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Hvwlpdwlrq ri wkh Fdxvdo H>hfw ri d Wlph0ydu|lqj H{srvxuh rq
wkh Pdujlqdo Phdq ri d Uhshdwhg Elqdu| Rxwfrph
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Orv Dqjhohv/ FD
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VXPPDU\

Zh surylgh vx!flhqw frqglwlrqv iru hvwlpdwlqj iurp orqjlwxglqdo gdwd wkh fdxvdo h>hfw ri d
wlph0ghshqghqw h{srvxuh ru wuhdwphqw rq wkh pdujlqdo suredelolw| ri uhvsrqvh iru d glfkrwrprxv
rxwfrph1 Zh wkhq vkrz krz rqh fdq hvwlpdwh wklv h>hfw xqghu wkhvh frqglwlrqv xvlqj wkh J0
frpsxwdwlrq dojrulwkp ri Urelqv +4<;9,1 Zh dovr ghulyh wkh frqglwlrqv xqghu zklfk vrph fxuuhqw
dssurdfkhv wr wkh dqdo|vlv ri orqjlwxglqdo gdwd/ vxfk dv wkh jhqhudol}hg hvwlpdwlqj htxdwlrqv
+JHH, dssurdfk ri ]hjhu dqg Oldqj +4<;9,/ wkh ihhgedfn prgho whfkqltxhv ri Oldqj dqg ]hjhu
+4<<4,/ dqg zlwklq0vxemhfw frqglwlrqdo phwkrgv/ fdq surylgh ydolg whvwv dqg hvwlpdwhv ri fdxvdo
h>hfwv1 Zh xvh rxu phwkrgv wr hvwlpdwh wkh fdxvdo h>hfw ri pdwhuqdo vwuhvv rq wkh pdujlqdo
suredelolw| ri d fklog*v looqhvv iurp wkh Prwkhuv* Vwuhvv dqg Fkloguhq*v Pruelglw| gdwd dqg
frpsduh rxu uhvxowv zlwk wkrvh suhylrxvo| rewdlqhg e| ]hjhu dqg Oldqj +4<;9, xvlqj d jhqhudol}hg
hvwlpdwlqj htxdwlrqv +JHH, dssurdfk1

Nh|zrugv= Fdxvdo h>hfwv> Wlph0ghshqghqw fryduldwhv> Orqjlwxglqdo gdwd> J0frpsxwdwlrq
dojrulwkp> jhqhudol}hg hvwlpdwlqj htxdwlrqv +JHH,> Pdunry fkdlqv1

4 Mdphv P1 Urelqv lv Surihvvru ri Hslghplrorj| dqg Elrvwdwlvwlfv/ Ghsduwphqw ri Hslghplrorj|/ Kduydug Vfkrro
ri Sxeolf Khdowk/ 9:: Kxqwlqjwrq Dyhqxh/ Ervwrq/ PD 35448/ urelqvChslqhw1kduydug1hgx1

5Vdqghu Juhhqodqg lv Surihvvru ri Hslghplrorj|/ XFOD Vfkrro ri Sxeolf Khdowk/ Orv Dqjhohv/ FD/ <33<81
6Ix0Fkdqj Kx lv Surihvvru/ Froohjh ri Sxeolf Khdowk/ Qdwlrqdo Wdlzdq Xqlyhuvlw|/ 4/ Mhq0Dl Urdg/ Vhf1 4/

Wdlshl/ Wdlzdq/ URF1
7Wkh dxwkruv duh yhu| judwhixo wr Surihvvru Fkhu|o Doh{dqghu dw Wkh Mrkqv Krsnlqv Xqlyhuvlw| iru nlqgo|

r>hulqj wkh Prwkhuv* Vwuhvv dqg Fkloguhq*v Pruelglw| gdwd/ wr Pu1 Urehuw P1 E|huv dqg Pv1 Prqltxh Sdpeuxq
iru wkhlu lqlwldo frpsxwlqj zrun/ dqg wr Surihvvru Qdq P1 Odlug iru khu frpphqwv rq dq hduo| gudiw ri wklv sdshu/
zklfk zdv wkh ?uvw sduw ri wkh Vf1G1 glvvhuwdwlrq ri wkh wklug dxwkru lq wkh Ghsduwphqw ri Elrvwdwlvwlfv dw wkh
Kduydug Vfkrro ri Sxeolf Khdowk xqghu wkh dgylfh ri wkh ?uvw dxwkru1



41 LQWURGXFWLRQ

Wkh Prwkhuv* Vwuhvv dqg Fkloguhq*v Pruelglw| Vwxg| +PVFP, lv d orqjlwxglqdo revhuydwlrqdo

vwxg| ri wkh fdxvdo h>hfw ri pdwhuqdo vwuhvv rq fklogkrrg looqhvv +]hjhu dqg Oldqj/ 4<;9/ ss1

458045;,1 Lq wkh PVFP gdwd/ wkh gdlo| suhydohqfh ri fklogkrrg looqhvv zdv 47(1 Frqvlghu wkh

iroorzlqj fdxvdo txhvwlrqv1 Krz zrxog wkh suhydohqfh fkdqjh li dq rq0jrlqj/ ixoo| h>hfwlyh vwuhvv

uhgxfwlrq lqwhuyhqwlrq surjudp zhuh lqvwlwxwhgB Krz zrxog suhydohqfh fkdqjh li frqglwlrqv

zruvhq dqg doo prwkhuv zhuh vxemhfwhg wr vxevwdqwldo vwuhvv rq d gdlo| edvlvB Wr dwwhpsw wr

dqvzhu wkhvh txhvwlrqv/ zh vkdoo xvh d irupdo prgho iru fdxvdo h>hfwv lq orqjlwxglqdo vwxglhv

lqwurgxfhg lq Urelqv +4<;9/ 4<;:de,1 Wklv prgho h{whqgv Uxelq*v +4<:7/ 4<:;, fdxvdo prgho iru

3srlqw4 wuhdwphqw vwxglhv wr orqjlwxglqdo vwxglhv zlwk wlph0ydu|lqj wuhdwphqwv dqg frqirxqghuv1

Zh vkrz wkdw wkh phwkrgv iru fdxvdo lqihuhqfh ghyhorshg e| Urelqv surylgh d ehwwhu mxvwl?hg

edvlv iru dqvzhulqj wkh deryh fdxvdo txhvwlrqv lq orqjlwxglqdo gdwd lq jhqhudo dqg lq wkh PVFP

vwxg| lq sduwlfxodu wkdq gr phwkrgv edvhg rq jhqhudol}hg hvwlpdwlqj htxdwlrqv +JHHv,1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq dq revhuydwlrqdo vwxg| rqh fdq/ lq jhqhudo/ lghqwli|

fdxvdo h>hfwv rqo| zkhq wkhuh duh qr xqphdvxuhg frqirxqghuv1 Zh xvh d frxqwhuidfwxdo fdxvdo

prgho wr surylgh d irupdo gh?qlwlrq ri wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv1 Xqghu wklv

qr0frqirxqglqj dvvxpswlrq/ zh vkrz/ lq Vhfwlrq 6/ krz wr frqvwuxfw whvwv dqg hvwlpdwruv ri wkh

h>hfw ri vwuhvv rq wkh pdujlqdo suredelolw| +l1h1 suhydohqfh, ri looqhvv xvlqj wkh J0frpsxwdwlrq

dojrulwkp ri Urelqv/ dqg/ lq Vhfwlrq 8/ zh uhdqdo|}h wkh prwkhuv* vwuhvv dqg pruelglw| gdwd

zlwk wkhvh phwkrgv1 Lq Vhfwlrq 7/ zh vkrz wkdw wkh jhqhudol}hg hvwlpdwlqj htxdwlrq dssurdfk ri

