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Uhmrlqghu e| MP Urelqv/ V Juhhqodqg/ dqg IF Kx wr Glvfxvvlrq ri

3Hvwlpdwlrq ri wkh Fdxvdo H>hfw ri d Wlph0ydu|lqj H{srvxuh rq wkh Pdujlqdo Phdq ri d

Uhshdwhg Elqdu| Rxwfrph4

41 Lqwurgxfwlrq

Zh wkdqn erwk wkh hglwru iru rujdql}lqj wklv glvfxvvlrq dqg wkh glvfxvvdqwv iru wkhlu frpphqwv1 Zh duh

judwl?hg wkdw Zdvvhupdq/ Uxelq dqg Iudqjdnlv +khuhdiwhu UI,/ dqg ]hjhu dqg Oldqj +]O, uhfrjql}h wkh

vrxqgqhvv dqg lpsruwdqfh ri rxu dssurdfk1 Zh irxqg wkh lvvxhv udlvhg e| Zdvvhupdq wr eh sduwlfxoduo|

fkdoohqjlqj1 Wkhuhiruh/ zh kdyh fkrvhq wr ghyrwh wkh odujhvw sduw ri rxu glvfxvvlrq wr wkh wzr fhqwudo

txhvwlrqv kh srvhv1 Iluvw/ zkdw lv wkh qxoo sdudgr{ dqg krz gr wkh fdxvdo prghov ri Vhfwlrq ; vxffhhg lq

flufxpyhqwlqj lwB Vhfrqg/ zkdw vhqvlwlylw| dqdo|vlv phwkrgv duh dydlodeoh iru wkh prghov ri rxu sdshuB

Fdxvdo Lqihuhqfh iurp Frpsoh{ Orqjlwxglqdo gdwd 8 Dq Ryhuylhz= Urelqv +4<;9/ 4<;:,

sursrvhg d irupdo wkhru| ri fdxvdo lqihuhqfh wkdw h{whqghg Qh|pdq*v +4<56, wlph0lqghshqghqw srlqw

wuhdwphqw wkhru| wr orqjlwxglqdo vwxglhv zlwk gluhfw dqg lqgluhfw h>hfwv dqg vhtxhqwldo/ wlph0ydu|lqj

wuhdwphqwv dqg frqirxqghuv1 Dv qrwhg e| Zdvvhupdq/ zlwk wlph0lqghshqghqw wuhdwphqwv/ wkh sulqflsdo

xvh ri d irupdo wkhru| kdv ehhq wr mxvwli| xvxdo sudfwlfh ^dowkrxjk vhh Frsdv +4<:6,/ Urvhqedxp dqg

Uxelq +4<;6,/ Urelqv +4<;;,/ Urelqv/ Pdun/ dqg Qhzh| +4<<5,/ dqg Urvhqedxp +4<<8, iru h{fhswlrqv`>

wkh uhdo sd|r> frphv zkhq wkhuh duh vhtxhqwldo ru wlph0ydu|lqj wuhdwphqwv1 Iru h{dpsoh/ lq wkh frqwh{w

ri d udqgrpl}hg wuldo zlwk qrq0frpsoldqfh/ Urelqv +4<;<, fkdudfwhul}hg wkh ghshqghqfh ri erxqgv iru

wkh dyhudjh fdxvdo d>hfw +DFH, rq wkuhh nh| dvvxpswlrqv 8 wkh h{foxvlrq uhvwulfwlrq/ wkh prqrwrqlflw|

dvvxpswlrq/ dqg wkh udqgrpl}dwlrq +ljqrudelolw|, dvvxpswlrq 8 e| frqfhswxdol}lqj wkh udqgrpl}dwlrq dqg

dfwxdo wuhdwphqw lqglfdwruv dv vhtxhqwldo wuhdwphqwv1 Dqjulvw/ Lpehqv dqg Uxelq +4<<9, odwhu vwxglhg

wkh DFH dprqj wkh frpsolhuv xqghu wkhvh vdph dvvxpswlrqv1

Wkh juhdwhvw ehqh?w frphv zlwk wlph0ydu|lqj wuhdwphqwv/ vlqfh wkhq vwdqgdug phwkrgv fdq eh eldvhg

hyhq zkhq wkh fdxvdo qxoo lv wuxh dqg wkhuh duh qr xqphdvxuhg frqirxqghuv1 Lqghhg/ frqwudu| wr zkdw

UI dsshdu wr vxjjhvw/ sulru wr Urelqv +4<;9, wkh uhohydqw fdxvdo hvwlpdqgv kdg qrw hyhq ehhq irupdoo|

gh?qhg/ pxfk ohvv kdg frqglwlrqv iru wkhlu lghqwl?fdwlrq ru phwkrgv iru wkhlu hvwlpdwlrq ehhq ghulyhg1

Lq idfw/ dv uhfhqwo| dv 4<<4/ Uxelq +4<<4, dqdo|}hg wkh h>hfw ri d wlph0ghshqghqw wuhdwphqw xvlqj

phwkrgv rqo| dssursuldwh iru wlph0lqghshqghqw wuhdwphqwv1 Lq d ?qdo frpphqw/ Uxelq +4<<4/ s1 4565,

dfnqrzohgjhg wkdw klv dssurdfk uhpdlqhg 3ohvv wkdq ixoo| vdwlvidfwru|4 dqg wkdw wkh dssurdfk ri Urelqv

+4<;<, zdv 3pruh uhdolvwlf/4 dowkrxjk 3kljko| prgho0ghshqghqw/ dw ohdvw iru vrph rxwfrphv14 Zlwk

kljko| frpsoh{ orqjlwxglqdo gdwd/ prgho ghshqghqfh lv xqdyrlgdeoh1 Krzhyhu/ wkh vhplsdudphwulf fdxvdo

prghov glvfxvvhg lq Vhf1 ; ri rxu sdshu dqg Vhf1 5g ehorz zhuh ghyhorshg wr plqlpl}h wkh ghjuhh ri

prgho ghshqghqfh1

Iroorzlqj Zdvvhupdq/ vxssrvh wkh rxwfrph \ @ \P.4 lv phdvxuhg rqo| dw wkh hqg ri wkh vwxg|1

