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Uhsurgxfhg frxuwhv| ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq1

Pdujlqdo Vwuxfwxudo Prghov
Mdphv P1 Urelqv/ Kduydug Vfkrro ri Sxeolf Khdowk

9:: Kxqwlqjwrq Dyhqxh/ Ervwrq/ PD 35448/ XVD

Nh| Zrugv= fdxvdo lqihuhqfh> vhplsdudphwulf prghov> orqjlwxglqdo gdwd1

41 Lqwurgxfwlrq

Urelqv +4<<6/ 4<<7/ 4<<:/ 4<<;, kdv ghyhorshg d vhw ri fdxvdo ru frxqwhuidfwxdo prghov/ wkh vwuxfwxudo

qhvwhg prghov +VQPv,1 Wkh sxusrvh ri wklv sdshu lv wr lqwurgxfh d vlpsohu fodvv ri fdxvdo prghov 8

wkh +qrq0qhvwhg, pdujlqdo vwuxfwxudo prghov +PVPv,1 Zh zloo wkhq ghvfuleh d fodvv ri vhplsdudphwulf

hvwlpdwruv iru wkh sdudphwhuv ri wkhvh qhz prghov xqghu d vhtxhqwldo udqgrpl}dwlrq dvvxpswlrq1 Zh

wkhq frpsduh wkh vwuhqjwkv dqg zhdnqhvvhv ri PVPv yhuvxv VQPv iru fdxvdo lqihuhqfh iurp frpsoh{

orqjlwxglqdo gdwd1 Rxu uhvxowv surylgh dq h{whqvlrq wr frqwlqxrxv wuhdwphqwv ri wkh vhplsdudphwulf

h!flhqw surshqvlw| vfruh hvwlpdwru ri dq dyhudjh wuhdwphqw h>hfw1

51 Wkh Gdwd

Frqvlghu d vwxg| zkhuh zh revhuyh q llg frslhv ri gdwd R @
ý
D +F, > O +F,

ü
/ zkhuh F lv dq dgplqlvwudwlyh

hqg ri iroorz0xs wlph/ D +F, lv d wuhdwphqw surfhvv/ O +F, lv dq rxwfrph ru uhvsrqvh surfhvv dqg/ iru dq|

] +x, > ] +w, ì i] +x, > 3 é x é wj1 Zh dvvxph F lv dq hohphqw ri O +3, vlqfh lw lv dvvxphg nqrzq dw wlph

31

Iru sxusrvhv ri fdxvdo lqihuhqfh/ zh dvvxph wkh h{lvwhqfh ri dq xqghuo|lqj wuhdwphqw surfhvv D @

iD +x, > 3 é x ?4j zlwk D +x, wdnlqj ydoxhv lq d vhw D +x, dqg wkh h{lvwhqfh ri xqghuo|lqj frxqwhuidfwxdo
udqgrp yduldeohv õ

Od> d 5 D
ô

+4,

zkhuh Od @ iOd +x, > 3 é x ?4j/ d @ d +ü, @ id +w, > 3 é w ?4 dqg d +w, 5 D +w,j lv d wuhdwphqw sodq

+htxlydohqwo|/ uhjlph ru ixqfwlrq, o|lqj lq d vhw ri ixqfwlrqv D1 Jlyhq d uhjlph d/ ohw Od+x,>3 eh frxqwhu0

idfwxdo klvwru| xqghu d uhjlph dú wkdw djuhhv zlwk d wkurxjk wlph x dqg lv 3 wkhuhdiwhu/ zkhuh 3 lv wkh

edvholqh ydoxh ri d +w,1 Wkhq zh dvvxph wkdw wkh Od vdwlvi| wkh iroorzlqj frqvlvwhqf| dvvxpswlrq zlwk

suredelolw| 4=

Od+x,>3 +x, @ Od+w,>3 +x, @ Od +x, @ Od| +x, +5,

iru doo w A x dqg doo d| zlwk d| +x, @ d +x,1 Wklv dvvxpswlrq hvvhqwldoo| vd|v wkdw wkh ixwxuh grhv qrw

ghwhuplqh wkh sdvw1 Wkh revhuyhg gdwd duh olqnhg wr wkh frxqwhuidfwxdo gdwd e|

O +F, @ OD+F,>3 +F, 1 +6,

Zh dvvxph Od @
ý
\ d> Y d

ü
zkhuh \ d lv dq rxwfrph surfhvv ri lqwhuhvw dqg Y d lv wkh surfhvv ri

rwkhu uhfrughg yduldeohv1 Ixuwkhu/ zh vkdoo pdnh wkh vhtxhqwldo udqgrpl}dwlrq +l1h1/ ljqrudeoh wuhdwphqw



dvvljqphqw, dvvxpswlrq wkdw iru doo w dqg d 5 D/

\ d +w,
d
D +w, m O ýwýü > D ýwýü +7,

zkhuh iru dq| yduldeoh ] +w, @ i] +x, >x è wj1 Ehfdxvh ri phdvxudelolw| lvvxhv/ +7, lv qrw zhoo0gh?qhg1 Li

wkh D +w, surfhvv fdq rqo| mxps dw glvfuhwh qrq0udqgrp wlphv w4> w5> = = = dqg wkh O +w, surfhvv kdv ohiw0kdqg

olplwv/ l1h1/ O +wý, ìolp
x%w

O +x,/ +7, lv irupdoo|/ iru hdfk wn/

i
û
D +wn, m O

ý
wýn
ü
> D
ý
wýn
ü
> \ d +wn,

ú
@ i

û
D +wn, m O

ý
wýn
ü
>D
ý
wýn
üú

1 +8,

zkhuh i +ü m ü, lv wkh frqglwlrqdo ghqvlw| ri D +wn, zlwk uhvshfw wr d grplqdwlqj phdvxuh1 Li D +w, lv d

pdunhg srlqw surfhvv wkdw fdq mxps lq frqwlqxrxv wlph zlwk FDGODJ +frqwlqxrxv iurp wkh uljkw zlwk

ohiw0kdqg olplwv, vwhs0ixqfwlrq vdpsoh sdwkv/ wkhq Ht1 +7, lv irupdoo| wkdw

èD
û
w m O ýwýü > D ýwýü > \ d +w,ú @ èD ûw m O ýwýü > D ýwýüú +9d,

dqg

i ^D +w, m O ýwýü > D ýwýü > D +w, 9@ D ýwýü > \ d +w, ` @ +9e,

i
û
D +w, m O ýwýü > D ýwýü > D +w, 9@ D ýwýüú 1

Khuh/ wkh lqwhqvlw| surfhvv èD +w m ü, lv olp
ï w$3

su^D +w. ïw, 9@ D +wý, m D +wý, > ü`@ïw1
Iroorzlqj Khlwmdq dqg Uxelq +4<<4,/ zh vd| wkh gdwd duh frduvhqhg dw udqgrp +FDU, li

i
û
D +F, m õOd>d 5 Dôú ghshqgv rqo| rq

R @
ý
D +F, > O +F,

ü
1 +:,

Zh dvvxph wkh
q
Od +x, > d 5 D| ë D

r
kdyh d qrq0ghjhqhudwh mrlqw glvwulexwlrq zkhqhyhu d4 +x, 9@ d5 +x,

iru doo d4> d5 5 D|1 Wkhq FDU lpsolhv vhtxhqwldo udqgrpl}dwlrq +7, exw wkh frqyhuvh lv qrw wuxh1 Urelqv

+4<<:/ sj1 ;6, jlyhv h{dpsohv zkhuh rqh zrxog h{shfw +7, wr eh wuxh hyhq zkhq +:, lv idovh1 Lq wklv

sdshu/ zh vkdoo rqo| qhhg +7,1 Krzhyhu/ li +:, lv wkh vroh uhvwulfwlrq lpsrvhg/ wklv hvvhqwldoo| sodfhv qr

uhvwulfwlrqv rq wkh mrlqw glvwulexwlrq ri wkh revhuydeoh udqgrp yduldeohv +Jloo/ ydq ghu Oddq/ Urelqv/

4<<:, dqg/ wkxv/ lv qrw vxemhfw wr hpslulfdo whvw1

5141 PVPv

D PVP iru
õ
\ çd> d 5 D

ô
sodfhv uhvwulfwlrqv rq wkh pdujlqdo glvwulexwlrq ri wkh \ d srvvleo| frqglwlrqdo

rq d edvholqh yduldeoh Y | lq Y +3, +zlwk F 5 Y | li F lv udqgrp,1 H{dpsohv ri PVPv iroorz1

Prgho 4= Vxssrvh F @ N . 4 z1s14=/ wkh D +F, surfhvv mxpsv rqo| dw wlphv 3> 4> 5> = = = >N dqg wkh Od
surfhvv mxpsv rqo| dw wlphv 3ý> 4ý> 5ý> = = = >Ný>N . 4ý1 Lq prghov 4d04f/ zh duh rqo| frqfhuqhg zlwk

dq rxwfrph phdvxuhg dw hqg ri iroorz0xs1 Khqfh/ zh vhw \d +p, ì 3 zlwk suredelolw| 4 iru p é N dqg

gh?qh \d @ \d +N . 4,1 Wkhq zh kdyh

Prgho 4d 8 qrq0olqhdu ohdvw vtxduhv= H
û
\d m Y |

ú
@ j

û
d +N, > Y |> ñ3

ú
zkhuh j +ü> ü> ü, lv d nqrzq

ixqfwlrq1

Prgho 4e 8 vhplsdudphwulf uhjuhvvlrq= ì
õ
H
û
\d m Y |

úô
@ j

û
d +N, > Y |> ñ3

ú
. j|

ý
Y |
ü
zkhuh ì +ü,

lv d nqrzq prqrwrqh olqn ixqfwlrq/ j| +ü, lv xqnqrzq dqg xquhvwulfwhg dqg j +ü> ü> ü, lv d nqrzq ixqfwlrq
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vdwlvi|lqj j
ý
3> Y |> ñ