Oldqj dqg ]hjhu frxog eh xvhg wr whvw iru ru hvwlpdwh fdxvdo h>hfwv rqo| li sdvw looqhvv klvwru| lv

qrw d frqirxqghu iru wkh h>hfw ri pdwhuqdo vwuhvv rq vxevhtxhqw looqhvv1 Lq Vhfwlrq 8/ zh surylgh

hylghqfh wkdw sdvw looqhvv klvwru| lv d frqirxqghu lq wkh PVFP gdwd1

Zh dovr vkrz wkdw/ li sdvw looqhvv klvwru| lv wkh rqo| wlph0ghshqghqw frqirxqghu/ rqh fdq

whvw iru dq h>hfw ri vwuhvv rq wkh pdujlqdo suredelolw| ri looqhvv e| whvwlqj zkhwkhu looqhvv dw

wlph p lv frqglwlrqdoo| lqghshqghqw ri sdvw vwuhvv klvwru|/ jlyhq sdvw looqhvv klvwru| dqg edvholqh

frqirxqghuv1 Krzhyhu/ rqh pxvw xvh wkh J0frpsxwdwlrq dojrulwkp wr hvwlpdwh wkh pdjqlwxgh

ri wkh h>hfw1 Zh vkrz/ lq Vhfwlrq 9/ wkdw li wkhuh duh dgglwlrqdo wlph0ghshqghqw frqirxqglqj

idfwruv/ rqh fdqqrw ydolgo| whvw wkh qxoo k|srwkhvlv ri qr fdxvdo h>hfw ri vwuhvv rq fklogkrrg

looqhvv e| ruglqdu| uhjuhvvlrq whfkqltxhv/ lqfoxglqj wkh ihhgedfn prgho whfkqltxhv ri Oldqj

dqg ]hjhu +4<<4,/ uhjdugohvv ri zkhwkhu ru qrw rqh dgmxvwv iru sdvw frqirxqghu klvwru| lq wkh

dqdo|vlv1 Djdlq/ lq wklv vhwwlqj/ ydolg whvwv dqg frqvlvwhqw hvwlpdwhv fdq eh frqvwuxfwhg xvlqj

wkh J0frpsxwdwlrq dojrulwkp1 Lq Vhfwlrq :/ zh ghulyh frqglwlrqv xqghu zklfk rqh fdq ydolgo|

hvwlpdwh wkh fdxvdo h>hfw ri vwuhvv rq fklogkrrg looqhvv e| xvlqj zlwklq prwkhu0fklog sdlu frq0

glwlrqdo olnholkrrg phwkrgv1 Urelqv kdv ghyhorshg vhyhudo rwkhu phwkrgv wkdw frpsohphqw wkh

j0frpsxwdwlrq dojrulwkp dssurdfk iru hvwlpdwlqj wkh fdxvdo h>hfw ri d wlph0ydu|lqj h{srvxuh

ru wuhdwphqw rq wkh pdujlqdo phdq ri d glfkrwrprxv rxwfrph1 Lq Vhf1 ;/ zh eulh | frqwudvw

wkh j0frpsxwdwlrq dojrulwkp zlwk wzr ri wkhvh dowhuqdwlyh phwkrgv= j0hvwlpdwlrq ri vwuxfwxudo

qhvwhg prghov dqg lqyhuvh suredelolw| ri wuhdwphqw zhljkwhg hvwlpdwlrq ri pdujlqdo vwuxfwxudo

prghov1
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51 GHILQLWLRQV DQG DVVXPSWLRQV

5141 Fdxvdo H>hfw ri d Wlph0Ghshqghqw H{srvxuh

Rxu jrdo zloo eh wr hvwlpdwh wkh h>hfw ri pdwhuqdo vwuhvv rq wkh suhydohqfh ri fklogkrrg looqhvv dw

hdfk ri wkh P wlphv dw zklfk wkh rxwfrph zdv phdvxuhg1 Wkhuhiruh/ ohw p @ 4> 5> = = = >P lqgh{

wkh glvfuhwh wlphv dw zklfk gdwd rq wkh rxwfrph \6cð dqg wkh h{srvxuh D6cð zhuh rewdlqhg/ dqg

ohw l @ 4> 5> = = = > Q lqgh{ wkh fkloguhq lq wkh PVFP vwxg|1 Lq wkh frqwh{w ri wkh PVFP vwxg|/

\6cð zdv 4 li fklog l zdv loo rq gd| p dqg zdv }hur rwkhuzlvh> D6cð zdv 4 li fklog l*v prwkhu zdv

vx>hulqj iurp vwuhvv rq gd| p dqg zdv }hur rwkhuzlvh1 Ohw [ð eh d yhfwru ri wlph0lqghshqghqw

edvholqh fryduldwhv uhfruglqj krxvhkrog vl}h/ fklog*v udfh/ sduhqwdo/ hpsor|phqw/ dqg pdulwdo

vwdwxv/ dqg ohw O6cð eh d yhfwru ri dgglwlrqdo wlph0ghshqghqw fryduldwhv1

Uxelq +4<:7/ 4<:;, dqg Kroodqg +4<;9, dujxhg wkdw d irupdo wuhdwphqw ri fdxvdo h>hfwv

uhtxluhg h{solflw uhihuhqfh wr srvvleo| frxqwhuidfwxdo rxwfrphv1 Vhh Ohzlv +4<:6, iru sklorvrsk0

lfdo irxqgdwlrqv ri wklv dssurdfk dqg Uxelq +4<<3, iru d uhylhz ri lwv klvwru| lq vwdwlvwlfv1 Zh

gh?qh \ Efä6cð wr eh zkdw wkh rxwfrph ri fklog l dw wlph p zdv ru zrxog kdyh ehhq li wkh fklog kdg

qrw ehhq h{srvhg wr prwkhu*v vwuhvv dw dq| wlph gxulqj iroorz0xs1 Vlploduo|/ \ E�ä6cð lv zkdw wkh

rxwfrph ri wkh vdph fklog zdv ru zrxog kdyh ehhq li wkdw fklog kdg ehhq frqwlqxrxvo| h{srvhg

wr prwkhu*v vwuhvv ehjlqqlqj dw vwduw ri iroorz0xs1 Lq rwkhu zrugv/ \ Efä6cð dqg \
E�ä
6cð uhihu wr wkh

vdph fklog xqghu gl>huhqw frqglwlrqv> dw ohdvw rqh dqg srvvleoh erwk ri wkhvh frqglwlrqv +qhyhu

h{srvhg/ dozd|v h{srvhg, glg qrw rffxu +l1h1/ lv frxqwhuidfwxdo,/ vr wkdw dw prvw rqh dqg srvvleo|

qhlwkhu htxdov \6cð +wkh dfwxdo rxwfrph,1 Rxu qrwdwlrq lpsolflwo| lqfrusrudwhv Fr{*v +4<8;, 3qr

lqwhudfwlrq ehwzhhq xqlwv4 dvvxpswlrq wkdw fklog l*v frxqwhuidfwxdo rxwfrphv gr qrw ghshqg rq

wkh wuhdwphqw +l1h1/ pdwhuqdo vwuhvv, uhfhlyhg e| dq| rwkhu fklog1 Uxelq +4<:;, uhihuv wr wklv

dvvxpswlrq dv wkh vwdeoh xqlw wuhdwphqw ydoxh dvvxpswlrq1

Iru dq| surfhvv ]/ ohw ]6 @ +]�> = = = > ]6, iru p è 4 dqg }hur li p é 31 Zh dvvxph

wkdw wkh Q gdwd vwulqjv
í
\
Efä
�cð> \

E�ä
�cð> \�cð> D�cð> O�cð> [ð

ì
> l @ 4> = = =Q duh uhdol}dwlrqv ri Q

lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg udqgrp yhfwruv dqg zloo khqfhiruwk vxssuhvv wkhlu

ghshqghqfh rq wkh vxemhfw lqgh{ l1 Khuh zh kdyh dgrswhg wkh qrwdwlrqdo frqyhqwlrq wkdw iru

dq| surfhvv ]/ ]6 @ +]�> = = = > ]6, lv wkh klvwru| ri wkh surfhvv xqwlo wlph p1 Iru qrwdwlrqdo

frqyhqlhqfh/ zh gh?qh ]6 ì 3 iru p é 31
Gh?qh

ëEfä6 +{, ì H
k
\ Efä6 m [ @ {

l
> ëE�ä6 +{, ì H

k
\ E�ä6 m [ @ {

l
1

Wkxv/ iru h{dpsoh/ ëEfä6 +{, lv wkh suhydohqfh ri fklogkrrg looqhvv dw wlph p kdg/ frqwudu| wr

idfw/ qr h{srvxuh wr pdwhuqdo vwuhvv rffxuuhg gxulqj wkh iroorz0xs shulrg1 Qrwh wkdw/ ehfdxvh

dw prvw rqh ri \ Efä6 dqg \ E�ä6 pd| eh revhuyhg rq wkh vdph vxemhfw dqg qrw doo vxemhfwv dw d

jlyhq [ @ { kdyh frqvwdqw h{srvxuh/ qhlwkhu ëEfä6 +{, qru ë
E�ä
6 +{, duh lghqwl?deoh zlwkrxw ixuwkhu

dvvxpswlrqv1 Zh gh?qh wkh dyhudjh fdxvdo h>hfw ri frqwlqxrxv h{srvxuh yhuvxv qr h{srvxuh rq

wkh pdujlqdo h{shfwdwlrq ri \ dw wlph p iru vxemhfwv zlwk edvholqh fryduldwhv [ @ { dv