Zh revhuyh q l1l1g1 frslhv ri whpsrudoo| rughuhg gdwd [>O3> D3> ===> OP > DP > \ / zkhuh wkh [ duh wlph0

lqghshqghqw fryduldwhv/ wkh Op duh wlph0ydu|lqj fryduldwhv/ wkhDp duh wuhdwphqwv1 OhwDp @ +D3> ===> Dp,/

ohw Y +d, @
ý
\ +d, > O +d,

ü
eh wkh frxqwhuidfwxdo rxwfrphv xqghu wuhdwphqw uhjlph d @ +d3> ===> dP,/ ohw

D ghqrwh wkh vxssruw ri wkh udqgrp yduldeoh D/ dqg ohw Y +ü, @ ý
\ +ü, > O +ü,ü @ õ
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wkh udqgrp ixqfwlrq +l1h1/ vwrfkdvwlf surfhvv lqgh{hg e| d, ri frxqwhuidfwxdo rxwfrphv1 Rxu lqlwldo ds0

surdfk lv wr pds rxu revhuydwlrqdo vwxg| wr d k|srwkhwlfdo vhtxhqwldo udqgrpl}hg folqlfdo wuldo +UFW,/

l1h1/ d wuldo lq zklfk wkh wuhdwphqw Dp rq gd| p lv fkrvhq dw udqgrp zlwk udqgrpl}dwlrq suredelolwlhv

i
ý
Dp m Op> Dpý4>[

ü
srvvleo| ghshqglqj rq sdvw phdvxuhg fryduldwh klvwru|

ý
[>Op

ü
dqg wuhdwphqw

klvwru| Dpý41 Udqgrpl}dwlrq jxdudqwhhv wkdw

Y +ü,
d
Dp m Op>Dpý4>[ +4,

zklfk/ lq wxuq/ lpsolhv

\ +ü,
d
Dp m Op> Dpý4>[ 1 +5,

Zh uhihu wr +4, dqg +5,/ uhvshfwlyho|/ dv wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv iru doo rxwfrphv

Y +ü, dqg iru rxwfrph \ +ü, rqo|1
Vxssrvh zh duh jlyhq dvvxpswlrq +5, soxv +l, wkh frqvlvwhqf| dvvxpswlrq \ @ \

ý
D
ü
dqg +ll, wkh

3srvlwlylw|4 dvvxpswlrq wkdw/ iru hdfk p/ wkh frqglwlrqdo suredelolw| jlyhq
ý
Op>[

ü
ri uhfhlylqj hdfk

wuhdwphqw dp lq wkh vxssruw ri Dp lv qrq0}hur1 Wkhq wkh frqglwlrqdo phdq H ^\ +d, m {` lv jlyhq e| wkh

j0frpsxwdwlrq dojrulwkp irupxod +khuhdiwhu/ j0irupxod,

e +d> {, ì
]
ü ü ü
] ]

H
û
\ m cP > dP > {

ú P\
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i
ý
cp m cpý4> dpý4> {

ü
gç +cp, / +6,

zkhuh ç lv d grplqdwlqj phdvxuh1 Ixuwkhupruh/ wkh vkdus qxoo k|srwkhvlv

\ +d, @ \
ý
3
ü
z1s14 iru doo d 5 D +7,

wkhq lpsolhv wkh j0qxoo phdq k|srwkhvlv wkdw e +d> {, lv qrw d ixqfwlrq ri d1 Lw lv d sulpdu| jrdo ri dq

hslghplrorjlvw frqgxfwlqj dq revhuydwlrqdo vwxg| wr froohfw lq Op gdwd rq d vx!flhqw qxpehu ri fryduldwhv

wr wu| wr pdnh dvvxpswlrq +5, dw ohdvw dssur{lpdwho| wuxh1 Krzhyhu/ vlqfh +5, fdqqrw eh jxdudqwhhg wr

krog hyhq dssur{lpdwho| dqg lv qrw vxemhfw wr hpslulfdo whvw/ lw lv xvhixo wr lqyhvwljdwh vhqvlwlylw| wr

ylrodwlrqv ri +5, wkurxjk d irupdo vhqvlwlylw| dqdo|vlv1

Lq rughu wr fkrrvh dq rswlpdo wuhdwphqw vwudwhj|/ lw lv riwhq qhfhvvdu| wr frqvlghu g|qdplf wuhdwphqw

uhjlphv1 D g|qdplf uhjlph lv rqh lq zklfk d vxemhfw*v fryduldwh klvwru| cp wkurxjk p ghwhuplqhv wkh

wuhdwphqw dp wr eh wdnhq dw p1 Irupdoo|/ d wuhdwphqw uhjlph j lv d froohfwlrq ri p . 4 ixqfwlrqv

j @ +j3> = = = > jP, zkhuh jp = OP $ Dp pdsv wkh vxssruw Op ri Op wr wkh vxssruw Dp ri Dp1 Ohw

Y +j, @
ý
\ +j, > O +j,

ü
eh wkh frxqwhuidfwxdo rxwfrphv ri d vxemhfw zkhq iroorzlqj uhjlph j1 Li/ iru hdfk

p/ jp
ý
cp
ü
lv d frqvwdqw dp qrw ghshqglqj rq cp/ zh vd| wkdw uhjlph j lv qrq0g|qdplf dqg zulwh Y +j,

dv Y +d,1 Xqghu frqvlvwhqf| dqg srvlwlylw| dvvxpswlrqv/ li +4, krogv/ H +\ +j, m {, lv jlyhq e| wkh UKV ri

+6,/ zlwk dpý4 ì j
ý
cpý4

ü ì ýj3 +c3, > = = = > jpý4 ýcpý4üü dqg dP ì j ýcPü ehlqj wkh wuhdwphqw klvwrulhv
suhvfulehg e| uhjlph j1 Li/ dv dq h{dpsoh/ vpdoo ydoxhv ri \ duh khdowklhu/ wkh rswlpdo uhjlph jrsw +xqghu

vtxduhg huuru orvv, plqlpl}hv H ^\ +j,`1 Wkh uhjlph jrsw zloo eh g|qdplf zkhq Dp lv wuhdwphqw zlwk d

suhvfulswlrq guxj/ vlqfh dq rswlpdo vwudwhj| pxvw vwrs wkh guxj zkhq wr{lflw| ghyhorsv1