ü
@ 31 Wkh uhtxluhphqw wkdw j

ý
3> Y |> ñ

ü
@ 3 lpsolhv wkdw j|

ý
Y |
ü
lv wkh 3pdlq h>hfw

ri Y |14
Prgho 4f 8 vwudwl?hg wudqvirupdwlrq prgho= su

û
U +d> ñ3, ? w m Y |

ú
@ I3

ý
w m Y |ü > I3 ýw m Y |ü dq

xqnqrzq glvwulexwlrq ixqfwlrq/ U +d> ñ, @ u
ý
\d> d> Y

|> ñ
ü
lv d nqrzq lqfuhdvlqj ixqfwlrq ri \d vdwlvi|lqj

u
ý
|> d> Y |> ñ

ü
@ | li d ì 3 ru ñ @ 31

Lq wkh iroorzlqj prgho/ zh duh lqwhuhvwhg lq wkh rxwfrph dw hdfk p è 4 vr zh qr orqjhu dvvxph wkdw
\d +p, ì 3 zlwk suredelolw| 41

Prgho 4g 8 pxowlyduldwh qrq0olqhdu ohdvw vtxduhv= H
û
\d +p, m Y |

ú
@ jp

û
d +pý 4, > Y |> ñ3

ú
/

p @ 4> = = = >N . 4 zkhuh wkh jp +ü> ü> ü, duh nqrzq1
Prgho 5= F @ 4/ \d lv d idloxuh wlph surfhvv/ l1h1/ \d mxpsv iurp 3 wr 4 dw vrph sduwlfxodu wlph dqg

vwd|v dw 41 Wkhq gh?qh wkh idloxuh wlph Wd e| wkh htxdwlrq \d +Wd, @ 4 dqg \d
ý
Wýd
ü
@ 31 Ohw è3 +w, dqg

è3
ý
w m Y |ü eh xqnqrzq qrq0qhjdwlyh ixqfwlrqv ri w dqg

ý
w> Y |

ü
uhvshfwlyho| dqg/ iru dq| ]> è] +x, lv wkh

kd}dug ri ]1

Prgho 5d 8 Fr{ sursruwlrqdo kd}dugv prgho= èWd
û
w m Y |ú @ è3 +w, h{s ûu ýd +wý, > w> Y |>ñ3üú zkhuh

u +, lv d nqrzq ixqfwlrq vdwlvi|lqj u +3> w> 3>ñ, @ 31

Prgho 5e 8 vwudwl?hg Fr{ sursruwlrqdo kd}dugv prgho= èWd
ý
w m Y |ü @ è3 ýw m Y |ü h{s ûu ýd +wý, w> Y |>ñ3üú

zkhuh/ qrz/ u
ý
3> w> Y |>ñ

ü
@ 31

Prgho 5f 8 vwudwl?hg wlph0ghshqghqw dffhohudwhg idloxuh wlph prgho= su
û
u
ý
Wd> d> Y

|> ñ3
ü
? w m Y |ú @

I3
ý
w m Y |ü zkhuh u

ý
x> d> Y |> ñ

ü
@ u

ý
x> d +x, > Y |> ñ

ü
lv d nqrzq ixqfwlrq lqfuhdvlqj lq lwv ?uvw dujxphqw

vdwlvi|lqj u
ý
x>3> Y |> ñ

ü
@ x1 Wklv prgho fdq dovr eh zulwwhq dv

èU+d>ñ3,
ý
w m Y |ü @ è3 ýw m Y |ü

iru d 5 D/ zkhuh U +d> ñ, @ u ýWd> d> Y |> ñü1
61 Hvwlpdwlrq

6141 Dqfloodu| wuhdwphqw surfhvv

Lq wklv vhfwlrq/ zh frqvlghu hvwlpdwlrq ri wkh sdudphwhu ñ3 ri rxu pdujlqdo vwuxfwxudo prghov1 Lq wklv

vxevhfwlrq/ zh zloo vxssrvh wkdw D lv dq dqfloodu| +l1h1/ h{rjhqrxv, fryduldwh surfhvv/ l1h1/

D
dõ

Od> d 5 D
ô m Y | 1 +;,

Wkh riwhq xquhdolvwlf dvvxpswlrq +;, lpsolhv FDU exw/ lq frqwudvw wr FDU/ sodfhv uhvwulfwlrqv rq wkh

mrlqw glvwulexwlrq ri wkh gdwd1 Vshfl?fdoo| +;, lpsolhv

D +w,
d
O
ý
wý
ü m D ýwýü > Y | +<,

dqg wkxv +;, lv vxemhfw wr dq hpslulfdo whvw1

Jlyhq +;,/ wkh uhvwulfwlrqv rq wkh revhuydeohv R lpsolhg e| dq| PVP duh +<, dqg wkdw wkh uhvwulfwlrqv

rq wkh glvwulexwlrq ri \ d jlyhq Y | vshfl?hg e| wkh PVP krog iru wkh frqglwlrqdo glvwulexwlrq ri wkh

revhuydeoh \ +F, frqglwlrqdo rq
ý
D +F, > Y |

ü
1

Iru uhdvrqv wkdw zloo ehfrph fohdu ehorz/ zh lqglfdwh zlwk d 3-4 dq| h{shfwdwlrqv/ suredelolwlhv ru

kd}dug ixqfwlrqv frpsxwhg xqghu wkh dvvxpswlrq wkdw +;, dqg +<, krog1 Iru frqyhqlhqfh/ ghqrwh D +F,

dv D1 Wkxv/ iru rxu PVP prghov +4d, 8 +5f,/ +;, lpsolhv
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Prgho 4d= Hú
û
\ m Y |> Dú @ j ýD>Y |> ñ3ü

Prgho 4e= ì
õ
Hú
û
\ m Y |> Dúô @ j ýD>Y |> ñ3ü. j| ýY |ü1

Prgho 4f= U +ñ3,
cú

D m Y | zkhuh U +ñ3, ì U
ý
D> ñ3

ü
1

Prgho 4g= Hú
û
\ +p, m Y |> Dú @ jp ûD +pý 4, > Y |>ñ3ú >p @ 4> = = = >N . 41

Prgho 5d= èúW
û
w m Y |> Dú @ èúW ûw m Y |> D +wý,ú @ è3 +w, h{s ûu ýD +wý, > w> Y |> ñ3üú1

Prgho 5e= èúW
û
w m Y |> Dú @ èúW ûw m Y |> D +wý,ú @ è3 ýw m Y |ü h{s ûu ýD +wý, > w> Y |> ñ3üú1

Prgho 5f= èúU+ñ3,
û
x m Y |> Dú @ èúU+ñ3,

û
x m D ûuý4 ýx>D> Y |> ñ3üú > Y |ú @ è3

ý
x m Y |ü zkhuh U +ñ3, ì

U
ý
D> ñ3

ü
dqg uý4

ý
x>D> Y |> ñ

ü ì w li u ýw> d> Y |> ñü @ x1
Zh vkdoo qrz frqvlghu hvwlpdwlrq ri wkhvh prghov iru wkh revhuydeohv/ xqghu dvvxpswlrq +<,/ dqg wkh

ixuwkhu dvvxpswlrq wkdw

D +F, kdv d nqrzq frqglwlrqdo

glvwulexwlrq jlyhq Y | 1 +43,

Vhplsdudphwulf lqihuhqfh lq prghov 4d 0 5f zlwkrxw +<, dqg +43, lpsrvhg kdv ehhq h{dplqhg suhylrxvo|

e| pdq| dxwkruv1 Ehorz zh xvh wkhlu uhvxowv wr vroyh wkh hvwlpdwlrq sureohp lq rxu vhplsdudphwulf

prgho1

Zh zloo vkrz wkdw dvvrfldwhg zlwk hdfk PVP prgho zlwk +<, dqg +43, lpsrvhg lv d fodvv ri uhj0

xodu dv|pswrwlfdoo| olqhdu +UDO, hvwlpdwruv
qeñú +k> !,r iru ñ3/ lqgh{hg e| yhfwru ixqfwlrqv k 5 K

dqg ! 5 õ vxfk wkdw wkh vhw LIú @ iLI ú +k> !,j ri lq xhqfh ixqfwlrqv ri wkh eñú +k>!, frqvwlwxwh doo

wkh lq xhqfh ixqfwlrqv iru wkh prgho/ lq wkh vhqvh wkdw li hñú lv dq| rwkhu UDO hvwlpdwru/ wkhq wkh

lq xhqfh ixqfwlrq ri hñú htxdov LI ú +k> !, iru vrph ixqfwlrqv k 5 K> ! 5 õ1 Zh rewdlq eñú +k> !, e|
vroylqj wkh hvwlpdwlqj htxdwlrqv qý

4
5
S
l
eGúl +ñ> k> !, @ rs +4, ghvfulehg ehorz1 Wkh vroxwlrq eñú +k> !,

kdv lq xhqfh ixqfwlrq LI ú +k> !, @ iéú +k,jý4 Xú +ñ3> k> !, zkhuh Xúl +ñ3> k> !, ghshqgv rqo| rq vxe0

mhfw l*v gdwd/ éú +k, @ ýCHú ^Xú +ñ> k> !,` @Cñmñ@ñ3 grhv qrw ghshqg rq !/ dqg qý
4
5
S
l
eGúl +ñ3> k> !, @

qý
4
5

S
lX

ú
l +ñ3> k> !, . rs +4,1 Ixuwkhupruh/ ú

B @ iXú +ñ3> k> !,j lv wkh olqhdu vsdq ri LIú dqg wkxv lv

wkh ruwkrjrqdo frpsohphqw wr wkh qxlvdqfh wdqjhqw vsdfh iru wkh prgho lq wkh Kloehuw vsdfh lqgxfhg

e| wkh fryduldqfh qrup1 Zh uhihu wr Xú +ñ3> k> !, dv wkh lq xhqfh ixqfwlrq iru wkh hvwlpdwlqj ixqfwlrqeG +ñ3> k> !,1 Pruh vshfl?fdoo|/ Xú +ñ> k> !, dqg eGú +ñ> k> !, duh hdfk h{suhvvhg dv wkh vxp ri wkh wzr frp0

srqhqwv/ rqh ri zklfk Xúws +!, @ Gúws +!, lv lqghshqghqw ri wkh fkrlfh ri wkh PVP dqg iroorzv iurp wkh

idfw wkdw/ iru wkh 3wuhdwphqw surfhvv +ws,/4 +<, dqg +43, duh dvvxphg1 Vshfl?fdoo|/ li wkh D +w, fdq mxps

rqo| dw wlphv 3> 4> 5> = = = > Xúws +!, @
lqw+F,S
n@3

!
ý
n>D +n, > O +ný,

ü ý Hú û! ýn>D +n, > O +ný,ü m O +ný, > D +ný,ú
zkhuh lqw +F, lv wkh juhdwhvw lqwhjhu ohvv wkdw ru htxdo wr F1 Lw lv hdv| wr vhh wkdw