ï6+{, ì ëE�ä6 +{,ý ëEfä6 +{, @ H
k
\ E�ä6 m [ @ {

l
ýH

k
\ Efä6 m [ @ {

l
=

Wkdw lv/ ï6+{, lv wkh pdujlqdo suredelolw| jlyhq [ @ { ri looqhvv dw wlph p kdg doo wkh fkloguhq
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ehhq frqwlqxrxvo| h{srvhg wr prwkhu*v vwuhvv plqxv wkh pdujlqdo suredelolw| ri looqhvv dw wlph

p kdg doo fkloguhq qhyhu ehhq h{srvhg wr prwkhu*v vwuhvv vlqfh vwduw ri iroorz0xs1 Zh fdoo ï6+{,

wkh h{whqghg fdxvdo ulvn gl>huhqfh dw wlph p iru vxemhfwv zlwk edvholqh fryduldwh ydoxhv { +fi1

Urelqv/ 4<;<,1

Dowkrxjk wkh dfwxdo vwxg| odvwhg mxvw 63 gd|v/ zh pljkw eh lqwhuhvwhg lq zkdw wkh ydoxh ri

ï6+{, zrxog eh iru p odujhu wkdq 63 gd|v exw ohvv wkdq 93 gd|v1 Ryhu orqjhu shulrgv/ rqh zrxog

qhhg wr dffrxqw iru wkh yduldwlrq lq looqhvv udwhv zlwk vhdvrq ri wkh |hdu1 Lq wklv sdshu/ zh duh

pdlqo| lqwhuhvwhg lq hvwlpdwlqj ëE�ä6 +{,/ ë
Efä
6 +{,/ dqg wkh fdxvdo sdudphwhuv ï6+{, iru p ehwzhhq

53 dqg 931

Zh kdyh pdgh wzr dvvxpswlrqv wkdw pd| zhoo qrw krog lq wkh PVFP gdwd1 Iluvw/ rxu

dvvxpswlrq ri lqghshqghqfh ehwzhhq vxemhfwv pd| eh idovh1 Iru h{dpsoh/ li +l, wkh gdwd rq doo

49: vxemhfwv zdv froohfwhg ryhu wkh vdph 63 gd| lqwhuydo/ +ll, vshoov ri frog dqg udlq| zhdwkhu ohdg

wr lqfuhdvhg udwhv ri fklogkrrg looqhvv/ dqg +lll, phwhrurorjlfdo gdwd zhuh qrw uhfrughg iru gdwd

dqdo|vlv/ wkhuh zrxog eh d srvlwlyh fruuhodwlrq ehwzhhq wkh yduldeohv \6cð dqg \6cæ rq vxemhfwv

l dqg m dwwulexwdeoh wr wkh rplwwhg zhdwkhu yduldeohv1 Vhfrqg/ wkh dvvxpswlrq ri qr lqwhudfwlrq

ehwzhhq xqlwv pd| eh idovh1 Iru h{dpsoh/ li d qxpehu ri wkh vwxglhg fkloguhq dwwhqghg wkh vdph

gd| fduh fhqwhu/ wkhq looqhvv frxog vsuhdg iurp rqh fklog wr wkh qh{w1 Lw lv zhoo nqrzq wkdw wkh

dvvxpswlrq ri qr lqwhudfwlrq ehwzhhq xqlwv idlov iru lqihfwlrxv glvhdvhv1 Hyhq wkrxjk srvvleo|

idovh/ zh kdyh fkrvhq wr lpsrvh wkhvh wzr dvvxpswlrqv ehfdxvh +l, wkh| zhuh lpsolflw lq ]hjhu

dqg Oldqj*v +4<;9, JHH dqdo|vlv ri wkh PVFP gdwd/ ehfdxvh zkhqhyhu wkh dvvxpswlrq ri qr

lqwhudfwlrq ehwzhhq xqlwv lv idovh/ wkh dvvxpswlrq ri vwdwlvwlfdo lqghshqghqfh ehwzhhq vxemhfwv

zloo dovr idlo +ll, rxu sulqflsoh remhfwlyh lv wr ghulyh/ xqghu wkhlu dvvxpswlrqv/ wkh frqglwlrqv

xqghu zklfk d JHH dqdo|vlv zrxog kdyh d fdxvdo lqwhusuhwdwlrq dqg wr sursrvh dq dowhuqdwlyh

dqdo|vlv vwudwhj| zkhq wkhvh frqglwlrqv gr qrw krog/ dqg +lll, lq prvw orqjlwxglqdo gdwd vhwv/

wkh wzr dvvxpswlrqv duh zduudqwhg1 Idloxuh wr lpsrvh wkh wzr dvvxpswlrqv zrxog kdyh juhdwo|

frpsolfdwhg wkh dqdo|vlv/ vhulrxvo| ohqjwkhqhg wkh sdshu/ dqg gudzq dwwhqwlrq dzd| iurp rxu

pdlq srlqwv1

5151 Dvvxpswlrqv iru Lghqwl?fdwlrq ri Fdxvdo Sdudphwhuv

Zh pd| irupdol}h wkh qrwlrq ri qr xqfrqwuroohg frqirxqghuv zlwk wkh dvvxpswlrq wkdw/ iru hdfk

wlph n/ h{srvxuh D& lv lqghshqghqw ri wkh yhfwru ri ixwxuh srwhqwldo rxwfrphvqí
\
Efä
6 > \

E�ä
6

ì
>p @ n . 4> n . 5> = = = >P

r
/ jlyhq wkh revhuyhg h{srvxuh klvwru| D&3� wkurxjk

wlph ný4/ wkh revhuyhg klvwru| ri wkh rxwfrph \ & @ +\�> = = = > \&, wkurxjk wlph n/ wkh klvwru| ri
rwkhu frqwuroohg wlph0ghshqghqw srwhqwldo frqirxqglqj idfwruv O& @ +O�> = = = > O&, wkurxjk wlph

n/ dqg edvholqh fryduldwhv [1 Wkdw lv/qí
\ Efä6 > \ E�ä6

ì
>p @ n . 4> n . 5> = = = >P

rd
D& m D&3�> \ &> O&>[ +4,

iru doo n è 4/ zkhuh [
c
\ m ] phdqv 3[ lv frqglwlrqdoo| lqghshqghqw ri \ jlyhq ]14 Dv0

vxpswlrq +4, vd|v wkdw wkh udqgrp yduldeoh ghqrwlqj dfwxdo h{srvxuh +l1h1/ pdwhuqdo vwuhvv, dw

wlph n lv lqghshqghqw ri wkh ixwxuh frxqwhuidfwxdo udqgrp yduldeohv frqglwlrqdo rq wkh revhuyhg

sdvw1 Urelqv +4<;9/ 4<;:d, kdv vkrzq wkdw Dvvxpswlrq 4 lv vx!flhqw iru lghqwl?fdwlrq ri wkh

sdudphwhuv ëE�ä6 +{, > ë
Efä
6 +{, > ï6 +{, iurp wkh revhuyhg gdwd surylghg wkh frqglwlrqdo suredelo0
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lw| ri h{srvxuh dqg ri qrq0h{srvxuh dw hdfk wlph n jlyhq wkh revhuyhg sdvw
ý
D&3�> \ &> O&> [

ü
h{fhhgv }hur1

Xqghu rxu frxqwhuidfwxdo prgho/ wkh odwhqw yduldeohvqí
\ Efä6 > \ E�ä6

ì
>p @ n . 4> n . 5> = = = >P

r
duh qrw lq xhqfhg e| wkh h{srvxuh D& dfwxdoo| uhfhlyhg dw wlph n +Urelqv/ 4<;9> Urelqv/ 4<<5/

4<<7,1 Lq wklv uhvshfw/ \ Efä6 dqg \ E�ä6 duh olnh edvholqh fryduldwhv1 Lw iroorzv wkdw li/ dw hdfk wlph n/

prwkhu*v vwuhvv lv dvvljqhg wr fkloguhq dw udqgrp e| wkh  ls ri d frlq/ wkhq dvvxpswlrq +4, zrxog

eh wuxh hyhq li wkh suredelolw| wkdw wkh frlq odqgv khdgv ghshqgv xsrq sdvw klvwrulhv D&3�> \ &> O&
dqg edvholqh fryduldwhv [1 Ehfdxvh vxfk sk|vlfdo udqgrpl}dwlrq jxdudqwhhv dvvxpswlrq +4,/

prvw shrsoh dffhsw wkdw ydolg fdxvdo lqihuhqfhv fdq eh rewdlqhg iurp d udqgrpl}hg wuldo1 Vhh

