for m > CT. Hence, in semiparametric model (ii), every function of O
with mean zero given O is in the nuisance tangent space for the model. It follows that all members of
A+ in model (ii) depend on the data only through OT.

Because of our assumed knowledge of A+ * (the orthogonal complement to the nuisance tangent space
under F*), it is sufficient to show that U € A+ < UW € AL* when F* is chosen such that CT* is equal

to Ct. This follows from the fact that A=A where A= AN{Usp @3N {z(0")} and the fact that
E[UB| = E*[UWB] for any B € A by Lemma 3.1.
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