51 Uhso| wr vshfl?f glvfxvvdqwv

5d1 ]hjhu0Oldqj +]O,
Vwdwlvwlfdo prghov= Zh fhuwdlqo| djuhh zlwk ]O wkdw zhoo0mxvwl?hg fdxvdo lqihuhqfhv gudz rq pdwwhuv

rwkhu wkdq vwdwlvwlfdo dqdo|vhv ri hslghplrorjlf gdwd1 Exw hslghplrorjlf dqdo|vhv duh lpsruwdqw dqg fdq

eh plvohdglqj xqohvv frqirxqglqj lv frqwuroohg1 Dv qrwhg e| Zdvvhupdq/ wkh pdlq phvvdjh ri rxu sdshu
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zdv wkdw vwdqgdug phwkrgv ri frqirxqghu frqwuro idlo lq wkh suhvhqfh ri wlph0ydu|lqj frqirxqghuv dqg

wkdw wkh j0irupxod surylghv fruuhfw dgmxvwphqw1 Wklv lv d frpsohwho| prgho0iuhh vwdwhphqw1

Fdxvdo prghov dqg h{wudsrodwlrqv= Zh djuhh zlwk ]O wkdw whvwv ri wkh fdxvdo qxoo xvlqj wkh

phwkrgv ghvfulehg lq Vhfv1 4 wkurxjk 9 uhtxluh fruuhfw vshfl?fdwlrq ri sdudphwulf prghov1 Li/ krzhyhu/ [/

Op/ \p/ dqg Dp duh glvfuhwh zlwk rqo| d ihz ohyhov/ dv lq wkh PVFP gdwd/ zh fdq rewdlq dq dv|pswrwlf

glvwulexwlrq0iuhh whvw ri wkh vkdus qxoo xvlqj wkh qrq0sdudphwulf j0qxoo whvw ghvfulehg lq Vhf1 5g16 ehorz/

frpsohwho| doohyldwlqj ]O*v frqfhuqv1

Zh uhvwulfwhg dwwhqwlrq wr wkh frqwudvwv ë+4,p ý ë+3,p iru h{srvlwlrqdo sxusrvhv1 Zh djuhh zlwk ]O wkdw

rwkhu frqwudvwv pd| eh ri lqwhuhvw1 Prvw vxfk frqwudvwv fdq eh h{suhvvhg dv H ^\ +j4,ý \ +j5, m {` iru vrph
+srvvleo| g|qdplf, uhjlphv j4 dqg j51 Iru h{dpsoh/ ]O vhhp wr eh lqwhuhvwhg lq d qrq0g|qdplf uhjlph d

lq zklfk vwuhvv ohyhov dowhuqdwh/ vd| rq d gdlo| ru zhhno| edvlv1 Phwkrgv iru hvwlpdwlrq ri vxfk frqwudvwv

duh uhylhzhg lq Vhf1 5g ehorz1 ]O dovr fruuhfwo| srlqw rxw wkdw hvwlpdwlrq ri ë+4,p dqg ë+3,p uhtxluhv

h{wudsrodwlrq1 Wklv fulwlflvp lv vhyhuho| glplqlvkhg li zh wdnh dv rxu remhfw ri lqihuhqfh wkh sdudphwhu

ri d pdujlqdo vwuxfwxudo prgho +PVP, iru H ^\ +d, m {`/ vlqfh wkh h{wudsrodwlrq lqyroyhg lq vshfli|lqj

d prgho iru H ^\ +d, m {` lv qr gl>huhqw iurp wkdw lqyroyhg lq vshfli|lqj d uhjuhvvlrq +JHH, prgho iru

H
û
\ m [ @ {>D @ d

ú ì H ^\ +d, m d> {`1 Wkh fulwlfdo gl>huhqfh lv wkdw/ ehfdxvh d PVP lv d fdxvdo prgho/

wkh sdudphwhu ri d PVP lv rqo| lghqwl?hg xqghu wkh xqwhvwdeoh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv1

JHH= Sursrvlwlrq +9, lv d frqglwlrq iru wkh ydolglw| ri JHHv dv d phwkrg ri lqihuhqfh1 Wklv sursr0

vlwlrq zdv ruljlqdoo| vwdwhg dqg suryhg lq Kx*v +4<<6, Vf1G1 wkhvlv dqg glvfxvvhg lq Ilw}pdxulfh/ Odlug/

dqg Urwqlw}n| +4<<6,1 Lw zdv dovr glvfryhuhg e| Shsh dqg Dqghuvrq +4<<7,1

5e= Uxelq0Iudqjdnlv +UI,
J0irupxod= Urelqv +4<;9/ Vhfv1 406, ?uvw ghulyhg wkh j0irupxod +6, iru wkh odz ri \ +j, e| pdsslqj

dq revhuydwlrqdo vwxg| wr d udqgrpl}hg wuldo plvvlqj gdwd rq wkh dvvljqhg wuhdwphqw uhjlphv j/ zlwkrxw

uhihuhqfh wr frxqwhuidfwxdo rxwfrphv ru wr frqglwlrqdo lqghshqghqfh vwdwhphqwv olnh +4, dqg +5, deryh1

Klv ghulydwlrq edvhg rq frxqwhuidfwxdov fdph diwhuzdugv1

UI duh lqfruuhfw lq wkhlu dvvhuwlrq wkdw dvvxpswlrq +4, ri rxu sdshu ^zklfk lv wkh dqdorj ri dvvxps0

wlrq +5, lq wklv uhmrlqghu` qhfhvvdulo| lpsolhv ljqrudelolw| ri wkh dvvljqphqw phfkdqlvp lq wkh vhqvh ri

Uxelq +4<:9/ 4<:;,1 Vshfl?fdoo|/ Urelqv +4<<:/ ss1 ;40;6, ghvfulehv d vxevwdqwlyho| sodxvleoh gdwd0

jhqhudwlqj phfkdqlvp zklfk ghshqgv rq ixuwkhu xqrevhuyhg yduldeohv Xp/ dqg iru zklfk dvvxpswlrq