õ
Xúws +!,

ô
lv/ dv ! ydulhv/

wkh vxp ryhu n ri ixqfwlrqv ri wkh revhuyhg gdwd
ý
D +n, > O +ný,

ü
zlwk phdq }hur jlyhq

ý
D +ný, > O +ný,

ü
1

Li D +w, lv d frqwlqxrxv wlph pdunhg srlqw surfhvv/ wkhq Xúws +!, @
U
gPú

D +x,!4
ý
x>D +xý, > O +xý,

ü
.U

gQD +x, i!5
ý
x>D +x, > O +xý,

üýHú^!5 ýx>D +x, > O +xý,ü m D +x, 9@ D +xý, >
O +xý, > D +xý,`jzkhuh gPú

D +x, @ gQD +x,ýèúD
û
x m D +xý, > O +xý,úgx dqg gQD +x, @ L iD +x, 9@ D +xý,j

frxqwv mxpsv lq wkh D surfhvv1

Wkh rwkhu vwuxfwxudo prgho0vshfl?f frpsrqhqw eGúvp +ñ> k, dqg Xúvp +ñ> k, ri eGú +ñ> k> !, dqg Xú +ñ> k> !,
duh wkh zhoo0nqrzq hvwlpdwlqj ixqfwlrqv dqg wkhlu dvvrfldwhg lq xhqfh ixqfwlrqv iru prghov 4d 0 5f zlwk

qhlwkhu +<, qru +43, lpsrvhg1

Prgho 4d= eGúvp +ñ> k, @ Xúvp +ñ> k, @ k ýD>Y |ü % +ñ, zlwk % +ñ, @ \ ý j ýD>Y |> ñü dqg k ýD>Y |ü lv dq|
glp +ñ, yhfwru ixqfwlrq1

Prgho 4e= ì +{, @ { = eGúvp +ñ> k, @ Xúvp +ñ> k, @ õ% +ñ,ý k4 ýD>Y |üô
7



õ
k5
ý
D>Y |

üýHú ûk5 ýD>Y |ü m Y |úô zkhuh k4 lv dq| uhdo ydoxhg ixqfwlrq/ % +ñ, lv dv mxvw gh?qhg dqg wkh

udqjh ri k5 lv ri glp +ñ,1

ì +{, @ oq ^{@ +4ý {,` = Xúvp +ñ> k, @ X| +k> S +ñ,, dqg eGúvp +ñ> k, ì X|vp
í
k> eS +ñ,ì/ zkhuh S +ñ, @

h{slw
û
j
ý
D>Y |> ñ

ü
. j|

ý
Y |
üú
> eS +ñ, @ h{slw ûj ýD>Y |> ñü. ej| ýY |üú > h{slw +{, @ h{@ +4 . h{, > ej| ýY |ü lv

d q
4
7 0 frqvlvwhqw hvwlpdwh ri j|

ý
Y |
ü
/ dqg X| +k> S +ñ,, ì

i\ ý S +ñ,j ik ýD>Y |üýHú ûk ýD>Y |üS +ñ, i4ý S +ñ,j m Y |ú @Hú ûS +ñ, i4ý S +ñ,j m Y |új1
Prgho 4f= eGúvp +ñ> k, @ Xú +ñ> k, @ k ûU +ñ, > D> Y |úý U k ûU +ñ, > d> Y |ú gI ú ûd m Y |ú1
Prgho 4g= Ohw % +ñ, @ i%4 +ñ, > = = = %N.4 +ñ,j

3
/ %p +ñ, @ \ +p,ýjp

û
D +pý 4, > Y |>ñú1 Wkhq eGúvp +ñ> k, @

Xúvp +ñ> k, @ k
ý
D>Y |

ü
% +ñ, zkhuh k

ý
D>Y |

ü
lv qrz dq| glp +ñ,û+N . 4, pdwul{ ri uhdo ydoxhg ixqfwlrqv1

Prgho 5d= eGúvp +ñ> k, @ U4
3
gQW +x,

q
k
ý
x>D +x, > Y |

üý hO +k> x> ñ,r/ zkhuh hO +k> x> ñ, @ hM ^k> ñ` @hM ^4> ñ`> iru dq| k ýx>D +x, > Y |ü > hM +k> ñ, @ hH^k ýx>D +x, > Y |ü L +W A x, h{sõu ûD +x, > x> Y |> ñúô`> iru dq|
Kl> hH +K, @ qS

l@4
Kl@q> 4 lv wkh frqvwdqw ixqfwlrq htxdo wr rqh> dqg QW +x, @ L +W é x,1 Xúvp +ñ> k, @U4

3
gPW +x,

õ
k
ý
x>D +x, > Y |

üýOú ýk> x> Y |> ñüô zkhuh Oú +k> x> ñ, @ Mú ^k> ñ` @Mú ^4> ñ`> Mú ^k> ñ` lv gh0
?qhg olnh hM +k> ñ, exw zlwk Hú uhsodflqj hH> dqg gPW +x, @ gQW +x,ý èW

ý
x m D>Y |ü L +W A x, gx1

Prgho 5e= Xúvp +ñ> k, dqg eGúvp +ñ> k, duh dv deryh h{fhsw Mú +k> ñ, ì Hú^k ýx>D +x, > Y |ü L +W A x,
h{s

õ
u
û
D +x, > x> Y |> ñ

úô m Y |` dqg hM +k> ñ, uhsodfhv Hú ýü m Y |ü lq Mú +k> ñ, e| d q 4
7 0 frqvlvwhqw hvwlpdwrueH ýü m Y |ü1

Prgho 5f= eGúvp +ñ> k, @ U43 gxL ^U +ñ, A x`
õ
K5 +x> ñ,ýHú

û
K5 +x> ñ, m Y |

úô
.U4

3
gQU+ñ, +x,

û
K4 +x> ñ,ýHú

û
K4 +x> ñ, m Y |

úú
dqg/ iru m @ 3> 4/Km +x> ñ, @ km

û
x>D

õ
uý4

ý
x>D> Y |> ñ

üô
> Y |

ú
1

Xúvp +ñ> k, @ eGúvp +ñ> k,ýHú ûGúvp +ñ> k, m D>Y |ú1
Uhpdun= Qrwh wkdw lq prgho 5e dqg lq prgho 4e zlwk ì +{, @ oq ^{@ +4ý {,`/ vprrwkv duh qhfhvvdu|

li Y | kdv frqwlqxrxv frpsrqhqwv1 Lq sduwlfxodu/ gxh wr wkh fxuvh ri glphqvlrqdolw|/ lw lv qrw srvvleoh wr

rewdlq d uhdvrqdeoh q
4
5 8 frqvlvwhqw hvwlpdwru ri ñ3 lq wkhvh prghov zkhq Y | kdv pxowlsoh frqwlqxrxv

frpsrqhqwv1

6151 Qrq0dqfloodu| wuhdwphqw surfhvv

Lq wklv vhfwlrq/ zh qr orqjhu dvvxph +;, lv wuxh1 Wkh hvvhqwldo lghd ri wklv vhfwlrq +uhtxlulqj vrph plqru

prgl?fdwlrq, lv wr uhzhljkw eGúvp +ñ> k, e| wkh lqyhuvh ri d vxemhfw*v suredelolw| ri kdylqj kdg klv revhuyhg
wuhdwphqw klvwru|1 Zh frqwlqxh wr dvvxph wkdw

i
û
d +w, m O ýwýü > D ýwýü > Y |ú

lv nqrzq iru w é F +44,

zklfk lpsolhv wkdw li D +w, mxpsv dw qrq0udqgrp wlphv 3> = = = >N/ Z +n, @ i
û
D +n, m O +ný, > D +ný,ú dqg

Z +n, @
nT

p@3
Z +n, duh nqrzq1 Li D +w, mxpsv lq frqwlqxrxv wlph/ Z +w, @

h{s
k
ý U w

3
èD
û
x m O +xý, > D +xý,ú gxl T

ix>D+x,9@D+xý,>x?wj
i ^D +x, m D +xý, > O +xý, > D +x, 9@ D +xý,` lv nqrzq1

Qrz li D +w, mxpsv dw qrq0udqgrp wlphv/ ohw
ï
D
ý
n> d +ný, > y|

ü
@

id +n, > i ûd +n, m O +ný, > D +ný, @ d +ný, > Y | @ y|ú 9@ 3z=s=4j dqg vhw F| @ plqqn>D +n, @5 ïD ýn>D +ný, > Y |ür1
Li D +w, mxpsv lq frqwlqxrxv wlph/ ohw

ï
D
ý
w> d +wý, > y|

ü
@ id +w, > i ^d +w, m O +wý, > D +wý, @ d +wý, > D +w, 9@

d +wý, > Y | @ y|` 9@ 3 z=s=4 ru d +w, @ d +wý,j dqg vhw F| @ lqi
q
w>D +w, @5 ïD

ý
w> D +wý, > Y |

ür
1 Wkh yduldeoh

F| lv fuxfldo ehfdxvh/ dv lqglfdwhg lq wkh uhpdun iroorzlqj Ohppd 614 ehorz/ rqh fdq rqo| xqeldvhgo|
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uhzhljkw d ixqfwlrq ri D +w, iru w 5 ïD
ý
w> y|

ü
1

Ohw iú
ý
d m Y |ü eh d ghqvlw| +fkrvhq e| wkh dqdo|vw,1 Ohw I ú ghqrwh wkh mrlqw glvwulexwlrq zklfk gl>huv

iurp wkh wuxh glvwulexwlrq I ri R rqo| lq wkdw i
û
d +w, m O +wý, > D +wý, > Y |ú lv uhsodfhg e| wkh dqfloodu|

ghqvlw| iú
û
d +w, m D +wý, > Y |ú1 Ixuwkhu/ gh?qhZ +w, ìZ +w, @iú

û
D +w, m Y |ú dqg R| @ ýO ýF|ü > D ýF|üü1

D nh| uhvxow/ zklfk iroorzv iurp gluhfw fdofxodwlrq/ lv

Ohppd 614= Iru dq| }
ý
R|
ü
/ H

û
}
ý
R|
ü
@Z ý

F|
ü m Y |ú @ Hú û} ýR|ü m Y |ú1

Uhpdun= Lw lv idovh wkdw H
û
} +R, @Z +F, m Y |ú @ Hú

û
} +R, m Y |ú1 Ohw Gúvp +ñ> k, eh wkh suredelo0

lw| olplw xqghu I ú ri eGúvp +ñ> k, dqg ohw iXvp +ñ> k,j dqg iGvp +ñ> k,j eh wkh vxevhwv ri iXúvp +ñ> k,j
dqg iGúvp +ñ> k,j/ uhvshfwlyho|/ wkdw ghshqg rq wkh gdwd rqo| wkurxjk R|1 Vhw Z @ Z ý

