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Rejoinder

James M. ROBINS, Aad VAN DER VAART, and Valérie VENTURA

Bayarri and Berger shared their rejoinder with us before
we began writing ours. We agree with almost everything
they say, including their appreciation of the quality of the
discussions. Here we add some observations of our own
that we think might help clarify the issues.

Stern.  In his Section 4, Stern acknowledges that us-
ing the statistic X for testing a N(0, 0?) model results in a
conservative posterior predictive p value. But he suggests
that this reflects Bayarri and Berger’s poor choice of test
statistic and that he, in contrast, has been able to construct
intuitive discrepancy measures that provide “great insight”
into the performance of the model. Stern does not say what
he means by “great insight” If he means that his intu-
itive discrepancies successfully avoid the problem of very
conservative discrepancy p values, then he is incorrect, as
we showed in our Example C, which was taken from his
book coauthored with Gelman, Carlin, and Rubin. Specif-
ically, Stern and his coauthors proposed the discrepancy
t(X,0) = |Zg — pu| — |z — Z1| to check whether the ob-
served degree of skewness, as measured by #(x,bs, #), Was
compatible with a N(u, ¢?) distribution, where Z, is the em-
pirical gth quantile of the data. A discrepancy p value (pg;s)
of .05 corresponds to a true (i.e., adjusted or calibrated) p
value of .0004, based on the calculations leading to Fig-
ure 4(a). That is, the actual asymptotic level of the nominal
.05-level test based on py;s is .0004, indicating that py;s is
extremely conservative.

By comparing pg4;s(X) with the asymptotically uni-
form modified discrepancy p value [pgis(X)] of Sec-
tion 4.2 based on the discrepancy #(X,6) = ¢(X.6) -
76(8) i3 (O)n=286(8) = |Z0 — il — |~ Z1] — 2(X — u),
we can demonstrate that discrepancy p values, besides being
conservative, cannot be interpreted as quantitative measures
of model adequacy on any scale. Our argument rests on the
following observation. For any p value p, define ®~1(1 —p)
to be the associated z score. Then, by our Theorems 3 and
4, in large samples, (a) pgjs converges to a deterministic
monotone increasing function of pg;s, (b) the associated z
scores have a correlation of 1, and (c) if, in a given dataset,
pdis = .05, then, with probability approaching 1, pg;s will
equal .0004; that is they will differ by a factor of 125.

In his discussion, Stern concludes that discrepancy p val-
ues are “easily interpretable” as measures of the compat-
ibility of model and data. We believe the previous para-
graph refutes his conclusion for the following reason. In
large samples, the two discrepancy p values are monotone
functions of one another with perfectly correlated z scores.
This implies that the two p values test for deviation from
the model in precisely the same direction. Hence if discrep-
ancy p values were quantitative measures of compatibility,
then py;s and Pqi; would have to be equal or nearly equal.
But they differ by two orders of magnitude. In fact, it would
appear that the only use to which the discrepancy (or other
conservative) p values can be put is as an {often easily com-

puted) initial screen for model incompatibility, because if a
conservative p value is small, then it will be even smaller
when calibrated. Stern rightly emphasizes this use; however,
he fails to sufficiently emphasize that a large conservative
p value is not meaningful evidence of model adequacy and
that further model checking using an asymptotically uni-
form p value is required.

We summarize by once again revisiting the weather anal-
ogy. As Stern correctly remarks, if we observe snow on the
ground (i.e., a small plug-in, posterior predictive, or dis-
crepancy p value), then we can decide to reject swimming
(i.e., the null model) without the “expense” of checking the
temperature (i.e., of computing an asymptotically uniform
p value). But if there is no snow, then we cannot decide
whether to go swimming (i.e., accept the null model as ad-
equate) without checking the temperature.

On a different note, Stern makes the correct point at the
end of his first section that the effectiveness of the poste-
rior predictive approach depends crucially on the diagnostic
statistics or discrepancies selected. He claims that we do not
address this point in any depth. We disagree. We showed
that {a) the posterior predictive p value is conservative un-
less the test statistic ¢(X) has an asymptotic mean that does
not depend on 4, (b) the discrepancy p value is conserva-
tive unless the discrepancy ¢(X; 8) is uncorrelated with the
score Sg(8) for 4, and (c) if one uses the efficient score
for the parameter ¢ in an expanded (i.e., alternative) model
as a discrepancy, then the resulting discrepancy p value is
locally most powerful against that alternative. Indeed, an
important motivation for our article was to satisfy the un-
met need for a rigorous treatment of the dependence of the
posterior predictive and discrepancy p values on the choice
of test statistic or discrepancy.

Boos. Boos notes that if one adjusts o to a* so that
all tests have actual asymptotic level o, then all tests that
we consider have the same asymptotic power. We made an
analogous point in our discussion of the adjusted analytic p
value (Padjanal) in Section 4.2. However, that such an ad-
justment could be made is of little use to the reader of a
statistical report if in fact the adjustment was not carried
out and only an unadjusted discrepancy or posterior pre-
dictive p value was reported; to perform the adjustment,
the reader must calculate the variance function 7(8). Some-
times this will be impossible. For instance, in our example
a, 7(0) depends on the correlation between the regressors,
which may not be included in the report. Furthermore, to
obtain 7(f) requires analytic calculations that are beyond
the expertise of most readers. In contrast, 7() is always 1
for the partial posterior and conditional predictive p values,
and no adjustment is necessary.