Uxelq +4<:;,/ Kroodqg +4<;9,/ Juhhqodqg dqg Urelqv +4<;9, dqg Urelqv +4<;9, iru ixuwkhu

glvfxvvlrq1 Ehfdxvh lq dq revhuydwlrqdo vwxg|/ dvvxpswlrq +4, fdqqrw eh jxdudqwhhg wr krog dqg

fdqqrw eh hpslulfdoo| whvwhg/ gudzlqj fdxvdo lqihuhqfhv iurp revhuydwlrqdo gdwd lv pxfk pruh

frqwuryhuvldo1

61 WHVWLQJDQGHVWLPDWLRQZKHQWKHUHDUHQRWLPH0YDU\LQJ
1 FRQIRXQGHUV

Vxssrvh wkdw wkh qr0frqirxqglqj dvvxpswlrq +4, uhpdlqv wuxh zkhq O& lv ghohwhg1 Wkdw lv/

vxssrvh qí
\ Efä6 > \ E�ä6

ì
>p @ n . 4> n . 5> = = = >P

rd
D& m D&3�> \ &>[ iru doo n 1 +5,

Dvvxpswlrq 5 irupdol}hv wkh lghd wkdw wkhuh lv qr frqirxqglqj iru wkh h>hfw ri fxuuhqw h{srvxuh

rq rxwfrph e| wlph0ghshqghqw ru rwkhu xqfrqwuroohg fryduldwhv1

Zkhq wkh revhuyhg gdwd duh
ý
\� > D� > [

ü
/ wkh qr0frqirxqglqj dvvxpswlrq +5, doorzv xv

wr whvw wkh iroorzlqj vkdus fdxvdo qxoo k|srwkhvlv wkdw prwkhu*v vwuhvv kdv qr h>hfw rq fklog*v

looqhvv1

\ Efä6 @ \ E�ä6 @ \6 iru doo p1 +6,

Wklv vkdus fdxvdo qxoo k|srwkhvlv lpsolhv wkdw hdfk vxemhfw*v revhuyhg dqg odwhqw rxwfrphv duh

lghqwlfdo1 Jlyhq dvvxpswlrq +5,/ wkh uhvwulfwlrq rq wkh revhuydeoh udqgrp yduldeohv
ý
\� > D� >[

ü
lpsolhg e| k|srwkhvlv +6, lv wkdw

+\&n�> = = = > \�,
d
D& m D&3�> \ &> [ iru doo n/ +7,

zklfk vwdwhv wkdw rxwfrphv revhuyhg diwhu wlph n duh lqghshqghqw ri h{srvxuh dw n/ jlyhq

h{srvxuh xs wr n/ rxwfrphv xs wkurxjk n/ dqg wkh ?{hg fryduldwhv1 Lw lv d sxuho| dvvrfldwlrqdo

k|srwkhvlv> ehfdxvh lw lqyroyhv rqo| revhuyhg yduldeohv/ lw lv whvwdeoh zlwkrxw ixuwkhu dvvxpswlrqv1

Wkhuhiruh/ jlyhq wkh qr0frqirxqglqj dvvxpswlrq +5,/ uhmhfwlrq ri wkh dvvrfldwlrqdo qxoo k|srwkhvlv

+7, orjlfdoo| hqwdlov uhmhfwlrq ri wkh fdxvdo qxoo k|srwkhvlv +6,1 Frqvhtxhqwo|/ dq ò0ohyho whvw ri

wkh dvvrfldwlrqdo qxoo k|srwkhvlv +7, zloo dovr eh dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv +6,1
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Zh dovr kdyh wkh iroorzlqj uhvxow/ zklfk lv d vshfldo fdvh ri wkh J0qxoo wkhruhp ri Urelqv +4<;9/

Vhf1 9,1

Sursrvlwlrq 4 +Whvwlqj,= Wkh dvvrfldwlrqdo qxoo k|srwkhvlv +7, lv wuxh li dqg rqo| li/ dw

doo wlphv p/

H
û
\6 m \ 63�> D63�> [

ú
@ H

û
\6 m \ 63�> [

ú
> +8,

wkdw lv/ k|srwkhvlv 7 krogv li dqg rqo| li wkh frqglwlrqdo h{shfwdwlrq ri \6 grhv qrw ghshqg rq

sdvw h{srvxuh klvwru| jlyhq sdvw rxwfrphv dqg edvholqh1 Sursrvlwlrq 4 lpsolhv wkdw/ xqghu wkh

qr0frqirxqglqj dvvxpswlrq +5,/ dq ò0ohyho whvw ri wkh uhjuhvvlrq qxoo k|srwkhvlv +8, lv dq ò0ohyho

whvw ri wkh dvvrfldwlrqdo qxoo k|srwkhvlv +7,/ dqg khqfh lv dq ò0ohyho whvw ri wkh vkdus fdxvdo qxoo

k|srwkhvlv +6,1

Zh pd| whvw k|srwkhvlv +8, e| vshfli|lqj d sdudphwulf vwdwlvwlfdo prgho S6 +ñ, iru lw ohiw0

kdqg vlgh=

H
û
\6 m \ 63�> D63�> [

ú ì Su û\6 @ 4 m \ 63�> D63�>[ú @ S6 +ñ, 1 +9,

Dq h{dpsoh ri vxfk d prgho lv/ iru p è 7/

orjlw ^S6 +ñ,` @

ñf . ñ�D63� . ñ2D632 . ñôD63ô . ñe\63� . ñD\632 . ñSDyjD63e
.ñ.Dyj\63ô . ñHp. ñb +pD63�, . ñ�f +p\63�, . ñ

A
��[

>
+:,

zkhuh ñA ì ýñf> ñ�> = = = > ñA��üA > DyjD63e ì 63eS
&'�

D&@+pý7, lip è 8/ }hur rwkhuzlvh> Dyj\63ô ì
63ôS
&'�

\&@+pý6, lip è 7/ }hur rwkhuzlvh> dqgpD63� dqgp\63� duh wlphûvwuhvv dqg wlphûlooqhvv
lqwhudfwlrq whupv/ uhvshfwlyho|1

Zh kdyh uhvwulfwhg dwwhqwlrq wr wlphv p è 7/ ehfdxvh D63ô lv xqnqrzq zkhq p ? 71 Wr

dlg rxu lq h{srvlwlrq/ zh dvvxph xqwlo Vhfwlrq 8 wkdw prgho +:, lv fruuhfw iru doo p1 Prghov vxfk

dv +:, wkdw frqglwlrq rq wkh hqwluh sdvw kdyh ehhq vwxglhg e| Urelqv +4<;9, iru fdxvdo dqdo|vlv

ri orqjlwxglqdo gdwd1 Vxfk prghov duh frpprq lq wkh wlph0vhulhv dqg sdqho0gdwd olwhudwxuh lq

hfrqrphwulfv +h1j1 Fkdpehuodlq/ 4<;7, dqg kdyh ehhq frqvlghuhg e| ]hjhu dqg Oldqj +4<<4,1

Jlyhq wkh qr0frqirxqglqj dvvxpswlrq +5,/ Sursrvlwlrq 4 lpsolhv wkdw dq ò0ohyho whvw ri wkh

k|srwkhvlv ñ@ ì +ñ�> ñ2> ñô> ñS> ñb,A @ 3 lq prgho +:, lv dq ò0ohyho whvw ri wkh vkdus fdxvdo qxoo

k|srwkhvlv +6,1 Khqfh/ zh kdyh rewdlqhg dq ò0ohyho whvw ri wkh vkdus fdxvdo qxoo k|srwkhvlv +7,

e| prgholqj wkh frqglwlrqdo suredelolw| ri \6 jlyhq sdvw rxwfrph klvwru| \ 63�/ sdvw h{srvxuh
klvwru| D63�/ dqg edvholqh fryduldwhv [1

Zh pd| ?w wkh prgho S6+ñ, vshfl?hg lq irupxod : e| pd{lpl}lqj wkh olnholkrrg

ù\
ð'�

�\
6'�

^S6cð +ñ,`
t6cð ^4ý S6cð +ñ,`�3t6cð +;,

Wkh uhvxowlqj pd{lpxp olnholkrrg hvwlpdwru +POH, lv dv|pswrwlfdoo| qrupdo dqg xqeldvhg iru

ñ1 Dvvxplqj wkh prgho lv fruuhfw/ lwv dv|pswrwlf yduldqfh lv frqvlvwhqwo| hvwlpdwhg e| wkh

lqyhuvh ri wkh revhuyhg lqirupdwlrq pdwul{ hydoxdwhg dw eñ1 E| d vwdqgdug pduwlqjdoh dujxphqw/
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wkhP frqwulexwlrqv ri d jlyhq vxemhfw l wr wkh vfruh htxdwlrqv duh xqfruuhodwhg1 Wkxv/ wkh POHeñ dqg wkh revhuyhg lqirupdwlrq pdwul{ fdq eh rewdlqhg xvlqj dq| vwdqgdug vwdwlvwlfdo vriwzduh

iru orjlvwlf uhjuhvvlrq e| uhjduglqj wkh \6cð ip @ 4> = = = >P> l @ 4> = = = >Qj dv uhdol}dwlrqv ri