F|
ü
dqg

qrwh Gvp +ñ> k, dqg Xvp +ñ> k, riwhq ghshqg rq Hú
ûü m Y |ú @ H

ûü@Z m Y |ú ru Hú ^ü` @ H ^ü@Z`1 Gh0
?qh eGvp +ñ> k, dqg eXvp +ñ> k, olnh Gvp +ñ> k, dqg Xvp +ñ> k, h{fhsw uhsodfh dq| xqnqrzq h{shfwdwlrqv

H
ûü@Z m Y |ú dqg H ^ü@Z` zlwk dssursuldwh hvwlpdwhv eH ûü@Z m Y |ú dqg eH ^ü@Z` ü1

H{dpsohv= Lq prgho 4e/ zlwk ì +{, @ {/ Xvp +ñ> k, @ eGvp +ñ> k, @ Xúvp +ñ> k, kdv k4
ý
D>Y |

ü
dqg

k5
ý
D>Y |

ü
ehlqj ixqfwlrqv rqo| ri

õ
D
ý
F|
ü
> Y |

ô
1 Qrwh Hú

û
k5
ý
D>Y |

ü m Y |ú lv nqrzq dqg qhhg qrw eh

hvwlpdwhg1

Lq frqwudvw/ lq prghov 5d dqg 5e/ eGvp +ñ> k, zloo eh gh?qhg olnh eGúvp +ñ> k, h{fhsw lq gh?qlqj hM +k> ñ,
zh uhsodfh L +W A x, e| L +W A x, @Z lq rughu wr hvwlpdwh wkh xqnqrzq h{shfwdwlrqv1

Lq prgho 4e zlwk ì +{, @ oq ^{@ +4ý {,`/ ej ýY |ü ì ej ýY |> ñü frxog eh fkrvhq wr plqlpl}hhH ký\ ý h{slw õj ýD>Y |> ñü. j| ýY |üôü5 @Zl ryhu j| ýY |ü lq vrph fodvv +h1j1/ vsolqhv,/ zkrvh glphqvlrq

pd| lqfuhdvh zlwk vdpsoh vl}h1 Lq wkh Dsshqgl{/ zh vnhwfk d surri ri wkh iroorzlqj1

Wkhruhp 614= Vxemhfw wr uhjxodulw| frqglwlrqv/ lq wkh vhplsdudphwulf prgho +l, fkdudfwhul}hg

e| +7,/ +44,/ wkh gdwd R/ dqg d PVP /
qeñ +k> !,r vroylqj 3 @

S
l
eGl +ñ> k> !, zlwk q eG +ñ> k> !,r @q eGvp +ñ> k, @Z .Gws +!,

r
lv d fodvv ri UDO hvwlpdwruv zlwk lq xhqfh ixqfwlrqv LI @ iLI +k> !,j/

LI +k> !, @ ié +k,jý4 X +ñ3> k> !,/ é +k, @ ýCH ^X +ñ> k> !,` @Cñmñ@ñ3 > X +ñ3> k> !, @ Xvp +ñ3> k, @Z .

Xws +!,/ zkhuh Xws +!, @ Gws +!, lv gh?qhg olnh Xúws +!, h{fhsw zlwk wkh wuxh odz I uhsodflqj I ú1 Ixuwkhu0
pruh/ LI lv wkh vhw ri doo lq xhqfh ixqfwlrqv1

6161 H!flhqf| iru ?{hg k

E| d surmhfwlrq dujxphqw vlplodu wr wkdw jlyhq lq Urelqv hw do1 +4<<7,/ zh kdyh

Wkhruhp 615= Iru d jlyhq k/ dprqj doo hvwlpdwruv eñ +k> !,/ wkh prvw h!flhqw kdv ! htxdo wr !rsw ì
!rsw +k,= li D +w, rqo| mxpsv dw qrq0udqgrp wlphv 3> 4> 5> = = = wkhq !rsw ì 3 li n A F|/ dqg li n é F|/
!rsw

û
n> d +n, > c +ný,

ú
@ H^Xvp +k, @Z m D +n, @ d +n, > O +ný, @ c +ný,` @õ

Z +n,
ôý4 UU

gç
ý
dn.4

ü
iú
ý
d m y|üH^xvp õd ýF|ü > \ d ýF|ü > Y |> kô m Od +ný, @ c +ný, > D +n, @ d +n,`

dqg Xvp +k, ì Xvp +ñ3> k,1 Ixuwkhupruh/ li FDU krogv/ D +n, @ d +n, fdq eh uhpryhg iurp wkh odvw frq0

glwlrqlqj hyhqw deryh1 Li D +w, mxpsv lq frqwlqxrxv wlph/ !4>rsw @ H^Xvp +k, @Z m O +xý, > D +xý, > D +x, 9@
D +xý,`ýH ûXvp +k, @Z m O +xý, > D +xý,ú vlqfh H ûXvp +k, @Z m O +xý, > D +xý,ú @
H
û
Xvp +k, @Z m O +xý, > D +xý, > D +x, @ D +xý,ú/ dqg !5>rsw @ H ûXvp +k, @Z m D +x, > O +xý,ú1

Wkhruhp 615= d, Wkh vhplsdudphwulf prgho +ll, fkdudfwhul}hg e| +7,/ gdwd R/ dqg d PVP +zlwk +44,

qrw lpsrvhg,/ kdv wkh vhw ri lq xhqfh ixqfwlrqv
õ
LI
ý
k> !rsw +k,

üô
1

e,= Lq prgho +lll, fkdudfwhul}hg e| +7,/ gdwd R/ d PVP/ dqg d sdudphwulf prgho lqgh{hg e| sdudphwhu

ò iru i
û
d +w, m O +wý, > D +wý,ú/ wkh vhw ri lq xhqfh ixqfwlrqv iru wkh prgho lv wkh vhwq

é +k,ý4
k
X +k> !,ýH ^X +k> !,V3ò` iH ^VòV3ò`jý4 Vò

lr
ri lq xhqfh ixqfwlrqv ri

qeñ +k> !> eò,r vroylqj rs +4, @
qý

4
5
S
l
eGl +ñ> k> !> eò, zkhuh eò lv wkh POH ri ò/ Vò lv wkh vxemhfw0vshfl?f vfruh iru ò/ dqg G +ñ> k> !> eò,
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lv G +ñ> k> !, hydoxdwhg dw eò1
Wkhruhp 615e fdq eh h{whqghg wr vhplsdudphwulf prghov iru i

ý
d +w, m O +wý, >D +wý,ü vxfk dv d Fr{

sursruwlrqdo kd}dug prgho dv lq Urelqv +4<<6,1

71 Vhplsdudphwulf H!flhqf|

7141 Wkh H!flhqw Vfruh

Lq dq| vhplsdudphwulf prgho/ wkh vhplsdudphwulf yduldqfh erxqg lv wkh lqyhuvh ri wkh yduldqfh ri wkh

h!flhqw vfruh Vhii 1 Wkh h!flhqw vfruh lq prghov +l, 0 +lll, ri Wkhruhpv 614 dqg 615 duh wkh vdph dqg/ e|

Wkhruhp 816 lq Qhzh| dqg PfIdgghq +4<<6,/ htxdo Vhii @ X
ý
ñ3> khii > !hii

ü
zkhuh !hii @ !rsw +khii ,

dqg khii lv xqltxho| fkdudfwhul}hg e| wkh uhtxluhphqw wkdw iru doo X +ñ3> k> !,

H
k
X +ñ3> k> !,X

ý
ñ3> khii > !rsw +khii ,

ü3l
@ é +k,

zklfk lv htxdo wr

H
k
Xvp +ñ3> k,X

ý
ñ3> khii > !rsw +khii ,

ü3l
@ é +k, 1 +45,

Wr vkrz krz wr xvh +45, wr fdofxodwh khii / zh frqvlghu wkh iroorzlqj vlpsoh h{dpsoh1

Prgho 4d= Frqvlghu PVP 4d zlwk F| @ F @ N . 4 @ 4 z1s14 vr N @ 3 dqg wkh D +F, surfhvv rqo|

mxpsv dw wlph }hur1 Vr D @ D +3, dqg Zý4 @ iú
û
D m Y |ú @i ûD m O +3,ú zkhuh Y | ã O +3, @ Y +3,1 Dv

wkh surri ri wkh iroorzlqj wkhruhp/ dydlodeoh iurp wkh dxwkru/ vkrzv/ zh fdq ohw iú
ý
D m Y |ü @ 4 z1s14

zlwkrxw zruu|lqj wkdw lw lv qrw d ghqvlw|/ ehfdxvh lw fdq eh devruehg lqwr khii
ý
D>Y |

ü
1

Wkhruhp 714= Zlwk iú
ý
D m Y |ü @ 4 z1s14/ Ht1 45 lpsolhv khii

ý
D>Y |

ü
lv wkh xqltxh vroxwlrq wr wkh

w|sh wzr Iuhgkrop htxdwlrq khii
ý
D>Y |

ü
^
U
ydu

û
% m D>O +3,ú õi ýD m O +3,üôý4 i ýY î m Y |ü gç +Y î,` .U

khii
ý
d> Y |

ü
$
ý
d>D> Y |

ü
gç +d, @ Cj

ý
D>Y |> ñ3

ü
@Cñ zkhuh Y î @ O +3, qY | dqg $ ýd>D> Y |ü @

^
U
H ^% m d> O +3,`H û% m D>O +3,ú i ýY î m Y |ü gç +Y î,`1 Qrwh wkdw li D kdv ?qlwh vxssruw/ wklv lv d ?qlwh

glphqvlrqdo pdwul{ htxdwlrq1 Rxu hvwlpdwruv/ vshfldol}hg wr wklv h{dpsoh/ duh frqwlqxrxv wuhdwphqw

h{whqvlrqv ri h!flhqw surshqvlw| vfruh hvwlpdwruv ri dq dyhudjh wuhdwphqw h>hfw1

7151 H!flhqf| fdofxodwlrqv xvlqj plvvlqj gdwd wkhru|

Jlyhq +7,/ lpsrvlqj FDU fdqqrw fkdqjh wkh h!flhqw vfruh1 Wkxv/ lw lv ri lqwhuhvw wr uhghulyh wkh h!flhqw

vfruh xvlqj wkh Kloehuw vsdfh uhvxowv ri ydq ghu Ydduw +4<<4, dqg ri Urelqv hw do1 +4<<7, iru plvvlqj

gdwd prghov xqghu FDU1 Iru frqyhqlhqfh/ dvvxph F lv qrq0udqgrp dqg zulwh D ì D +F,1 Wkh ixoo gdwd
duh O