+5, ri qr xqphdvxuhg frqirxqghuv iru \ +ü, lv wuxh exw dvvxpswlrq +4, ri qr xqphdvxuhg frqirxqghuv

iru doo rxwfrphv Y +ü, lv idovh/ rqfh wkh Xp kdyh ehhq lqwhjudwhg rxw1 Li zh vshfli| d ?qlwh glphqvlrqdo

yduldwlrq0lqghshqghqw sdudphwhul}dwlrq iru wkh xqghuo|lqj gdwd0jhqhudwlqj phfkdqlvp/ wkhq wkh wuhdw0

phqw dvvljqphqw phfkdqlvp lv qrw ljqrudeoh1 Ixuwkhupruh/ wkh lghqwl?delolw| uhvxowv ri Urelqv +4<;9/

4<;:, duh qrw lpphgldwh frqvhtxhqfhv ri uhvxowv lq Urvhqedxp dqg Uxelq +4<;6,1 Iru h{dpsoh/ Urelqv

+4<;9/ 4<;:, vkrzv wkdw dvvxpswlrq +5, lv vx!flhqw iru H ^\ +j, m {` wr eh jlyhq e| wkh j0irupxod +6, iru

j qrq0g|qdplf exw +4, lv uhtxluhg zkhq j lv g|qdplf/ dqg Urelqv +4<;:, vkrzv wkdw zkhq +4, lv idovh

exw +5, lv wuxh/ wkh lqwhjudo e +d> {, kdv d fdxvdo lqwhusuhwdwlrq dv H ^\ +d, m {`/ |hw qrqh ri wkh whupv lq
wkh lqwhjudqg rq wkh UKV ri +6, kdyh dq| fdxvdo lqwhusuhwdwlrq1

Wlph yv1 foxvwhulqj= UI dsshdu wr djuhh zlwk wkh dvvxpswlrqv dqg dqdo|vlv ri rxu Vhf1 :1 Krzhyhu/

wkh| vhhp wr suhihu wr dgg dq lqwhuphgldwh vwhs iru fodulw|/ zklfk zh holplqdwhg iru euhylw|1 Vshfl?fdoo|/

UI*v Fl fdq eh lghqwl?hg zlwk wkh xqrevhuyhg fryduldwh phqwlrqhg lq wkh wklug sdudjudsk ri wklv vhfwlrq

+zkhuh zh kdyh xvhg l udwkhu x iru xqlwv,1 Rxu fryduldwh +udqgrp, h>hfwv duh wkhq â4l @ ñ34Fl dqg

â5l @ ñ35Fl zkhuh ñ34 dqg ñ35 duh dv lq Htv1 +58,0+59,1 UI uhpdun wkdw dvvxpswlrq +4, ri rxu sdshu

fdq eh whvwhg li zh fdq dvvxph wuhdwphqw +vwuhvv, kdv qr h>hfw rq d vxevhw ri wkh srsxodwlrq1 Zh gr

ujk0uhmrlqg1wh{ 6 Qryhpehu 49/ 4<<<



qrw xqghuvwdqg wkh uhohydqfh ri wklv uhpdun/ vlqfh wkhuh zdv qr vxevhw derxw zklfk zh kdg vxfk sulru

nqrzohgjh1

Srwhqwldo frqirxqghuv dqg vhqvlwlylw| dqdo|vlv= UI rxwolqh dq dssurdfk wr vhqvlwlylw| dqdo|vlv

exw vshfl?f ghwdlov duh odfnlqj1 Lq Vhf1 5g ehorz/ zh surylgh vhqvlwlylw| dqdo|vlv dojrulwkpv wkdw duh

edvhg rq fodvvhv ri qrq0sdudphwulf +mxvw, lghqwl?hg +QSL, prghov lqwurgxfhg lq Urelqv hw do1 +4<<<,1

5f= Qhxkdxv= Qhxkdxv ehjlqv klv glvfxvvlrq e| dvvhuwlqj wkdw wkh h>hfw H
û
\ +d,ý \ ý3ü m {ú ri

pdwhuqdo vwuhvv klvwru| d @ dP rq wkh suhvhqfh ri fklogkrrg looqhvv \ @ \P.4 rq gd| P . 4 fdq eh

hvwlpdwhg iurp furvv0vhfwlrqdo gdwd e| surshqvlw| vfruh pdwfklqj1 Wklv dvvhuwlrq lv lqfruuhfw/ ehfdxvh +l,/

e| +6,/ lghqwl?delolw| ri H
û
\ +d,ý \ ý3ü m {ú/ lq jhqhudo/ uhtxluhv orqjlwxglqdo gdwd

ý
OP > DP > \

ü
/ dqg

+ll, hyhq zhuh vxfk orqjlwxglqdo gdwd dydlodeoh/ H
û
\ +d,ý \ ý3ü m {ú fdqqrw eh hvwlpdwhg e| surshqvlw|

vfruh pdwfklqj phwkrgv1 Qhxkdxv dovr lqfruuhfwo| vwdwhv wkdw wkh sdudphwulf j0irupxod hvwlpdwru xvhg lq

rxu sdshu lv dq dgdswlrq ri wkh phwkrgv ri Urelqv +4<<5, edvhg rq j0hvwlpdwlrq VQPv1 Rq wkh frqwudu|/

VQPv zhuh ghyhorshg wr ryhufrph lqdghtxdflhv ri wkh sdudphwulf j0irupxod hvwlpdwru1

Lq klv vhfrqg sdudjudsk/ Qhxkdxv lv lqwhuhvwhg lq wkh hvwlpdwlrq ri wkh frxqwhuidfwxdo suredelolw|

su
û
\p +d, @ 4 m \pý4 +d, @ 3> \ pý5 +d,

ú
wkdw d fklog ehfrphv loo rq gd| p jlyhq qrw loo rq gd| p ý 4

dqg sdvw looqhvv klvwru| \ pý5 +d, xqghu uhjlphv d zlwk ydulrxv vwuhvv sdwwhuqv/ zkhuh \p +d, lv d

wlph0ghshqghqw frxqwhuidfwxdo rxwfrph1 Xqghu dvvxpswlrq +4, ri rxu sdshu/ Qhxkdxv* lqwhuhvw fdq

eh hdvlo| dffrpprgdwhg hlwkhu +l, e| d sdudphwulf hvwlpdwru ri wkh j0ixqfwlrqdo iru wkh mrlqw odz ri