PûQ lqghshqghqw Ehuqrxool yduldwhv zlwk suredelolwlhv ri looqhvv S6cð+ñ,1 +Doo ri rxu vwdwhphqwv

frqfhuqlqj frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri hvwlpdwruv uhihu wr dq dv|pswrwlf iudphzrun

lq zklfk wkh qxpehu Q ri prwkhu0fklog sdluv lqfuhdvhv wr lq?qlw|/ zkloh wkh qxpehu ri wlphv P

uhpdlqv ?{hg1,

Hvwlpdwlrq= Frqvlghu ëE�ä6 +{, dqg ë
Efä
6 +{,> wkh frxqwhuidfwxdo phdqv xqghu frqwlqxrxv h{0

srvxuh dqg qr h{srvxuh/ iurp zklfk zh rewdlq hvwlpdwhv ri wkh fdxvdo sdudphwhuv ï6+{, @

ë
E�ä
6 +{, ý ëEfä6 +{,1 Wkhvh fdq eh hvwlpdwhg xvlqj wkh J0frpsxwdwlrq dojrulwkp ghvfulehg e|

Urelqv +4<;9,1 Lq sduwlfxodu/ zh xvh d ixqgdphqwdo wkhruhp ri Urelqv +4<;9/ Wkhruhp 714/ s1

4756, vshfldol}hg wr wkh suhvhqw frqwh{w1

Sursrvlwlrq 5 +Hvwlpdwlrq,= Ohw |63� @ +|�> = = = > |63�, ghqrwh d srvvleoh ydoxh iru

\ 63�1 Li wkh qr0frqirxqglqj dvvxpswlrq +5, krogv/ wkhq iru m @ 3> 4

Su
k
\ Eæä6 @ 4 m \ Eæä63� @ |63�> [

l
@ Su

k
\6 @ 4 m \ 63� @ |63�> D63� @ md63�o>[

l
+<,

iru doo p/ zkhuh md63�o lv dq pý 40yhfwru ri 3*v li m @ 3 dqg lv dq pý 40yhfwru ri 4*v li m @ 41
Wkh ohiw0kdqg vlgh ri Ht1 +<, lv d frqglwlrqdo suredelolw| lqyroylqj srvvleo| xqrevhuyhg

+frxqwhuidfwxdo, yduldeohv/ zkhuhdv wkh uljkw0kdqg vlgh ghshqgv rqo| rq wkh mrlqw glvwulexwlrq

ri wkh revhuydeohv dqg vr lv hvwlpdeoh lq wkh xvxdo vhqvh1 Wkxv/ wkh qr0frqirxqglqj dvvxpswlrq

+5, doorzv hvwlpdwlrq ri wkh txdqwlwlhv ri lqwhuhvw1

E| wkh odz ri wrwdo suredelolw| dqg wkh surgxfw uxoh iru frqglwlrqdo suredelolw|/ zh kdyh iru

m @ 3> 4

ë
Eæä
6 +[, ì Su

k
\
Eæä
6 @ 4 m [

l
@S

doo +63�
Su
k
\
Eæä
6 @ 4 m \ Eæä63� @ |63�>[

l63�T
&'�

Su
k
\
Eæä
& @ |& m \ Eæä&3� @ |&3�> [

l +43,

zkhuh wkh vxpv duh ryhu wkh 563� srvvleoh ydoxhv iru \ 63�1 Zlwk wkh uljkw kdqg vlgh ri +<,

vxevwlwxwhg iru wkh suredelolwlhv lq +43,/ wkh vxp lq +43, lv d vshfldo fdvh ri wkh j0frpsxwdwlrq

dojrulwkp irupxod ri Urelqv +4<;9/ 4<;:e,1 Jlyhq wkh qr0frqirxqglqj dvvxpswlrq 5/ zh fdq xvh

Sursrvlwlrq 5 wr vxevwlwxwh hvwlpdeoh suredelolwlhv iru wkh suredelolwlhv lqyroylqj frxqwhuidfwxdov

lq Ht1 431 Wkxv/ wkh qr0frqirxqglqj dvvxpswlrq +5, uhqghuv ëEæä6 +[, lghqwl?deoh1 Iru h{dpsoh/

jlyhq prgho :/ wkh POH ri ëEæä6 +[, pd| eh rewdlqhg e| uhsodflqj wkh suredelolwlhv lq Ht1 43 e|

wkh fruuhvsrqglqj POH ?wwhg ydoxhv iru

Su
û
\& @ |& m \ &3� @ |&3�> D&3� @ md&3�o>[

ú
dqg Su

û
\6 @ 4 m \ 63� @ |63�> D63� @ md63�o>[

ú
1

Vlqfh wkh qxpehu ri vxppdqgv lq Ht1 +43, lv 563�/ wkh vxp fdqqrw eh hdvlo| hydoxdwhg iru

odujhp/ hyhq zlwk wkh dlg ri d frpsxwhu1 D Prqwh0Fduor dssur{lpdwlrq wr wkh vxp lq Ht1 +43,/

wkh Prqwh0Fduor J0frpsxwdwlrq dojrulwkp +Urelqv/ 4<;<, fdq eh xvhg iru odujh p/ vd| p A 531

Dowhuqdwlyho|/ dv ghvfulehg lq wkh Dsshqgl{/ Kx dqg Urelqv +4<<6, vkrz wkdw iru odujh p/ wkh

vxp fdq eh dssur{lpdwhg e| d vlpsoh dqdo|wlf hvwlpdwru edvhg rq d olplw wkhruhp iru Pdunry

fkdlqv xqghu fhuwdlq Pdunry dqg vwdwlrqdulw| dvvxpswlrqv1 Zh zloo xvh wklv dssur{lpdwlrq lq

rxu uhdqdo|vlv ri wkh Prwkhuv* Vwuhvv dqg Fkloguhq*v Pruelglw| gdwd lq Vhfwlrq 8 ehorz1

:



71 FRQGLWLRQV IRU YDOLGLW\ RI JHH PHWKRGV

]hjhu dqg Oldqj +4<;9, h>hfwlyho| dvvxphg wkdw wkh h{shfwdwlrq ri \6 jlyhq wkh hqwluh h{srvxuh

klvwru| D� dqg edvholqh fryduldwhv ghshqghg rqo| rq wkh sdvw h{srvxuh klvwru| D63� dqg

edvholqh fryduldwhv/ l1h1/

H
û
\6 m D� > [

ú
@ H

û
\6 m D63�>[

ú
+44,

Wkh| wkhq prghohg wkh h{shfwdwlrq ri \6 jlyhq wkh sdvw h{srvxuh klvwru| D63� dqg [ dv

H
û
\6 m D63�>[

ú ì Su û\6 @ 4 m D63�>[ú @ S6 +ò, / zkhuh
orjlw ^S6 +ò,` @ òf . ò�D63� . ò2D632 . òôD63ô . òAe[>

+45,

ò ì ýòf> ò�> ò2> òô> òAe üAdqg [ lv d yhfwru ri fryduldwhv uhfruglqj krxvhkrog vl}h/ fklog*v udfh/

hpsor|phqw/ dqg pdulwdo vwdwxv1 ]hjhu dqg Oldqj +4<;9, dqg Oldqj dqg ]hjhu +4<;9, vwxglhg

wkh JHH hvwlpdwru eòC..+Y ,/ gh?qhg dv wkh vroxwlrq ri wkh hvwlpdwlqj htxdwlrqv

XC..+Y>ò, ì
ù[
ð'�

iCSð +ò, @Còj ^Yð +ò,`3� %ð +ò, @ 3 /

zkhuh

S +ò, ì +S� +ò, > = = = > S� +ò,,A >% +ò, ì +%� +ò, > = = = >%� +ò,,A > %6 +ò, ì \6 ý S6 +ò,

lv wkh uhvlgxdo iurp prgho +45,/ dqg Y +ò, lv d zrunlqj fryduldqfh pdwul{ +vhohfwhg e| wkh lq0

yhvwljdwru, zlwk wkh gldjrqdo hohphqw lq urz p jlyhq e| S6 +ò, ^4ý S6 +ò,`1 Lq sduwlfxodu/ wkh|
vkrzhg wkdw eòC.. +Y , lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo iru ò xqghu Ht1 +44, dqg +45,1

Lq dgglwlrq/ wkh| sursrvhg d frqvlvwhqw urexvw dv|pswrwlf yduldqfh hvwlpdwru iru eòC..+Y , wkdw
surshuo| dffrxqwhg iru wkh fruuhodwlrqv ehwzhhq \& dqg \6/ n 9@ p1 Wkurxjkrxw/ zh zloo dvvxph
wkdw wkh dvvrfldwlrqdo prgho +45, lv fruuhfw iru wkh pdujlqdo h{shfwdwlrq H