I
@
õ
Od> d 5 D

ô
1 Jlyhq dq| E @ e

í
O
I
ì
/ wkh vfruh rshudwru v +E, @ H ^E m R` > R @

ý
D>OD

ü
1

Iru dq| T @ t +R,/ wkh qrq0sdudphwulf dgmrlqw rshudwru v| xqghu FDU lv v| +T, @ H
k
T m OI

l
@U

gç +d, t
ý
d>Od

ü
i
û
d m Od

ú
1 Vxssrvh iru wkh uhpdlqghu ri wklv vxevhfwlrq wkdw wkh D mxpsv rqo| dw

wlphv 3> 4> = = = >N dqg O mxpsv dw 3ý> = = = >N . 4ý dqg F @ N . 41 Zh wkhq kdyh e| FDU

i
û
d +n, m Od

ú
@

n\
p@3

i
û
d +p, m d +pý 4, > Od +p,

ú
+46,

dqg i
û
d m Od

ú
@ i

û
d +N, m Od

ú
1 Lw lv wkhq hdv| wr fkhfn wkh qxoo vsdfh ri v|/ Q

ý
v|
ü
@ iXws +!,j1 Qrz

gh?qh wkh qrq0sdudphwulf lqirupdwlrq rshudwru/ p @ v|v = O
I $ U

ý
v|
ü
zkhuh U

ý
v|
ü
lv wkh udqjh ri v|1

Qrwh wkdw U
ý
v|
ü
@
õ
E @

U
gç +d, e

ý
d>Od

üô
1 Ohw pý4 = U

ý
v|
ü$ U

ý
v|
ü
eh wkh lqyhuvh ri p rq U

ý
v|
ü
1

Jlyhq d4> d5> ohw x45 eh wkh vpdoohvw x zlwk d4 +x, 9@ d5 +x, = Zh wkhq kdyh e| d gluhfw fdofxodwlrq

:



Wkhruhp 715= Li iru doo d4> d5
Od4

d
Od5 m Od4

ý
xý45
ü

+47,

wkhq

pý4
é]

gç +d, e
ý
d>Od

üè
@

]
gç +d, i

N.4S
p@4

õ
i
û
d +pý 4, m Od

úôý4
+48,

iH ûe ýd>Odü m Od +p,úýH ûe ýd>Odü m Od +pý 4,új.H ûe ýd>Odü m Od +3,ú j 1
Uhpdun= Vlqfh +47, sodfhv qr uhvwulfwlrq rq wkh odz ri wkh revhuyhg gdwd R/ zh fdq dqg gr dozd|v

dvvxph wkdw +47, krogv1

Qrz ohw VIhii dqg ú
I>B eh wkh h!flhqw vfruh dqg wkh ruwkrjrqdo frpsohphqw wr wkh qxlvdqfh wdqjhqw

vsdfh iru wkh sdudphwhu ñ ri rxu pdujlqdo vwuxfwxudo prgho zkhq zh kdyh gdwd rq O
I
1 Wkhq wkh

h!flhqw vfruh Vhii edvhg rq gdwd R xqghu FDU lv j
û
pý4 +Ghii ,

ú
zkhuh Ghii lv wkh xqltxh phpehu ri

úI>B _U ýv|ü vdwlvi|lqj
ø
û
pý4 +Ghii , m úI>B

ú
@ VIhii / +49,

zkhuh ø lv wkh Kloehuw vsdfh surmhfwlrq rshudwru1 Wr vkrz krz wr xvh wklv uhvxow wr fdofxodwh Vhii / zh

uhylvlw wkh h{dpsoh jlyhq lq wkh odvw vxevhfwlrq1

H{dpsoh= Prgho 4d= Frqvlghu PVP 4d dv lq Vhf1 7141 Wkhq/ e| dq h{whqvlrq ri Wkhruhp ;16 ri

Urelqv hw do1 +4<<7,

úI>B @
ã]

gç +d,k +d, % +d,

â
+4:,

zkhuh +l, % +d, @ % +d> ñ3,/ +ll, k +d, lv d yhfwru ydoxhg ixqfwlrq ri wkh glphqvlrq ri ñ31 Qrwh wkdw ú
I>B

lv frqwdlqhg lq U
ý
v|
ü
dv zloo eh wkh fdvh iru PVPv zlwk srvlwlyh lqirupdwlrq1

Uhpdun=
Li D @ id4> = = = > dVj lv ?qlwh/ +4;,

wkhq % +d, fdq eh lghqwl?hg zlwk wkh V yhfwru wkdw kdv frpsrqhqwv %v +dv, @ \dvýj
ý
dv> Y

|> ñ3
ü
1 Iru duel0

wudu| D/ % +d, lv d vwrfkdvwlf surfhvv zlwk lqgh{ vhw D1 Iru d> dú 5 D/ ohw fy +d> dú, @ fry +% +d, > % +dú,,1 Li
D lv jlyhq e| +4;,/ fy +d> dú, fruuhvsrqgv wr wkh VûV pdwul{ zlwk m> n hqwu| fy +dm > dn,1 Ohw fyý4 +dúú> dú,
eh d +jhqhudol}hg, lqyhuvh ri fy +d> dú,/ l1h1/ e| gh?qlwlrq/ iru dq| ixqfwlrq t +dú,/U ûU

fyý4 +dúú> d, fy +d> dú, gç +d,
ú
t +dú, gç +dú, @ t +dúú,1 Lq sduwlfxodu/ li +4;, krogv/ fyý4 +dú> d, lv mxvw

wkh lqyhuvh ri wkh pdwul{ lghqwl?hg zlwk fy +d> dú,1 Wkhq/ jhqhudol}lqj Fkdpehuodlq +4<;:,

VIhii @

]
gç +d,

õ
Cj
ý
d> Y |>ñ3

ü
@Cñ

ôé]
fyý4 +d> dú, % +dú, gç +dú,

è
1 +4<,

Li D lv jlyhq e| +4;,/ Cj
ý
d> Y |>ñ3

ü
@Cñ fdq eh lghqwl?hg zlwk wkh glpñ û V pdwul{ zlwk m> n hqwu|

Cj
ý
dn> Y

|>ñ3
ü
@Cñm 1 Djdlq/ jhqhudol}lqj Wkhruhp ;16 lq Urelqv hw do1 +4<<7,/

ø

é]
gç +d, e

ý
d>Od

ü m úI>Bè @]
gç +d,H

û
e
ý
d>Od

ü
% +d, m Y |ú é] fyý4 +d> dú, % +dú, gç +dú,

è
1 +53,

;



Khqfh wr vroyh +49,/ zh qhhg wr ?qg wkh vroxwlrq khii
ý
d> Y |

ü
wr wkh htxdwlrq

H^pý4
ã]

gç +dú,k
ý
dú> Y |

ü
% +dú,

â
% +d, m Y |` @ Cj ýd> Y |>ñ3ü @Cñ 1 +54,

E| +48, zlwk N @ 3 dqg wkh idfw wkdw/ e| FDU/ i
ý
d m Od

ü
@ i +d m O +3,,/ wkh OKV ri +54, fdq eh zulwwhq

Hi
]
gç +dú,k

ý
dú> Y |

ü i ^% +dú,ýH ^% +dú, m O +3,`` ii +dú m O +3,,jý4 . ^% +dú, m O +3,` j% +d, m Y |j @
Hi
]
gç +dú,k

ý
dú> Y |

ü
^fry ^% +dú, > % +d, m O +3,` ii +dú m O +3,,jý4 .H ^% +dú, m O +3,`H ^% +d, m O +3,` `mY |j 1

Krzhyhu/ vlqfh e| dvvxpswlrq +47,/ \dm
c
\dn m çO +3, iru n 9@ m/ +54, uhgxfhv wr

k
ý
d> Y |

ü
Hiydu ^% +d, m O +3,` i +d m O +3,,ý4 m Y |j.]

gç +dú,k
ý
dú> Y |

ü
HiH ^% +dú, m O +3,`H ^% +d, m O +3,` m Y |j @ Cj ýd> Y |> ñ3ü @Cñ=

Xsrq qrwlqj wkdw/ e| FDU/ i
û
% m D @ d> O +3,ú @ i ^% +d, m O +3,` > z1 Zh vhh wkdw wklv lv wkh vdph h{suhv0

vlrq iru khii
ý
d> Y |

ü
dv rewdlqhg lq Wkhruhp 7141

7161 D sudfwlfdo dssurdfk wr rewdlqlqj uhdvrqdeoh h!flhqf|

Hvwlpdwlrq ri khii lv frpsxwdwlrqdoo| gl!fxow ehfdxvh ri wkh qhhg wr vroyh lqwhjudo htxdwlrqv zlwkrxw

forvhg irup vroxwlrqv1 D sudfwlfdo dssurdfk wr fkrrvlqj k dqg iú
ý
d m Y |ü lv lpsruwdqw1 Jlyhq d prgho iru

i
û
d +w, m d +wý, > c +wý,ú ghshqglqj rq sdudphwhu ò3 @ +ò34> ò35, vxfk wkdw ò4 @ 3/ i