\P +d, ru/ ehwwhu |hw/ +ll, e| dq lqyhuvh0suredelolw|0ri0wuhdwphqw0zhljkwhg +LSWZ, hvwlpdwru ri d glv0

fuhwh wlph pdujlqdo vwuxfwxudo kd}dug prgho vxfk dv orjlw su
û
\p +d, @ 4 m \pý4 +d, @ 3> \pý5 +d,

ú
@

ìú4p.ìú5dp.ìú6dpý4.ìú7dpý5.ìú8dpý4dpý5.ìú9\pý5 +d,1 Li +4, ri rxu sdshu rqo| krogv frqglwlrqdo rq
dq xqphdvxuhg vxemhfw0vshfl?f fryduldwh Fl/ LSWZ hvwlpdwlrq fdq vwloo eh fduulhg rxw xqghu ixqfwlrqdo

irup dqg vwdwlrqdulw| dvvxpswlrqv rq i
û
Dn m On> Dný4> F>[

ú
/ vlplodu wr wkrvh glvfxvvhg lq Vhf1 : ri rxu

sdshu1

5g= Zdvvhupdq=
5g14= Wkh qxoo sdudgr{= Lq rxu sdshu/ zh hvwlpdwhg e +d> {, ri +6, e| d sdudphwulf j0irupxod

hvwlpdwru lq zklfk zh vxevwlwxwhg sdudphwulf prghov zlwk yduldwlrq0lqghshqghqw sdudphwhuv iru wkh

ghqvlw| dqg h{shfwdwlrqv lq +7,/ hvwlpdwhg wkhvh sdudphwhuv e| pd{lpxp olnholkrrg/ dqg soxjjhg wkh

hvwlpdwhv lqwr +7,1 Krzhyhu/ Urelqv +4<;9/ 4<<:, dqg Urelqv dqg Zdvvhupdq +4<<:, vkrz wkdw wklv

dssurdfk ohdgv wr wkh iroorzlqj qxoo sdudgr{1 Vxssrvh/ +l, wkh vkdus qxoo +7, krogv/ +ll, wuhdwphqw

d>hfwv wkh Op +l1h1/ +7, lv idovh zlwk O uhsodflqj \ ,/ dqg +lll,/ dv zloo qhduo| dozd|v eh wkh fdvh/ suh0

wuhdwphqw xqphdvxuhg khdowk vwdwxv/ vd| X3/ lv d fdxvdo ghwhuplqdqw ri erwk Op dqg \ 1 Wkhq/ zlwk

suredelolw| jrlqj wr 4/ wkh sdudphwulf j0ixqfwlrqdo hvwlpdwru ri e +d> {, zloo ghshqg rq d/ dqg wkxv wkh

qxoo k|srwkhvlv +7, zloo eh idovho| uhmhfwhg iru prvw fkrlfhv ri wkh sdudphwulf prghov1 Wkh h{sodqdwlrq

iru wklv sdudgr{ lv wkdw li +l,0+lll, krog/ wkhq/ xqghu wkh wuxh gdwd0jhqhudwlqj phfkdqlvp/ erwk lqwhjudqgv

i
ý
cp m cpý4> dpý4> {

ü
dqg H

û
\ m cP > dP > {

ú
zloo ghshqg rq wkh uhjlph d exw wkh lqwhjudo e +d> {, zloo

qrw1 Vxfk gholfdwh fdqfhoodwlrq ri wkh ghshqghqfh rq d lv qrw srvvleoh iru prvw sdudphwulf prghov> wkdw

lv/ iru prvw prghov wkhuh lv qr frpelqdwlrq ri sdudphwhu ydoxhv wkdw pdnhv e +d> {, lqghshqghqw ri d1

Ehorz zh frqvlghu phwkrgv wkdw dyrlg wkh qxoo sdudgr{1

5g15= Pdujlqdo vwuxfwxudo prghov dqg LSWZ vhplsdudphwulf hvwlpdwruv= D pdujlqdo

vwuxfwxudo prgho +PVP, iru H ^\ +d, m {` vshfl?hv

H ^\ +d, m {` @ g +d> {> ìú, +8,
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zkhuh g +d> {> ì, lv d nqrzq ixqfwlrq/ ìú lv dq xqnqrzq sdudphwhu yhfwru/ dqg ì @ +ì34> ì35,
3 lv frghg vr

wkdw ì5 @ 3 li dqg rqo| li g +d> {> ì, grhv qrw ghshqg rq d1 Wkh vkdus qxoo +7, lpsolhv ìú5 @ 3/ wkxv dyrlglqj
wkh qxoo sdudgr{1 Zh fdoo +8, d PVP ehfdxvh lw fdxvdoo| prghov wkh pdujlqdo glvwulexwlrq ri wkh \ +d,

+udwkhu wkdq/ vd|/ wkh fruuhodwlrq ri \ +d, dqg \ +dú, iru d 9@ dú,1 Lq frqwudvw/ d uhjuhvvlrq dvvrfldwlrq

+prgho, vxfk dv d JHH prgho vshfl?hv d sdudphwulf irup iru H
û
\ m D @ d>[ @ {

ú
@ H ^\ +d, m d> {`1

Qrwh wkdw H ^\ +d, m d> {` pd| ghshqg rq d hyhq li +7, lv wuxh/ l1h1/ dvvrfldwlrq lv qrw fdxvdwlrq1

Zkhq wkh wuhdwphqw surfhvv lv qrw dqfloodu|/ d udqgrp phdvxuh ri vwdwlvwlfdo qrq0dqfloodulw| lv Z @
PT
p@3

i
û
Dp m Dpý4> Op>[

ú
@

PT
p@3

i
û
Dp m Dpý4>[

ú
1 Vxssrvh Z lv nqrzq dqg frqvlghu wkh LSWZ hvwl0

pdwru eì vroylqj 3 @ qS
l@4
Xl +Zl> ì, zkhuh l lqgh{hv wkh q vwxg| vxemhfwv/ X +Z>ì, ì