û
\6 m D63�> [

ú
1

Frqvlghu qrz wkh dvvrfldwlrqdo qxoo k|srwkhvlv wkdw sdvw h{srvxuhv gr qrw suhglfw wkh h{0

shfwhg rxwfrph/ rqfh ?{hg fryduldwhv duh lqfoxghg=

H
û
\6 m D63�>[

ú
@ H ^\6 m [` iru doo p1 +46,

Wklv k|srwkhvlv lv lghqwl?deoh zlwkrxw ixuwkhu dvvxpswlrqv/ exw xqolnh wkh hduolhu qxoo k|srwkhvlv

+8,/ lw rplwv \ 63� dqg khqfh lv qhlwkhu htxlydohqw wr wkh hduolhu dvvrfldwlrqdo k|srwkhvlv +7,

qru lpsolhg e| wkh qr0frqirxqglqj dvvxpswlrq +5, dqg wkh fdxvdo qxoo k|srwkhvlv +6,1 Wkxv/ lw

fdqqrw eh xvhg wr whvw wkh fdxvdo qxoo k|srwkhvlv +6, zlwkrxw dvvxpswlrqv eh|rqg dvvxpswlrq

51 Wklv K|srwkhvlv 46 lv htxlydohqw wr wkh k|srwkhvlv wkdw ò� @ ò2 @ òô @ 3 xqghu wkh JHH

prgho 451 Khqfh/ lq jhqhudo/ wkh fdxvdo qxoo k|srwkhvlv +6, fdqqrw eh ydolgo| whvwhg xvlqj JHHv1

Lq Sursrvlwlrqv 6 dqg 7 ehorz/ zh ghulyh vrph vlpsoh lghqwl?deoh frqglwlrqv xqghu zklfk wkh

hduolhu dvvrfldwlrqdo qxoo k|srwkhvlv +8, lpsolhv wkh qxoo k|srwkhvlv 461 Xqghu wkhvh frqglwlrqv/

uhmhfwlrq ri htxdwlrq 46 orjlfdoo| hqwdlov uhmhfwlrq ri htxdwlrq 8/ zklfk lq wxuq hqwdlov uhmhfwlrq

ri wkh fdxvdo qxoo k|srwkhvlv 6 xqghu wkh qr0frqirxqglqj dvvxpswlrq 51 Sursrvlwlrqv 6 dqg 7

duh vshfldo fdvhv ri Wkhruhpv I40I7 ri Urelqv +4<;9,1

;



Sursrvlwlrq 6 +Whvwlqj,= Vxssrvh wkdw/ iru doo p/ hlwkhu

H
û
\6 m \ 63�> D63�> [

ú
@ H

û
\6 m D63�>[

ú
+47,

+wkh h{shfwdwlrq ri \6 grhv qrw ghshqg rq sdvw rxwfrphv/ rqfh sdvw h{srvxuhv dqg edvholqh

fryduldwhv duh nqrzq,/ ru

H
û
D6 m \ 6> D63�> [

ú
@ H

û
D6 m D63�>[

ú
+48,

+wkh h{shfwdwlrq ri fxuuhqw h{srvxuh D6 grhv qrw ghshqg rq sdvw ru fxuuhqw rxwfrph rqfh sdvw

h{srvxuhv dqg edvholqh fryduldwhv duh nqrzq,1 Wkhq wkh dvvrfldwlrqdo qxoo k|srwkhvlv +8, lpsolhv

wkh dvvrfldwlrqdo qxoo k|srwkhvlv +46,1

Sursrvlwlrq 6 lpsolhv wkdw li prgho 45/ wkh qr0frqirxqglqj dvvxpswlrq 5/ dqg hlwkhu Ht1 47

ru 48 duh wuxh/ wkhq dq ò0ohyho whvw ri wkh k|srwkhvlv wkdw +ò�> ò2> òô, @ 3 lq wkh JHH prgho

+45, lv dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv +6,1

Li hlwkhu Htv1 +47, ru +48, lv wuxh/ zh vd| wkdw fklog*v sdvw looqhvv klvwru| \ 6 lv qrw d

frqirxqghu iru wkh fdxvdo h>hfw ri prwkhu*v vwuhvv rq wkh pdujlqdo suredelolw| ri fklog*v looqhvv1

Iroorzlqj Ndoe hlvfk dqg Suhqwlfh +4<;3/ s1 456,/ zkhq htxdwlrq 48 lv wuxh zh vd| wkdw wkh

wlph0ghshqghqw glfkrwrprxv h{srvxuh D6 lv dq h{whuqdo fryduldwh +ri wkh dqfloodu| w|sh, dqg

wkhuh h{lvwv qr ihhgedfn iurp rxwsxw wr lqsxw1

Sursrvlwlrq 7 +Hvwlpdwlrq,= Vxssrvh wkhuh lv qr frqirxqglqj e| wlph0ghshqghqw ru

xqfrqwuroohg fryduldwhv +dvvxpswlrq 5 lv wuxh,/ dqg qr frqirxqglqj e| looqhvv klvwru| +hlwkhu

htxdwlrq 47 ru 48 lv wuxh,1 Wkhq

ëEæä6 +{, ì H
k
\ Eæä6 m [ @ {

l
@ H

k
\6 m D63� @ md63�o>[ @ {

l
=

Li/ lq dgglwlrq/ wkh JHH orjlvwlf prgho 45 lv fruuhfw/

orjlw
k
ëE�ä6 +{,

l
ý orjlw

k
ëEfä6 +{,

l
@ ò� . ò2 . òô

dqg wkh fdxvdo sdudphwhu ï6+{, ì ëE�ä6 +{,ý ëEfä6 +{, htxdov

h{slw
ý
òf . ò� . ò2 . òô . ò

A
e {
üý h{slw ýòf . òAe {ü

zkhuh h{slw +}, @ h5@ +4 . h5, lv wkh orjlvwlf wudqvirup1 Wkxv/ jlyhq prgho 45/ dvvxpswlrq 5/ dqg

hlwkhu htxdwlrq 47 ru 48/ zh pd| frqvlvwhqwo| hvwlpdwh fdxvdo h>hfwv e| frqvlvwhqwo| hvwlpdwlqj

wkh sdudphwhu ò ri prgho 451 Wkh iroorzlqj Sursrvlwlrqv 8 dqg 9 surylgh frqglwlrqv xqghu

zklfk wkh JHH hvwlpdwru ri ò zloo eh frqvlvwhqw dqg duh suryhg lq wkh Dsshqgl{1

Sursrvlwlrq 8= Li wkh h{srvxuh D6 lv dq h{whuqdo fryduldwh +l1h1/ htxdwlrq 48 krogv,/ wkhq

htxdwlrq 44 krogv1

Sursrvlwlrq 8 vwdwhv wkdw/ zkhq htxdwlrq 48 krogv/ dvvxpswlrq +44, ri ]hjhu dqg Oldqj

lv ixo?oohg1 Wkxv/ jlyhq htxdwlrq 48 dqg prgho 45/ wkh sdudphwhuv ò lq prgho 45 fdq eh

frqvlvwhqwo| hvwlpdwhg e| wkh JHH hvwlpdwru eòC..+Y ,1 Zlwk wkh qr0frqirxqglqj dvvxpswlrq

5 dgghg/ ò� . ò2 . òô kdv wkh fdxvdo lqwhusuhwdwlrq jlyhq deryh1

Zkhq htxdwlrq 44 grhv qrw krog/ wkh uhvxowv lq ]hjhu dqg Oldqj +4<;9, gr qrw dsso|/ dqg

<



zh zloo qhhg wkh iroorzlqj uhvxow1

Sursrvlwlrq 9= Vxssrvh prgho 45 lv fruuhfw exw htxdwlrq 44 lv qrw1 Wkhq wkh JHH hvwlpdwru

ri ò zloo eh frqvlvwhqw li rqh fkrrvhv wkh lqghshqghqfh zrunlqj fryduldqfh pdwul{ +d gldjrqdo

pdwul{,1 Li/ lq dgglwlrq/ htxdwlrq 47 krogv/ wklv lqghshqghqfh JHH hvwlpdwru lv wkh pd{lpxp

olnholkrrg hvwlpdwru +POH, ri ò1

Sursrvlwlrq 9 lv d vwdwhphqw derxw wkh mrlqw glvwulexwlrq ri wkh revhuydeohv dqg pdnhv qr

uhihuhqfh wr wkh glvwulexwlrq ri wkh frxqwhuidfwxdov \ Efä6 dqg \ E�ä6 1 Lw lv qhhghg ehfdxvh/ li htxd0

wlrq 44 lv idovh/ d JHH hvwlpdwru ri ò edvhg rq d ghshqghqw vwuxfwxuh +qrqgldjrqdo zrunlqj

fryduldqfh pdwul{, pd| eh lqfrqvlvwhqw1 Lq Vhfwlrq 8/ zh zloo vkrz wkdw htxdwlrq 44 dsshduv wr

eh frqwudglfwhg e| wkh Prwkhuv* Vwuhvv dqg Fkloguhq*v Pruelglw| gdwd1 Khqfh/ hyhq li prgho 45

fruuhfwo| ghvfulehv pdujlqdo dvvrfldwlrqv lq wkdw vwxg|/ hvwlpdwruv edvhg rq wkh zrunlqj frydul0

dqfh pdwulfhv rwkhu wkdq wkh 3lqghshqghqfh4 pdwul{ dsshdu wr eh lqdssursuldwh iru lqihuhqfhv

rq ò1 Zkhq Htv1 +44, dqg +47, duh idovh/ prgho 45 lv qrw d 3ihhgedfn4 prgho lq wkh vhqvh ri