û
d +w, m d +wý, > c +wý,ú @

i
û
d +w, m d +wý, > y|ú/ udwkhu wkdq fkrrvlqj iú

û
d m Y |ú/ zh xvh iú ûd m Y |> hò5ú zkhuh hò5 lv wkh POH ri ò5

zlwk ò4 vhw wr }hur1 ^Wkh idfw wkdw iú
û
d m Y |ú lv hvwlpdwhg grhv qrw lq xhqfh wkh dv|pswrwlf glvwulexwlrq

ri eñ +k>!,1` Lw iroorzv wkdw li +;, krogv ^l1h1/ D lv dq dqfloodu| surfhvv`/ Z zloo frqyhujh wr 41 Zkhq

+;, lv idovh/ dq| yduldwlrq lq Z zloo eh xqdyrlgdeoh yduldwlrq1 Ixuwkhu/ lq hdfk ri wkh prghov 4d 8 5f

ri Vhf1 614/ wkh h!flhqw fkrlfh ri k/ vd|/ krsw/ iru vroylqj
S
l
eGúvp>l +k, @ 3 zkhq +<, lv qrw lpsrvhg

lv zhoo nqrzq1 Zh vxjjhvw fkrrvlqj k wr eh krsw ru dq hvwlpdwh ekrsw wkhuhri/ dqg fkrrvlqj ! wr eh dq

hvwlpdwh ri !rsw
íekrswì1 Vxfk d fkrlfh jxdudqwhhv wkdw li D lv dq dqfloodu| surfhvv/ rxu hvwlpdwh ri ñ3

zloo eh pruh h!flhqw wkdq wkh hvwlpdwh edvhg rq vroylqj 3 @
S
l
eGvp>l +krsw,1 Vshfl?fdoo|/ lq PVP 4d/

krsw @ iC% +ñ3, @Cñj
õ
ydu

ý
% +ñ3, m D>Y |

üôý4
1 Iru prgho 4e/ Fkdpehuodlq +4<;;, jlyhv k4>rsw dqg k5>rsw1

Lq prgho 4f/ krsw @ ^C@Cñ`
û
oq
õ
^CU +ñ3, @C\ ` i

û
U +ñ3, m Y |

úôú
1 Lq prgho 4g/ krsw lv dv lq prgho 4d zlwk

% +ñ3, qrz d yhfwru1 Lq prgho 5d/ krsw @ Coqu
û
D +xý, > x> Y |> ñ3

ú
@Cñ1 Iru prgho 5e/ krsw lv jlyhq e|

Vdvlhql +4<<5,1 Lq prgho 5f/ krsw>5 @ krsw>4è3
ý
x m Y |ü dqg krsw>4 @ CoqèU+ñ, ýx m Y |ü @Cñmñ@ñ3 1

81 Frpsdulvrq ri PVPv dqg VQPv

8141 Vwuxfwxudo Qhvwhg Glvwulexwlrq Prghov

Iru frqfuhwhqhvv/ zh frqvlghu wkh vhwwlqj ri wkh PVP prgho 4d 0 4f zlwk \d @ \d +N . 4, dqg wkh D sur0

fhvv dqg O surfhvv mxpslqj dw qrq0udqgrp wlphv 3> = = = >N dqg 3ý> = = = >N . 4ý uhvshfwlyho|1 Khqfhiruwk/

zh wdnh Y | @ >1 Vxssrvh \ lv d frqwlqxrxv yduldeoh1 Wkhq ohw ð
ý
|> c +p, > d +p,

ü
eh wkh xqltxh ixqfwlrq

pdsslqj txdqwlohv ri \d+p,>3 lqwr wkrvh ri \d+pý4,>3 frqglwlrqdo rq O +p, @ c +p, > D +p, @ d +p,1 D

vwuxfwxudo qhvwhg glvwulexwlrq prgho +VQGP, vshfl?hv wkdw ð
ý
|> c +p, > d +p,

ü
@ ð

ý
|> c +p, > d +p, > ñ3

ü

<



zkhuh ð
ý
|> c +p, > d +p, > ñ

ü
lv d nqrzq lqfuhdvlqj ixqfwlrq ri | vdwlvi|lqj ð

ý
|> c +p, > d +p, > ñ

ü
@ |

li d +p, @ 3 ru ñ @ 31 Uhfxuvlyho| gh?qh udqgrp yduldeohv
î
UN +ñ, > = = = >

î
U3 +ñ, e|

î
UN +ñ, @

ð
ý
\>O +N, > D +N, > ñ

ü
dqg

î
Up +ñ, @

î
up

ý
\>O +N, > D +N, > ñ

ü
@ ð

í î
Up.4 +ñ, > O +p, > D +p, > ñ

ì
dqg vhw

î
U +ñ, @

î
u
ý
\>O +N, > D +N, > ñ

ü ì î
U3 +ñ,1 Dovr ohw

î
u
ý4 ý

|> c +N, > d +N, > ñ
ü
eh wkh lqyhuvh ri wkh ixqfwlrq

î
u zlwk uhvshfw wr lwv ?uvw dujxphqw1 Li ð

ý
|> c +p, > d +p, > ñ

ü
@ ð +|> d +p, > ñ, grhv qrw ghshqg rq c +p,/

zh vd| wkdw wkh VQGP prgho kdv qr lqwhudfwlrq1

Wkhruhp 814= Xqghu +7,/ d qr lqwhudfwlrq VQGP prgho lv d vwudwl?hg wudqvirupdwlrq prgho +VWP,/

l1h1/ PVP 4f/ zlwk U +d> ñ, @
î
u +\> d> ñ, dqg U +ñ, @

î
U +ñ,1 Krzhyhu/ wkh frqyhuvh lv qrw wuxh1

Wkh vhplsdudphwulf lqirupdwlrq erxqg iru ñ lv juhdwhu li zh lpsrvh d qr0lqwhudfwlrq VQGP wkdq li

zh rqo| lpsrvhg wkh fruuhvsrqglqj VWP1 Wkhruhp 814 lqglfdwhv wkdw d VWP lv wkh qdwxudo PVP dqdorj

ri d VQGP1 Li ð
ý
|> c +p, > d +p,

ü
ghshqgv rq c +p,/ zh pxvw fkrrvh ehwzhhq dqdo|}lqj wkh gdwd xqghu d

VQGP yhuvxv d VWP1 Wr xqghuvwdqg wkh dgydqwdjhv dqg glvdgydqwdjhv ri hdfk/ zh qhhg vrph dgglwlrqdo

edfnjurxqg1 Gh?qh d uhjlph j @ +j3> = = = > jN, 5 J wr eh d froohfwlrq ri ixqfwlrqv jp = Op $Dp1 Gh?qh
j
ý
c +p,

ü
@
õ
j3
ý
çc3
ü
> = = = > jp

ý
c +p,

üô
1 Ohw \j eh wkh frxqwhuidfwxdo ydoxh ri \ li uhjlph j zhuh iroorzhg1

Li j
ý
cN
ü
@ dN ì d grhv qrw ghshqg rq cN / wkhq \j @ \d dqg zh vd| j lv qrq0g|qdplf> rwkhuzlvh/ j lv

g|qdplf1 Ohw j
û
c +n,

ú
ghqrwh d uhdol}dwlrq ri D +n,1 Li

\j
d
D +w, m O ýwýü > D ýwýü / +55,

wkhq/ e| Wkhruhp 615 ri Urelqv +4<<:,/ wkh odz ri \j lv jlyhq e| wkh J0frpsxwdwlrq dojrulwkp irupxod

I\j
ý
| m O +n, > j ûc +n ý 4,úü @]]

I\
ý
| m c +N, > j ýc +N,üü N\

p@n.4

gI
û
c +p, m c +pý 4, > j ýc +pý 4,üú +56,

zklfk/ iru frqwlqxrxv \ dqg n @ ý4/ htxdov

I\j +|, @

]]
L^

î
u
ý4 õ

x> c +N, > j
ý
c +N,

ü
> ñ3
ô
A |`

N\
p@3

gI ^c +p, m c +pý 4, > j ýc +pý 4,ü > îU +ñ3, @ x`gIî
U+ñ3,

+x, 1 +57,

Lq pdq| vhwwlqjv/ wkh j0qxoo k|srwkhvlv wkdw

I\j4 +|, @ I\j5 +|, iru doo j4> j5 5 J +58,

zloo eh ri lqwhuhvw1 Urelqv +4<<:, suryhv wkh iroorzlqj1

Wkhruhp 815= Jlyhq +55,/ +58, krogv / +56, lv wkh vdph iru doo j / ð
ý
|> cp> dp

ü
@ | /

\
d
D +n, m O +n, > D +n ý 4, > n @ 3> = = = >N1 +59,

8151 Dgydqwdjhv ri VQGPv zlwk d frqwlqxrxv \

41 Dowkrxjk +58, lpsolhv ñ3 @ 3 iru erwk d VQGP dqg d VWP/ rqo| iru d VQGP lv +58, htxlydohqw wr

ñ3 @ 31

51 Li wkh O +n, duh glvfuhwh zlwk rqo| d prghudwh qxpehu ri ohyhov/ wkhq/ hyhq zlwk i
û
d +n, m c +n ý 4, > d +n ý 4,ú
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wrwdoo| xquhvwulfwhg/ dq dv|pswrwlfdoo| glvwulexwlrq0iuhh j0qxoo whvw ri ñ3 @ 3 +dqg wkxv ri +58,, h{lvwv

iru d VQGP exw/ ehfdxvh ri wkh fxuvh ri glphqvlrqdolw|/ qrw iru d VWP1 Vshfl?fdoo|/ d qrq0sdudphwulf

j0qxoo whvw lv htxlydohqw wr d whvw ri odfn ri fruuhodwlrq ri \ zlwk D +n, zlwklq vwudwd gh?qhg mrlqwo| e|

O +n, > D +n ý 4, +Urelqv/ 4<<:,1 Wkxv/ hyhq li D +n, lv frqwlqxrxv/ d whvw ri odfn ri fruuhodwlrq ri D +3,

zlwk \ zlwklq ohyhov ri O +3, zloo eh dq dv|pswrwlf ò 0 ohyho whvw xqghu +58,1 Lq frqwudvw/ d whvw ri ñ3 @ 3

lq d VWP +zlwkrxw +58, dgglwlrqdoo| lpsrvhg, uhtxluhv/ e| Wkhruhp 615d wkdw Z fdq eh frqvlvwhqwo|

qrq0sdudphwulfdoo| hvwlpdwhg zklfk zloo qrw eh srvvleoh gxh wr wkh fxuvh ri glphqvlrqdolw|1