Zý4 ûCg ýD>[> ìü @Cìú e÷ý4 ýD>[ü ^\ ý g +D>[> ì,`/ dqg e÷ ýD>[ü lv dq hvwlpdwhg zrunlqj fryduldqfh

pdwul{1 Wkh LSWZ hvwlpdwru eì jhqhudol}hv lghdv lq Ndoe hlvfk dqg Odzohvv +4<;;, dqg Iodqghuv dqg

Juhhqodqg +4<<4,1 Wkh frqvlvwhqf| ri eì iru ìú ri +8, xqghu +5, lv d fruroodu| ri wkh iroorzlqj ohppd1

Ohppd 4= Wkh j0irupxod e +d> {, lv wkh xqltxh ixqfwlrq vdwlvi|lqj H
û
t
ý
D>[

ü û
\ ý e ýD>[üú @Z ú @ 3

iru doo ixqfwlrqv t
ý
D>[

ü
iru zklfk wkh h{shfwdwlrq h{lvwv1

Wkh hì vroylqj qS
l@4
Xl +4> ì, lv wkh xvxdo JHH hvwlpdwru1 Lw zloo jhqhudoo| eh lqfrqvlvwhqw iru ìú xqohvv

Z @ 4 z=s=41 Ohppd 4 lpsolhv wkdw/ zkhq Z lv uhsodfhg e| dq hvwlpdwh fZ / eì uhpdlqv frqvlvwhqw li wkh
dvvljqphqw phfkdqlvp i

ý
Dp m Dpý4> Op>[

ü
lv hlwkhu nqrzq +dv lq d vhtxhqwldo UFW, ru d fruuhfw prgho

i
ý
Dp m Dpý4> Op>[>!

ü
lv vshfl?hg dqg wkh sdudphwhu ! lv frqvlvwhqwo| hvwlpdwhg1 Plvvshfl?fdwlrq ri

wkh prgho iru i
ý
Dp m Dpý4>[

ü
grhv qrw d>hfw frqvlvwhqf| +Urelqv/ 4<<<,1

5g161= Vhqvlwlylw| dqdo|vlv iru PVPv= Vxssrvh wkh \ +d, duh qrq0qhjdwlyh1 Wkh dvvxpswlrq +5,

ri qr xqphdvxuhg frqirxqghuv lpsolhv wkdw wkh frqwudvw oqH
û
\ +d, m {> cp> dpý4> dp

úý
oqH

û
\ +d, m {> cp> dpý4> d|p

ú
ehwzhhq wkh orjdulwkp ri wkh frqglwlrqdo frxqwhuidfwxdo phdq dprqj vxe0

mhfwv zlwk Dp @ dp dqg wkdw dprqj vxemhfwv zlwk Dp @ d|p wdnhv wkh ydoxh }hur iru doo d> {> cp> d|p1
Khqfh d qdwxudo dssurdfk wr prghoolqj wkh pdjqlwxgh ri frqirxqglqj gxh wr xqphdvxuhg idfwruv lv

wr vshfli| d prgho t
ý
{> cp> d> ò

|
p>ò

úü iru wkh deryh frqwudvw/ zkhuh òú lv dq xqnqrzq sdudphwhu dqg

t
ý
{> cp> d> ò

|
p>ò

ü
lv d nqrzq ixqfwlrq ^vxfk dv ò

ý
dp ý d|p

ü
` wkdw lv }hur li d|p @ dp ru ò @ 31 Wkh

pdjqlwxgh dqg vljq ri òú lqglfdwhv wkh ghjuhh dqg gluhfwlrq ri frqirxqglqj gxh wr xqphdvxuhg idfwruv1

Urelqv hw do1 +4<<<, suryh wkdw òú lv qrq0sdudphwulfdoo| xqlghqwl?hg1 Khqfh/ udwkhu wkdq wu|lqj wr hvwl0

pdwh òú iurp wkh gdwd/ zh ydu| ò lq d vhqvlwlylw| dqdo|vlv dv iroorzv1 Gh?qh wkh ò0fruuhfwhg yhuvlrq \ ú+ò,

ri \ wr eh \ ú+ò, @ \
PT
p@3

Tp+ò, zkhuhTp+ò, @ h{s
ûýt ý[>Op> D> 4ýDp>òüú õ4ý i ýDp m Op> Dpý4>[üô

zkhqDp lv d glfkrwrprxv +3> 4, yduldeoh/ dqgTp+ò, ì
U
h{s

õýt ý[>Op>D> dp>òüôgI ýdp m Op> Dpý4>[ü
pruh jhqhudoo|1 Urelqv hw do1 +4<<<, vkrz wkdw wkh LSWZ hvwlpdwru eì @ eì +ò,/ frpsxwhg e| uhsodflqj

\ e| \ ú+ò, lq X +Z>ì,/ uhpdlqv frqvlvwhqw iru wkh sdudphwhu ìú ri prgho +8, zkhq ò @ òú/ surylghg
wkdw rxu prgho i

ý
Dn m On> Dný4>[>!

ü
lv fruuhfwo| vshfl?hg1 Ilqdo frqfoxvlrqv ghshqg xsrq wkh ydoxhv

ri òú frqvlghuhg sodxvleoh e| uhohydqw h{shuwv1 Ehfdxvh wkh ixqfwlrqdo irup ri t lv qrw lghqwl?hg/ vhyhudo

vhqvlwlylw| dqdo|vhv xvlqj gl>huhqw ixqfwlrqdo irupv vkrxog eh uhsruwhg1 Wkh frqvlvwhqf| ri eì +òú, iroorzv
iurp wkh idfw wkdw Ohppd 4 uhpdlqv wuxh zkhq zh uhsodfh wkh j0irupxod e +d> {, e| f +d> {, ì H ^\ +d, m {`
dqg \ e| \ ú+òú,1 Zkhq wkh phdq ri \ pd| dvvxph dq| srvlwlyh ydoxh +h1j1/ \ lv Srlvvrq,/ dq| ydoxh

ri ò pd| eh fkrvhq1 Krzhyhu/ zkhq \ lv Ehuqrxool/ wkh pdjqlwxgh ri ò lv vrphzkdw olplwhg e| wkh