]hjhu dqg Oldqj +4<<4,/ vlqfh prgho 45/ lq frqwudvw wr wkhlu ihhgedfn prghov/ grhv qrw frqglwlrq

rq sdvw rxwfrph klvwru| \ 63�1
Uhvxowv lq wklv vxevhfwlrq dqg wkh iroorzlqj rqh wkdw duh zkroo| frqfhuqhg zlwk wkh revhuydeoh

udqgrp yduldeohv duh forvho| uhodwhg wr wkh uhvxowv wkdw kdyh ehhq lqghshqghqwo| ghulyhg lq wkh

hfrqrphwulf olwhudwxuh +vhh Fkdpehuodlq/ 4<;7,1 Wklv olwhudwxuh glg qrw/ krzhyhu/ h{solflwo|

glvfxvv frxqwhuidfwxdo rxwfrphv1

Wr vxppdul}h/ Sursrvlwlrqv 709 vkrz wkdw/ jlyhq dvvxpswlrq +5, +qr wlph0ghshqghqw ru

xqphdvxuhg frqirxqghuv,/ li Htv1 +47, ru +48, lv wuxh/ wkh sdudphwhuv +ò�> ò2> òô, ri prgho 45

kdyh d fdxvdo lqwhusuhwdwlrq dqg fdq eh frqvlvwhqwo| hvwlpdwhg iurp wkh revhuydeohv1

Qrwh wkdw vlqfh prghov +9, dqg +45, duh vwdwlvwlfdo prghov iru gl>huhqw frqglwlrqdo glvwulex0

wlrqv/ wkh| erwk frxog eh fruuhfw1 Li qhlwkhu +47, qru +48, lv wuxh/ wkh vwdqgdug JHH orjlvwlf

prgho +45, pd| eh d fruuhfw dvvrfldwlrqdo prgho iru H^\6 m D63�>[`/ |hw kdyh qr fdxvdo lqwhu0
suhwdwlrq1 Iru h{dpsoh/ li qhlwkhu +47, qru +48, lv wuxh/ hyhq li wkh qr0frqirxqglqj dvvxpswlrq

5 krogv/ dq ò0ohyho whvw ri wkh k|srwkhvlv +ò�> ò2> òô, @ 3 lq prgho 45 lv qrw d ydolg ò0ohyho whvw

ri wkh fdxvdo qxoo k|srwkhvlv 6/ dqg orjlw
k
ë
E�ä
6 +{,

l
ý orjlw

k
ë
Efä
6 +{,

l
9@ ò� . ò2 . òô1

81 UHDQDO\VLV RI PRWKHUV* VWUHVV DQG FKLOGUHQ*V
1 PRUELGLW\ GDWD

Wr looxvwudwh wkh phwkrgv glvfxvvhg lq suhylrxv vhfwlrqv/ zh uhdqdo|}h wkh gdwd iurp wkh Prwkhuv*

Vwuhvv dqg Fkloguhq*v Pruelglw| Vwxg| +]hjhu dqg Oldqj/ 4<;9/ ss1 458045;,1 Wklv vwxg|

h{dplqhg wkh uhodwlrq ehwzhhq pdwhuqdo vwuhvv dqg fklogkrrg looqhvv1 Revhuydwlrqv edvhg rq

prwkhuv* vhoi0uhsruwv zhuh pdgh gdlo| iru P @ 63 gd|v rq Q @ 49: prwkhu0fklog sdluv1 Wdeoh 4

surylghv d vxppdu| ri wkh revhuydwlrqv xvhg khuh1 Lq wklv Vhfwlrq/ zh vkdoo vxssrvh wkdw wkhuh

lv qr frqirxqglqj e| wlph0ghshqghqw ru xqfrqwuroohg fryduldwhv +Ht1 5,1

Dqdo|vlv 4= Whvwlqj Ht1 44= Zh ehjlq rxu uhdqdo|vlv e| whvwlqj zkhwkhu JHH hvwlpdwhv

ri wkh sdudphwhuv ri wkh prgho +45, xvhg e| ]hjhu dqg Oldqj +4<;9, duh frqvlvwhqw li d qrq0

gldjrqdo zrunlqj fryduldqfh pdwul{ lv vshfl?hg1 Wr gr vr/ zh whvwhg zkhwkhu H
û
\6 m D� > [

ú
@

H
û
\6 m D63�>[

ú
+Ht1 44, lv wuxh e| dgglqj wkh fryduldwh òDD6 wr prgho 451 Li htxdwlrq 44

lv fruuhfw/ òD @ 31 Wdeoh 5 vxppdul}hv wkh uhvxowv ri ?wwlqj wkh prgho xvlqj dq lqghshqghqfh

zrunlqj fryduldqfh pdwul{1 Wklv dqdo|vlv |lhoghg eòD @ 3=976 +s ? 3=3334,/ vr Ht1 44 lv xq0
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whqdeoh1 Lw iroorzv iurp Sursrvlwlrq 9 wkdw zh vkrxog xvh rqo| d gldjrqdo zrunlqj fryduldqfh

pdwul{ lq JHH hvwlpdwlrq ri wkh sdudphwhuv ri 451

Dqdo|vlv 5= Whvwlqj Htv1 47 dqg 48= Rxu qh{w jrdo lv wr ghwhuplqh zkhwkhu wkh

sdudphwhuv +ò�> ò2> òô, ri prgho +45, fdq eh lqwhusuhwhg fdxvdoo|11 Jlyhq dvvxpswlrq 5/ li hlwkhu

Ht1 47 ru 48 lv fruuhfw/ wkhq/ e| Sursrvlwlrqv 7 wkh sdudphwhuv +ò�> ò2> òô, ri prgho 45 zrxog

kdyh d fdxvdo lqwhusuhwdwlrq1

Dffruglqj wr Sursrvlwlrq 8/ Ht1 48 +sdvw ru fxuuhqw glvhdvh grhv qrw suhglfw fxuuhqw h{srvxuh

jlyhq sdvw h{srvxuh dqg fryduldwhv, lpsolhv Ht1 44/ vr rxu whvw ri Ht1 44 lv dovr d whvw ri Ht1

481 Wkh iruphu whvw |lhoghg s ? 3=3334/ vr Ht1 48 dovr dsshduv xqwhqdeoh1 Zh fdq dovr gluhfwo|

whvw Ht1 48 e| dvvxplqj wkh iroorzlqj orjlvwlf uhjuhvvlrq prgho

orjlw
õ
Su
û
D6 @ 4 m D63�> [

úô
@

ðf . ð�D63� . ð2D632 . ðôD63ô . ðeDyjD63e . ðD[ . ðS\6 1
+49,

Ht1 48 dqg prgho 49 lpso| ðS @ 31 Wdeoh 6 vxppdul}hv wkh uhvxowv ri ?wwlqj prgho +49,> zh

rewdlqhg eðS @ 3=887 +s @ 3=3335, dqg wkxv Ht1 48 dsshduv xqwhqdeoh jlyhq prgho 491 Qrwh

wkdw li Ht1 48 lv idovh/ wkh wlph0ghshqghqw h{srvxuh D6 lv qrw dq h{whuqdo fryduldwh surfhvv dqg

wkhuh lv 3ihhgedfn4 iurp wkh rxwsxw \6 wr wkh lqsxw D61

Wr whvw 47/ zh vxssrvh wkdw iroorzlqj prgho lv fruuhfw iru p A 71

orjlw
õ
Su
û
\6 @ 4 m \ 63�> D63�>[

úô
@

ñf . ñ�D63� . ñ2D632 . ñôD63ô . ñe\63�.
ñD\632 . ñSDyjD63e . ñ.Dyj\63ô . ñ

A
H[

+4:,

zkhuh DyjD63e ì
63eS
&'�

D&@ +pý 7, > Dyj\63ô ì
63ôS
&'�

\&@ +pý 6,/ dqg [ frqwdlqv krxvhkrog

vl}h/ fklog*v udfh/ hpsor|phqw/ dqg pdulwdo vwdwxv1 +]hjhu dqg Oldqj +4<;9, dovr lqfoxghg wkh