61 Khqfhiruwk/ dvvxph d fruuhfw prgho iru i
û
d +w, m c +wý, > d +wý,ú lv dydlodeoh1 Jlyhq d VQGP/ zlwk vrph

gl!fxow| wkh odz ri \j iru g|qdplf j fdq eh hvwlpdwhg xvlqj +57,1 Lq frqwudvw/ wkh odz ri \j iru g|qdplf

j lv yhu| kdug wr hvwlpdwh jlyhq d VWP1 Vshfl?fdoo|/ jlyhq d VQGP/ zh hvwlpdwh wkh odz ri \j dv iroorzv=

+l, rewdlq dq hvwlpdwh eñ e| j0hvwlpdwlrq +Urelqv/ 4<<:,/ +ll, hvwlpdwh Iî
U+ñ3,

+x, e| wkh hpslulfdo odz ri

wkh
î
Ul

íeñì/ +lll, vshfli| dqg hvwlpdwh d sdudphwulf prgho iru i
k
O +p, m O +pý 4, > D +pý 4, > îU

íeñìl/
+ly, dqg wkhq hydoxdwh wkh hvwlpdwhg yhuvlrq ri wkh lqwhjudo +57, e| Prqwh fduor1

Lq frqwudvw/ jlyhq d VWP/ zh pxvw/ dv glvfxvvhg lq Urelqv +4<<:/ sj1 447> 4<<;/ Vhf1 44,/ vshfli| d

sdudphwulf prgho iru æú
ý
|> c +p, > d

ü
zkhuh æú

ý
|> c +p, > d

ü
@ æ

ý
|> c +p, > d

üýæ ý|>õc +pý 4, > c +p, @ 3ô > dü
dqg æ

ý
|> c +p, > d

ü
pdsv txdqwlohv ri \d jlyhq cp> dpý4 lqwr txdqwlohv ri \d jlyhq cpý4> dpý41 Dv glv0

fxvvhg lq Urelqv +4<<:/ sj1 4470449> 4<<;/ Vhf1 44,/ hvwlpdwlrq ri æú
ý
|> c +p, > d

ü
lv d frpsxwdwlrqdo

qljkwpduh> lqghhg/ ixoo| sdudphwulf Ed|hvldq ru olnholkrrg0edvhg lqihuhqfh iru d PVP lv frpsxwdwlrqdoo|

h{wuhpho| exughqvrph1

71 Dv glvfxvvhg lq Urelqv +4<<:/ Vhf1 <,/ iru VQGPv lw lv hdv| wr shuirup d vhqvlwlylw| dqdo|vlv lq

zklfk wkh ixqgdphqwdo dvvxpswlrq +55, ri ljqrudeoh wuhdwphqw dvvljqphqw lv qr orqjhu lpsrvhg1 Iru d

VWP vxfk d vhqvlwlylw| dqdo|vlv lv pxfk ohvv vwudljkwiruzdug dqg fdqqrw eh edvhg rq hvwlpdwlqj htxdwlrqv

vlplodu wr wkrvh lq Wkhruhp 6141

81 D sdudphwhu ñ3 ri d VQGP/ lq frqwudvw wr wkdw ri d VWP/ fdq riwhq vwloo eh frqvlvwhqwo|

hvwlpdwhg li +55, lv idovh exw gdwd duh dydlodeoh rq dq lqvwuxphqwdo yduldeoh1 Vshfl?fdoo|/ vxssrvh

D +w, @ +D4 +w, > D5 +w,, zlwk D4 +w, uhfruglqj d sk|vlfldq*v suhvfulehg wuhdwphqw dqg D5 +w, uhfruglqj

wuhdwphqw dfwxdoo| uhfhlyhg1 Zh pljkw vxssrvh +55, lv idovh/ exw D4 +w,
c
\j m O +wý, > D +wý, lv wuxh li d

suhglfwru ri \j dqg ri D5 +w, zdv qrw uhfrughg lq O +wý,1 D4 +w, lv riwhq wkhq uhihuuhg wr dv dq lqvwuxphqwdo
yduldeoh surfhvv/ sduwlfxoduo| zkhq D4 +w, kdv qr gluhfw fdxvdo h>hfw/ l1h1/ \d @ \d5 z1s141 Lq wklv vhwwlqj/

wkh sdudphwhu ri d VWP lv qrw lghqwl?hg exw wkh sdudphwhu ri d VQGP fdq vwloo lq jhqhudo eh frqvlvwhqwo|

hvwlpdwhg e| j0hvwlpdwlrq +Urelqv/ 4<<6,1

8161 Dgydqwdjhv ri PVPv zlwk frqwlqxrxv \

41 Hyhq lq wkh suhvhqfh ri lqwhudfwlrq ^l1h1/ ð
ý
|> cp> dp

ü
ghshqgv rq cp`/ jlyhq d VWP/ I\d +|, fdq eh

hvwlpdwhg e| qý4
S
l L
q
uý4

k
Ul
íeñì > d> eñl A |r zlwkrxw uhtxlulqj hlwkhu lqwhjudwlrq ru prghoolqj ri wkh

frqglwlrqdo odz ri O +p,1 Lq frqwudvw/ dv ghvfulehg lq srlqw 6 ri Vhf1 815 deryh/ iru d VQGP/ erwk

lqwhjudwlrq dqg prghoolqj duh uhtxluhg1

51 Dq| PVP wkdw fdq eh hdvlo| hvwlpdwhg zkhq +;, krogv +l1h1/ D lv dq dqfloodu| surfhvv, fdq eh hdvlo|

hvwlpdwhg zkhq +;, lv idovh1 Iru h{dpsoh/ zh fdq xvh wkh Fr{ sursruwlrqdo kd}dugv PVP 5d iru d

frqwlqxrxv idloxuh wlph rxwfrph Wd1 Lq frqwudvw/ d vwuxfwxudo qhvwhg Fr{ prgho zrxog prgho wkh udwlr

ri wkh frqglwlrqdo kd}dug jlyhq cp> dp ri \d+p,>3 wr wkdw ri \d+pý4,>31 Xqiruwxqdwho|/ d vwuxfwxudo qhvwhg
Fr{ prgho grhv qrw dgplw dq| vlpsoh vhplsdudphwulf hvwlpdwruv/ dqg hyhq frpsoh{ hvwlpdwruv zloo idlo

gxh wr wkh fxuvh ri glphqvlrqdolw|1

D k|eulg dssurdfk lv wr lpsrvh d PVP prgho dqg wkhq vshfli| d prgho iru æú
ý
|> c +p, > d

ü
zkrvh
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sdudphwhu lv wkh surgxfw ri wkh sdudphwhu ñ ri wkh PVP prgho zlwk dqrwkhu sdudphwhu #/ vr wkdw # lv

lghqwl?hg rqo| li ñ 9@ 31 Vxfk d prgho fdq ryhufrph remhfwlrqv 4 dqg 5 ri Vhf1 815 +exw qrw remhfwlrqv

608, zkloh uhwdlqlqj wkh dgydqwdjhv 405 ri Vhf1 8161

8171 Vwuxfwxudo Qhvwhg Phdq Prghov +VQPPv,

VQPPv duh dssolfdeoh wr glvfuhwh dqg frqwlqxrxv rxwfrphv1 Ohw ð
ý
c +p, > d +p,

ü
@

H
û
\d+p,>3 ý \d+pý4,>3 m c +p, > d +p,

ú
1 Ohw ð|

ý
c +p, > d +p,

ü
@

oqiH û\d+p,>3 m c +p, > d +p,ú @H û\d+pý4,>3 m c +p, > d +p,új1 D vwuxfwxudo qhvwhg phdq prgho +VQPP,

vshfl?hv ð
ý
c +p, > d +p,

ü
@ ð

ý
c +p, > d +p, > ñ3

ü
zlwk ð

ý
cp> dp> ñ

ü
d nqrzq ixqfwlrq vdwlvi|lqj ð

ý
cp> dp> ñ

ü
@

3 li dp @ 3 ru ñ @ 31 D pxowlsolfdwlyh VQPP vshfl?hv ð|
ý
c +p, > d +p,

ü
@ ð

ý
c +p, > d +p, > ñ3

ü
1 Wkh

j0qxoo phdq k|srwkhvlv lv wkh k|srwkhvlv

H ^\j4` @ H ^\j5` > j4> j5 5 J1 +5:,

Urelqv +4<<:, suryhv wkh iroorzlqj1

Wkhruhp 815= Jlyhq +55,/ +5:, krogv li dqg rqo| li ð
ý
c +p, > d +p,

ü
@ 3 / ð|

ý
c +p, > d +p,

ü
@ 3 /

H
û
\ m D +n, > O +n,ú @ H û\ m D +n ý 4, > O +n,ú > n @ 3> = = = >N =

Dgydqwdjhv +4, 0 +7, ri Vhf1 815 ri d VQP ryhu d PVP iru frqwlqxrxv \ dovr zloo krog +dssursuldwho|

prgl?hg, iru glvfuhwh \ zkhq frqvlghulqj wkh j0qxoo phdq k|srwkhvlv ru zkhq hvwlpdwlqj H ^\j`1 Dgydq0

wdjh +8, lv qr orqjhu vr fohdu/ vlqfh hvwlpdwlrq ri d VQPP zkhq +55, lv idovh lv qrw dv vwudljkwiruzdug dv

iru d VQGP1 Dgydqwdjhv +4, 0 +5, lq Vhf1 816 ri d PVP ryhu d VQGP iru frqwlqxrxv rxwfrph dovr krog

lq wkh glvfuhwh fdvh1

Dq lpsruwdqw dgydqwdjh ri PVPv ryhu VQPv zlwk \ glfkrwrprxv +ru/ pruh jhqhudoo|/ zkhq \ kdv

?qlwh vxssruw, lv wkdw qhlwkhu d VQPP ru pxowlsolfdwlyh VQPP qdwxudoo| lpsrvhv wkh idfw wkdw/ iru

glfkrwrprxv \ / H ^\j` 5 ^3> 4` +dqg orjlvwlf VQPPv kdyh qrw ehhq ghyhorshg,1 Lq frqwudvw/ xvlqj wkh

PVP prgho 4d zlwk j +d> ñ, d orjlvwlf ixqfwlrq/ wkh deryh uhvwulfwlrq lv qdwxudoo| lpsrvhg1 Dqdorjrxvo|/

lq wkh vhwwlqj ri PVP prgho 4g/ zh fdq xvh vwdqgdug pdujlqdo orjlvwlf prghov iru wkh \d +p,1