© 2000 American Statistical Association
Journal of the American Statistical Association
December 2000, Vol. 95, No. 452, Theory and Methods

1171

Lood



Boos is correct in saying that for purposes of model
checking, somewhat liberal p values would be preferred by
us to conservative p values. However, we wish to emphasize
that the purpose of our article was to find asymptotically
uniform p values; that is, p values that are (asymptotically)
neither liberal nor conservative.

Marden. We only wish to add that in the null model
considered by Marden, resampling from the empirical dis-
tribution with equal mass at the y; = Zi — Tobs differs
from resampling from the MLE (i.e., from the maximum
empirical likelihood estimator of the density f) under the
null mean 0 model (Owen 1988). It is the latter procedure
that would appear to be the natural generalization of the
parametric plug-in procedure discussed by both Bayarri and
Berger and us. Nonetheless, both Marden’s version and the
empirical likelihood version of the plug-in yield asymptot-
ically uniform p values (Beran 1986; Owen 1988).

Discrete Data. 'We would like to consider the examples
of discretely distributed observations considered by Bayarri
and Berger in their Section 4 from our asymptotic point
of view. In their Example 5, they condition a sample of
Bernoulli variables on their sum 7, the null model being
indexed by the unknown common success probability of
the Bernoulli variables. As the sum is a sufficient statistic,
the conditional law of the observations given T does not de-
pend on the unknown parameter. In this extreme situation,
our condition (13), which is motivated by the expectation
that the conditional model behaves like a standard paramet-
ric model, fails. In fact, the partial posterior in this example
is fixed and equal to the prior, taken to be uniform by Ba-
yarri and Berger, and hence does not approach a normal
distribution. To the remarks made by Bayarri and Berger it
could be added that in this case the partial posterior and the
prior predictive p values coincide, and hence both can be
criticized under the general criticism given by Bayarri and
Berger in their introduction. That is, the p value will depend
on the prior. Even for large samples, this p value will not
behave as a true (i.e., uniformly distributed) p value. There-
fore, the results of our article will not support Bayarri and
Berger’s suggestion to use the partial posterior p value in
this example. We believe that this is in agreement with the
results presented by Bayarri and Berger, as none of the p
values appear to yield sensible results. This is in contrast to
Examples 3 and 4 considered by Bayarri and Berger in their
Section 4. These examples come under the general setup of
our results, and hence Bayarri and Berger’s new p values
behave asymptotically as true p values. Bayarri and Berger
found that the distribution of the partial posterior p value
(Pppost) could be far from uniform when both the sample
size was small and the parameter values were extreme. We
expect, however, that the asymptotics would kick in at fairly
small sample sizes for values of the parameters that are not

-

too extreme, as the asymptotics are based on the normal
approximation to the binomial distribution.

Recommendations. In summary, if one wished to check
for model adequacy using p values that are based either
on a discrepancy measure #(X,8) or on an uncentered
statistic t(X), then we would recommend the following
approach. One can begin by computing a discrepancy p-
value or a plug-in p-value. The plug-in p-value can use
either the MLE or the posterior mean of 6 as the plug-
in, as these two choices yield asymptotically equivalent p-
values that are always less conservative then the posterior
predictive p-value. If the discrepancy or plug-in p-value
is small then one can reject the model. If not, then one
cannot conclude that the data and the model are compat-
ible in the “direction” tested by the statistic or discrep-
ancy, and further model checking using an asymptotically
uniform p value is required. As we discussed in Section
4, there are essentially three approaches to obtaining an
asymptotically uniform p value. Which of the approaches
one should adopt may depend on whether one is comfort-
able writing computer code, comfortable with mathematical
analysis, or comfortable with neither. If comfortable with
writing computer code, then one can obtain the partial pre-
dictive p value based on t(X) using the methods proposed
by Bayarri and Berger. If comfortable with analysis, then
one can calculate one of the adjusted analytical p values
Pplug,adj,anal = 1- Q[Zl—pplug/'f—plug(e)]zppost,adj,anal =1-
Q(Zl—ppon /Tpost (9)) Of Ddis,adj,anal = 1— (D(zl—pd-,s /Tdié(e))a
the modified statistic £(X) = t¢(X) — v, (6), the asymp-
totically pivotal statistic #(X)/c(d), or the modified dis-
crepancy £(X,0) = t(X,0) — p(0)'ig4 (6)n1Se(6). The
plug-in, and posterior predictive p value based on #(X)
and discrepancy p value based on (X, 8) are asymptoti-
cally uniform, because #(X) has a constant asymptotic mean
and because £(X) and #(X,8) are uncorrelated with the
score Sg(6) for §. With complex models, the calculation of
7(6), c(8), va(8), 79(8), ige(6) and/or S¢(9) may require the
numerical assessment of high-dimensional integrals, which
may limit the usefulness of this approach. Finally, when
both coding and analytical calculation are too difficult, one
can calculate the adjusted p values pplug,adj: Ppost,adj OF
Ddis,adj Using the “double bootstrap.” Double-bootstrap cal-
culations are computationally intensive, aithough the com-
putational burden may potentially be lessened by bootstrap
recycling.

When all three approaches can be implemented, the
choice among them should be based on their (as-
yet unstudied) second-order asymptotic and small-sample
behavior.
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