uhtxluhphqw wkdw suredelolwlhv qrw h{fhhg rqh1

5g171= Vwuxfwxudo qhvwhg prghov= Jlyhq d/ ohw +dp> 3, eh wkh wuhdwphqw klvwru| wkdw djuhhv zlwk
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d wkurxjk p dqg lv 3 wkhuhdiwhu1 D vwuxfwxudo qhvwhg phdq prgho +VQPP, iru wkh h>hfw ri d ?qdo eols

ri wuhdwphqw ri pdjqlwxgh dp dprqj vxemhfwv zlwk sdvw klvwru|
ý
cp> dp> {

ü
vshfl?hv wkdw

õ
õ
H
û
\ +dp> 3, m cp> dp> {

úô
@ õ

õ
H
û
\ +dpý4> 3, m cp> dp> {

úô
. ð

ý
cp> dp> {> #

úü
zkhuh õ+x, @ x iru dq dgglwlyh VQPP dqg õ+x, @ cq x iru d pxowlsolfdwlyh VQPP/ ð

ý
cp> dp> {> #

ü
lv d nqrzq ixqfwlrq vdwlvi|lqj ð

ý
cp> dp> {> #

ü
@ 3 li dp @ 3 ru # @ 3/ dqg #ú lv dq xqnqrzq sdudp0

hwhu1 Wkh vkdus qxoo +7, lpsolhv #ú @ 3/ wkxv dyrlglqj wkh qxoo sdudgr{1 Lq idfw/ xqghu dvvxpswlrq

+4,/ #ú @ 3 lv htxlydohqw wr wkh j0qxoo phdq k|srwkhvlv H +\ +j, m {, @ H
ý
\
ý
3
ü m {ü iru doo j1 Wr hv0

wlpdwh #ú/ gh?qh õ iKp +#,j @ õ+\ , ý
PS
n@p

ð
ý
On> Dn>[>#

ü
dqg ohw wp

ý
Dp> Op>[

ü
eh xvhu0vxssolhg

ixqfwlrqv ri wkh glphqvlrq ri #1 Wkhq/ xqghu +5,/ Urelqv +4<<7, suryhv wkdw H
û
Kp +#

ú, m Op> Dp>[
ú
@

H
û
Kp +#

ú, m Op> Dpý4>[
ú
> zklfk lpsolhv wkdw wkh 3j0hvwlpdwru4 e# vroylqj

S
l Xl +#, @ 3 zloo eh frqvlv0

whqw iru #ú zkhuh X +#, @
PS
p@3

Kp +#,
õ
wp
ý
Dp> Op>[

üý U wp ýDp> Op>[ü gI ûDp m Op> Dpý4>[úô1
Wkh hvwlpdwru e# jhqhudol}hv hvwlpdwruv ri Urvhqedxp +4<;7, dqg Urelqv/ Pdun/ dqg Qhzh| +4<<5, wr

wlph0ghshqghqw wuhdwphqwv1

Wkh whvw ri #ú @ 3 ^dqg wkxv ri wkh vkdus qxoo +7,` edvhg rq
S
l Xl +3, dqg lwv hvwlpdwhg yduldqfh

lv uhihuuhg wr dv d j0qxoo whvw +Urelqv/ 4<;9/ 4<<:,1 Lq dq revhuydwlrqdo vwxg|/ li +[>Dp> Op, duh doo

glvfuhwh zlwk exw d ihz ohyhov/ wkh qrqsdudphwulf j0qxoo whvw wkdw uhsodfhv gI
ý
Dp m Op> Dpý4>[

ü
e|

lwv qrq0sdudphwulf +hpslulfdo, hvwlpdwh lv dq dv|pswrwlfdoo| glvwulexwlrq iuhh +DGI, whvw ri wkh vkdus

qxoo/ hyhq li P lv odujh ru wkh 3srvlwlylw|4 dvvxpswlrq lv idovh1 Vshfli|lqj d sduvlprqlrxv sdudphwulf

prgho i
ý
Dp m Op> Dpý4>[>!

ü
zloo lqfuhdvh srzhu/ exw vdful?fh wkh DGI surshuw|1 J0qxoo whvwv duh wkh

rswlpdo vroxwlrq wr wkh qxoo sdudgr{1 Lq frqwudvw/ d whvw ri ìú @ 3 ri PVP +8, edvhg rq
S
lXl

ífZ> 3ì
dqg dq hvwlpdwh ri lwv yduldqfh fdq qhyhu eh DGI zkhq P lv odujh ru wkh srvlwlylw| dvvxpswlrq lv

idovh1 Ilqdoo|/ d Prqwh0Fduor hvwlpdwh ri wkh wuhdwphqw h>hfw H
û
\ +j,ý \ ý3ü m {ú edvhg rq dq dggl0

wlyh VQPP lv Mý4
MS
m@4

PS
p@3

ð
í
cp>m > dp>m > {> e#ì/ zkhuh wkh cp>m duh gudzq uhfxuvlyho| iurp dq hvwlpdwh ri

i
ý
cp m c+pý4,>m > d+pý4,>m > {

ü
dqg dp>m @ j

ý
cp>m > {

ü
1 Hvwlpdwlrq ri H

û
\ +j,ý \ ý3ü m {ú edvhg rq pxowl0

solfdwlyh VQPPv ru iru PVPv zlwk j g|qdplf lv frqvlghuhg lq Urelqv +4<<:/ 4<<<, dqg Urelqv hw do1

+4<<<,1

5g18= Vhqvlwlylw| dqdo|vlv iru VQPPv= Iru VQPPv/ wkhuh duh wzr glvwlqfw vhqvlwlylw| dqdo|vlv

phwkrgrorjlhv1 Wkh ?uvw lv forvho| dqdorjrxv wr wkh PVP phwkrgrorj| ghvfulehg deryh1

Phwkrg 41 Zh vshfli| d prgho tp
ý
cp> dp> {>òú

ü
iru wkh frqwudvw õ

õ
H
û
\ +dpý4> 3, m cp> dp> {

úôý
õ
õ
H
û
\ +dpý4> 3, m cp> dpý4> dp @ 3> {

úô
ehwzhhq wkh +õ0wudqviruphg, frqglwlrqdo frxqwhuidfwxdo phdq

dprqj vxemhfwv zlwk Dp @ dp dqg wkdw dprqj vxemhfwv zlwk Dp @ 3 zlwk d frpprq sdvw
ý
{> cp> dpý4