8181 Gluhfw h>hfw prghov

Lq wklv vhfwlrq zh vkrz wkdw vrph ri wkh dgydqwdjhv ri PVPv ghvfulehg lq Vhfv1 816 dqg 817 duh qrw

uhwdlqhg lq vhplsdudphwulf prghov iru wkh h>hfw ri d wuhdwphqw d4 zkhq d vhfrqg wuhdwphqw d5 lv khog ?{hg

+vhw,1 Lq vxfk d vhwwlqj/ erwk PVPv dqg gluhfw h>hfw VQPv +Urelqv/ 4<<;, kdyh lpsruwdqw olplwdwlrqv

gxh wr wkh fxuvh ri glphqvlrqdolw|1 Ohw d +x, @ +d4 +x, > d5 +x,, dqg/ lq d voljkw dexvh ri qrwdwlrq/ vhw

d +x, @ +çd4 +x, > çd5 +x,, dqg d @ +çd4> çd5,1 Frqwlqxh wr dvvxph Y | @ >1 Frqvlghu wkh iroorzlqj1
Prgho 6d 8 gluhfw h>hfw vhplsdudphwulf uhjuhvvlrq= Frqvlghu wkh vhw0xs ri PVP 4e/ zlwk

ì iH ^\d`j @ j ^d> ñ3` . j| +d5,

zkhuh j ^d> ñ3` @ 3 li d4 ì 3 dqg j| +ü> ü, lv xqnqrzq dqg xquhvwulfwhg1 Vlqfh/ dffruglqj wr wkh prgho/

H ^\d4>d5 ý \d4ì3>d5 ` @ j +d> ñ3,/ lw iroorzv zh duh prghoolqj wkh gluhfw h>hfw ri wuhdwphqw d41 Ixuwkhupruh/
wkh pdlq h>hfw ri wkh vhfrqg wuhdwphqw j| +d5, @ H ^\d4ì3>d5 ý \d4ì3>d5ì3` lv frpsohwho| xquhvwulfwhg1

Wkh prgho iru wkh revhuydeohv R lqgxfhg e| PVP 6d lv lvrprusklf wr wkdw lqgxfhg e| PVP 4e zlwk

D5 ì D5 +N, sod|lqj wkh uroh ri Y | +xqghu vhtxhqwldo udqgrpl}dwlrq dvvxpswlrq +7,,1 Lq sduwlfxodu/ li

ì +{, @ { ^ru oq+{,`/ eñ +k> !, zloo shuirup zhoo lq prghudwh vl}h vdpsohv/ surylghg i
û
d +w, m O +wý, > D +wý,ú
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lv nqrzq ru fdq eh sdudphwulfdoo| prghoohg1 Krzhyhu/ dv glvfxvvhg lq wkh ?qdo uhpdun ri Vhf1 614/ li

ì +{, @oq^{@ +4ý {,`/ uhdvrqdeoh hvwlpdwruv ri ñ3 duh xqdydlodeoh ehfdxvh D5 +N, zloo eh kljk0glphqvlrqdo1
Lqghhg/ dq| fkrlfh ri ì +{, wkdw jxdudqwhhv wkdw H ^\d` 5 ^3> 4` zloo idlo wr surylgh uhdvrqdeoh hvwlpdwruv

ri ñ3/ qhjdwlqj wkh dgydqwdjh ri wklv PVP iru glfkrwrprxv \ 1

Prgho 6e 8 gluhfw h>hfw vhplsdudphwulf Fr{ sursruwlrqdo kd}dug prgho= Frqvlghu wkh vhw xs
ri PVP 5e/ zlwk

èWd +w, @ èWd4@3>d5 +w, h{s
û
u
õ
d
ý
wý
ü
> w>ñ3

ôú
zlwk u +d +wý, > w>ñ3, @ 3 li d4 +wý, @ 31 Wklv lv d prgho iru wkh gluhfw h>hfw ri wuhdwphqw d4 rq wkh

kd}dug ri W zlwk wkh pdlq h>hfw ri d5 ohiw xquhvwulfwhg1 Jlyhq +7,/ PVP 6e lqgxfhv d prgho iru wkh

revhuydeohv lvrprusklf wr wkdw lqgxfhg e| PVP 5e1 Wklv lpsolhv wkdw/ dv glvfxvvhg lq wkh uhpdun lq

Vhf1 614/ gxh wr wkh fxuvh ri glphqvlrqdolw|/ lw zloo qrw eh srvvleoh wr rewdlq uhdvrqdeoh hvwlpdwruv ri ñ3
qhjdwlqj dgydqwdjh 5 ri Vhf1 8161

Prgho 6f 8 gluhfw h>hfw vhplsdudphwulf wlph0ghshqghqw dffhohudwhg idloxuh wlph prgho=
Frqvlghu wkh prgho

èU+d>ñ3, +w, @ èWd4@3>d5 +w,

zkhuh U +d> ñ, @ u +Wd> d> ñ, vdwlv?hv u +w> d> ñ, @ w li d4 @ 3 ru ñ @ 31 Wkh prgho iru wkh revhuydeohv

lqgxfhg e| PVP 6f lv lvrprusklf wr wkdw lqgxfhg e| PVP 5f zlwk D5 lq wkh uroh ri Y |1 Khqfh/ prgho
6f fdq eh xvhg wr hvwlpdwh wkh gluhfw h>hfw ri d4 rq W zlwk wkh pdlq h>hfw ri d5 xquhvwulfwhg1 PVP 6f lv

wkh qdwxudo PVP dvvrfldwhg zlwk d vwuxfwxudo qhvwhg idloxuh wlph prgho +VQIWP, +Urelqv/ 4<<6/ Dss1

4/ 4<<;, vlqfh d gluhfw0h>hfw VQIWP zlwkrxw lqwhudfwlrq lv d PVP 6f1 Lq wkh suhvhqfh ri lqwhudfwlrq/

wkh PVP 6f uhwdlqv dgydqwdjh 4 ri Vhf1 8161

91 Fhqvrulqj

Qr qhz lghd lv uhtxluhg wr dffrxqw iru dqg dgmxvw iru uljkw fhqvrulqj1 Vshfl?fdoo|/ ohw T eh fhqvrulqj wlph1

Gh?qh d fhqvrulqj surfhvv D5 +x, e| D5 +x, @ 3 li T A x dqg D5 +x, @ 4 rwkhuzlvh1 Ohw wkh wuhdwphqw ri

lqwhuhvw eh d4 +x, dqg gh?qh d +x, @ +d4 +x, > d5 +x,,1 Wr zdqw wr dgmxvw iru fhqvrulqj lv rqo| wr vd| wkdw

lqwhuhvw lv lq wkh gluhfw h>hfw ri d4 zkhq d5 ì 3/ l1h1/ zkhq fhqvrulqj lv derolvkhg1 Dv d frqfuhwh h{dpsoh/

wkh Fr{ prgho PVP 5d lq wkh suhvhqfh ri fhqvrulqj zrxog ehfrph

èWd4>d5ì3
ý
w m Y |ü @ è3 +w, h{sõu ûd4 ýwýü > w> Y |>ñ3úô 1

Li D lv dqfloodu| +qrz lqfoxglqj wkh fhqvrulqj surfhvv,/ eGúvp +ñ> k, dqg Xúvp +ñ> k, duh dv deryh h{fhsw wkdw
qrz QW +x, @ L ^W é x` L ^W ? T` dqg L ^W A x` lv hyhu|zkhuh uhsodfhg e| L ^W A x` L ^T A x`1 Ri frxuvh

Z +w, lv qrz wkh suredelolw| wkdw d vxemhfw zrxog kdyh klv revhuyhg wuhdwphqw dqg fhqvrulqj klvwru|1

Dsshqgl{ 4=
E| dujxphqwv dv lq Urelqv hw do1 +4<<7,/ Wkhruhp 614 dqg 615e duh hdv| fruroodulhv ri Wkhruhp 615d1

Vnhwfk ri Surri ri Wkhruhp 615d= Iru frqyhqlhqfh/ dvvxph wkh O surfhvv dqg D surfhvv mxps dw

wlphv 3ý> 4ý> = = = dqg 3> 4> = = = uhvshfwlyho|1 Wkhq e| Wkhruhp 615 ri Urelqv +4<<:,/ Ht1 +7, lpsolhv wkh

J0frpsxwdwlrq dojrulwkp irupxod

i\ d+n,

û
| +n, m y|ú @ ] nT

p@3
i ^| +p, > y +p, m | +pý 4, > y +pý 4, > d +pý 4, > y|` +D4,

nT
p@4

gç ^y +p,`gç
íî
y
ì
>
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zlwk
î
yì y +3, qy|1 Wkxv/ li iru vrph m ? n/ wkh sursrvlwlrq i

û
d +m, m d +m ý 4, > O +m, > y|ú 9@ 3 z1s14

jlyhq Y | lv idovh/ wkhq +D4, lv qrw lghqwl?hg1 Khqfh/ d PVP prgho sodfhv qr +orfdo, uhvwulfwlrqv rq

i
û
O +p, m O +pý 4, > D +pý 4,ú iru p A F|1 Khqfh/ lq vhplsdudphwulf prgho +ll,/ hyhu| ixqfwlrq ri R

zlwk phdq }hur jlyhq R| lv lq wkh qxlvdqfh wdqjhqw vsdfh iru wkh prgho1 Lw iroorzv wkdw doo phpehuv ri

úB lq prgho +ll, ghshqg rq wkh gdwd rqo| wkurxjk R|1
Ehfdxvh ri rxu dvvxphg nqrzohgjh ri úB>ú +wkh ruwkrjrqdo frpsohphqw wr wkh qxlvdqfh wdqjhqw vsdfh

xqghu I ú,/ lw lv vx!flhqw wr vkrz wkdw X 5 úB / XZ 5 úB>ú zkhq I ú lv fkrvhq vxfk wkdw F|>ú lv htxdo

wr F|1 Wklv iroorzv iurp wkh idfw wkdw
ï
ú@

ï
ú
ú
zkhuh

ï
úì ú

W iXws +!,jBWõ} ýR|üô dqg wkh idfw wkdw

H ^XE` @ Hú ^XZE` iru dq| E 5 ï
ú e| Ohppd 6141
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