ü
1

Khuh/ òú lv d sdudphwhu dqg tp
ý
cp> dp> {>ò

ü
lv d nqrzq ixqfwlrq wkdw lv 3 li ò @ 3 ru dp @ 31 Wkh

sdudphwhu òú lv qrq0sdudphwulfdoo| xqlghqwl?hg dqg hqfrghv wkh ghjuhh dqg gluhfwlrq ri frqirxqglqj

gxh wr xqphdvxuhg idfwruv1 Dv ehiruh/ zh ydu| ò lq d vhqvlwlylw| dqdo|vlv1 Urelqv hw do1 +4<<<,

vkrz wkdw e# @ e# +ò, uhpdlqv frqvlvwhqw iru #ú zkhq ò @ òú li zh uhsodfh Kp +#, e| Kú
p +#>ò, @

õý4
õ
õ ^Kp +#,`ý t

ý
Op> Dp>[>ò

üô
lq X +#,1

Phwkrg 5 0 Lqvwuxphqwdo yduldeohv= Vxssrvh Dp @ +Dsp> Dgp, zkhuh Dsp lv wkh suhvfulehg

grvh ri d phglflqh dqg Dgp lv wkh dfwxdo frqvxphg grvh1 Vlqfh zh riwhq kdyh jrrg phdvxuhv ri zk|

grfwruv suhvfuleh d jlyhq grvh exw srru phdvxuhv ri zk| sdwlhqwv frpso|/ lw zrxog riwhq eh uhdvrqdeoh

wr dvvxph +5, zdv idovh exw wkh zhdnhu dvvxpswlrq \ +ü,cDsp m Op> Dpý4 zdv wuxh1 Lq wkdw fdvh/ zh

fdqqrw xvh PVPv ru wkh j0irupxod wr lghqwli| wkh h>hfw ri wkh mrlqw wuhdwphqw D rq \ 1 Krzhyhu/ rxu
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j0hvwlpdwh e# uhpdlqv frqvlvwhqw/ surylghg zh xvh ixqfwlrqv wp
ý
Dp> Op>[

ü
@ wp

ý
Dsp> Dpý4> Op

ü
wkdw

rqo| ghshqg rq Dp wkurxjk Dsp1 Li ð
ý
cp> dp> {> #

úü lv d ixqfwlrq ri dp rqo| wkurxjk dfwxdo grvh dgp/

zh vd| wkh Dsp duh 3lqvwuxphqwdo yduldeohv4 iru wkh Dgp +Urelqv/ 4<<5,1

Dgglwlrqdo Uhihuhqfhv

Dqjulvw/ M1G1/ Lpehqv/ J1Z1/ dqg Uxelq/ G1E1 +4<<9,1 Lghqwl?fdwlrq ri Fdxvdo H>hfwv Xvlqj Lqvwux0
phqwdo Yduldeohv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq1 <4=77707881

Frsdv/ M1E1 +4<:6,1 Udqgrpl}dwlrq prghov iru pdwfkhg dqg xqpdwfkhg 5 û 5 wdeohv1 Elrphwulnd/
93=79:07:91

Ilw}pdxulfh/ J1P1/ Odlug/ Q1/ dqg Urwqlw}n|/ D1J1 +4<<6,1 Uhso| wr frpphqwv rq 3Uhjuhvvlrq prghov
iru glvfuhwh orqjlwxglqdo uhvsrqvhv41 Vwdwlvwlfdo Vflhqfh/ ;=639063<1

Iodqghuv/ Z1G1/ dqg Juhhqodqg/ V1 +4<<4,1 Dqdo|wlf Phwkrgv iru Wzr Vwdjh Fdvh0frqwuro Vwxglhv dqg
Rwkhu Vwudwl?hg Ghvljqv1 Vwdwlvwlfv lq Phglflqh/ 43=:6<0:7:1

Ndoe hlvfk/ M1G1/ dqg Odzohvv/ M1I1 +4<;;,1 Olnholkrrg Dqdo|vlv ri Pxowl0vwdjh Prghov iru Glvhdvh
Lqflghqfh dqg Pruwdolw|1 Vwdwlvwlfv lq Phglflqh/ :=47<04931

Urelqv/ M1P1 +4<;;,1 Frq?ghqfh lqwhuydov iru fdxvdo sdudphwhuv1 Vwdwlvwlfv lq Phglflqh/ :=::60:;81
Urelqv/ M1P1/ Pdun VG/ dqg Qhzh| ZN1 +4<<5,1 Hvwlpdwlqj h{srvxuh h>hfwv e| prghoolqj wkh

h{shfwdwlrq ri h{srvxuh frqglwlrqdo rq frqirxqghuv1 Elrphwulfv/ 7;=7:<07<81
Urelqv/ M1P1 dqg Zdvvhupdq O1 +4<<:,1 Hvwlpdwlrq ri H>hfwv ri Vhtxhqwldo Wuhdwphqwv e| Uhsdudp0

hwhul}lqj Gluhfwhg Df|folf Judskv1 Surfhhglqjv ri wkh Wkluwhhqwk Frqihuhqfh rq Xqfhuwdlqw| lq Duwl?fldo
Lqwhooljhqfh/ Surylghqfh/ Ukrgh Lvodqg/ Dxjxvw 406/ 4<<:1 Gdq Jhljhu dqg Sudndvk Vkhqr| +Hgv1,/ Pru0
jdq Ndxipdqq/ Vdq Iudqflvfr/ ss1 73<07531

Urvhqedxp/ S1U1 +4<<8,1 Revhuydwlrqdo Vwxglhv1 Qhz \run= Vsulqjhu0Yhuodj1
Uxelq/ G1E1 +4<<4,1 Sudfwlfdo lpsolfdwlrqv ri prghv ri vwdwlvwlfdo lqihuhqfh iru fdxvdo h>hfwv dqg wkh

fulwlfdo uroh ri wkh dvvljqphqw phfkdqlvp1 Elrphwulfv/ 7:=4546045671
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