fryduldwh 3prwkhu*v jhqhudo vwuhvv4 lq [/ exw wklv fryduldwh zdv qrw lq wkh gdwd pdgh dydlodeoh

wr xv1, Prgho 4: lpsolhv wkdw wkh uhjuhvvlrq ri fxuuhqw fklog*v looqhvv rq prwkhu*v vwuhvv pruh

wkdq 6 gd|v hduolhu dqg fklog*v looqhvv pruh wkdq 5 gd|v hduolhu fdq eh vxppdul}hg e| dyhudjh

sdvw looqhvvhv dqg dyhudjh vwuhvv klvwru| uhvshfwlyho|1 Lw dovr dvvxphv wkdw wkhuh lv qr ghshqghqfh

rq wlph dqg qr lqwhudfwlrqv +surgxfw whupv, dprqj wkh fryduldwhv/ ru zlwk wlph> wkdw lv/ wkhuh

duh qr fryduldwhv vxfk dv p>pD63�>p\63�> D63æD63&> D63æ\63&/ ru D63æ[ lq wkh prgho1

Lq vrph dqdo|vhv qrw vkrzq khuh/ zh vhdufkhg iru vxfk lqwhudfwlrqv/ exw qrqh ri wkhp kdg s

ydoxhv ohvv wkdq =431

Jlyhq wkdw prgho 4: lv fruuhfw/ Ht1 47 +sdvw glvhdvh grhv qrw suhglfw fxuuhqw glvhdvh jlyhq

sdvw h{srvxuh dqg fryduldwhv, lpsolhv wkdw ñe @ 3 lq wkh iroorzlqj orjlvwlf uhjuhvvlrq vxeprgho

ri prgho 4:

orjlw
õ
Su
û
\6 @ 4 m \63�> D63�cð>[

úô
@ +4;,

ñf . ñ�D63� . ñ2D632cð . ñôD63ôcð . ñe\63� . ñDDyjD63ecð . ñ
A
S[

Wdeoh 7 vxppdul}hv wkh uhvxowv ri ?wwlqj prgho 4;> iru prgho 4; zh rewdlqhg eñe @ 5=8; +s ?

3=3334,/ dqg wkxv Ht1 47 dsshduv xqwhqdeoh/ jlyhq prgho 4;1

Wr vxppdul}h/ Htv1 47 dqg 48 dsshdu wr eh xqwhqdeoh iru wkh Prwkhuv* Vwuhvv dqg Fkloguhq*v
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Pruelglw| vwxg|1 Zh wkxv lqihu wkdw fklog*v sdvw looqhvv klvwru| lv d wlph0ghshqghqw frqirxqghu

iru wkh fdxvdo h>hfw ri wlph0ydu|lqj prwkhu*v vwuhvv rq wkh pdujlqdo suredelolw| ri fklog*v looqhvv1

Wkxv/ hyhq li zh dvvxph wkdw prgho 45 dqg wkh qr0frqirxqglqj dvvxpswlrq 5 duh fruuhfw/ zh

zrxog lqihu wkdw dq ò0ohyho whvw ri +ò�> ò2> òô, @ 3 lq prgho 45 lv qrw d ydolg ò0ohyho whvw ri wkh

fdxvdo qxoo k|srwkhvlv +6, dqg wkdw orjlw
k
ë
E�ä
6 +{,

l
ý orjlw

k
ë
Efä
6 +{,

l
9@ ò�.ò2.òô1 Frqvhtxhqwo|/

zh fdqqrw xvh wkh JHH prghoolqj phwkrgv ri ]hjhu dqg Oldqj wr rewdlq ydolg fdxvdo lqihuhqfhv

iurp wkhvh gdwd1

Dqdo|vlv 6= Whvwlqj wkh fdxvdo qxoo k|srwkhvlv= Jlyhq wkh qr0frqirxqglqj dvvxpswlrq
+5, dqg prgho 4:/ Sursrvlwlrq 4 lpsolhv wkdw d ydolg ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv

+6, pd| eh rewdlqhg e| whvwlqj +ñ�> ñ2> ñô> ñS, @ 3 lq prgho 4:1 D irxu ghjuhh ri iuhhgrp

olnholkrrg0udwlr whvw ri wklv mrlqw qxoo k|srwkhvlv |lhogv s ? 3=34/ vr wkh fdxvdo qxoo k|srwkhvlv

+6, dsshduv xqwhqdeoh1

Dqdo|vlv 7= Hvwlpdwlqj wkh sdudphwhuv ëE�ä6 +{, dqg ë
Efä
6 +{,= Xvlqj edfnzdug holplqd0

wlrq zlwk dq ò0ohyho ri 3=48/ zh glvfdughg frh!flhqwv ñS dqg ñ. lq prgho 4:1 Wkxv/ vxevhtxhqw

dqdo|vhv duh edvhg rq wkh iroorzlqj orjlvwlf uhjuhvvlrq prgho iru p è 7/

Su
û
\6 @ 4 m \ 63�> D63�cð> [

ú
@

h{slw
û
ñf . ñ�D63� . ñ2D632 . ñôD63ô . ñe\63� . ñD\632 . ñAS[

ú +4<,

Ehfdxvh prgho 4< vdwlv?hv wkh Pdunry dqg vwdwlrqdulw| dvvxpswlrqv gh?qhg lq wkh Dsshqgl{/

zh xvhg wkh Pdunry0fkdlq dssurdfk ghyhorshg lq Kx dqg Urelqv +4<<6, wr rewdlq odujh0p

dqdo|wlf dssur{lpdwlrqv wr wkh POHv eëE�ä6 +{, dqg eëEfä6 +{, edvhg rq prgho 4<1 Wr looxvwudwh/

vxssrvh [ @ +4> 3> 3> 3,/ zklfk fruuhvsrqgv wr d zklwh/ pduulhg/ xqhpsor|hg prwkhu zlwk d

krxvhkrog vl}h ri 5061 Iru 53 ? p ? 93/ zh rewdlqhg eëE�ä6 +{, @ 3=557/ eëEfä6 +{, @ 3=455 dqg wkxveï6+{, @ eëE�ä6 +{,ý eëEfä6 +{, @ 3=435 +s ? =34,1 Frpsxwdwlrqdo ghwdlov duh jlyhq lq wkh Dsshqgl{1

Iru frpsdudwlyh sxusrvhv/ zh dovr hvwlpdwhg wkh sdudphwhu xvlqj prgho 45 lq d JHH ds0

surdfk zlwk dq lqghshqghqfh +gldjrqdo, zrunlqj fryduldqfh pdwul{1 Sursrvlwlrq 9 lpsolhv wkdw

li prgho 45 lv fruuhfw/ wkh uhvxowlqj hvwlpdwru lv frqvlvwhqw iru ò hyhq li lw kdv qr fdxvdo lqwhu0

suhwdwlrq1 Wkh +eldvhg, JHH hvwlpdwru ri ï6 +{, zdv

hï6+{, ì h{slwíeòf . eò� . eò2 . eòô . eòAe[ìý h{slwíeò� . eòAe[ì ä =466>
zklfk zdv vljql?fdqw dw wkh s ? =34 ohyho1 Ehfdxvh Htv1 47 dqg 48 duh xqwhqdeoh/ zh pd| ylhz

wkh gl>huhqfh ri 3=364 ehwzhhq hï6+{, @ 3=466 dqg rxu frqvlvwhqw hvwlpdwru eï6+{, @ 3=435 dv d
phdvxuh ri wkh pdjqlwxgh ri eldv +frqirxqglqj, dwwulexwdeoh wr wkh idloxuh ri hï6+{, wr dgmxvw iru
wkh idfw wkdw d fklog*v sdvw looqhvv klvwru| suhglfwhg erwk wkh fklog*v ixwxuh looqhvv dqg prwkhu*v

vxevhtxhqw vwuhvv/ frqglwlrqdo rq sdvw vwuhvv dqg rq ?{hg fryduldwhv1 Wkh dssduhqw eldv ri 3=364

lq hï6+{, lv lq wkh gluhfwlrq wkdw zh zrxog h{shfw/ jlyhq wkdw d fklog*v sdvw looqhvv vkrxog lqfuhdvh
wkh prwkhu*v vwuhvv dqg dovr eh srvlwlyho| dvvrfldwhg zlwk vxevhtxhqw looqhvv1
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91 WLPH0GHSHQGHQW FRQIRXQGHUV

9141 Wkhruhwlfdo uhvxowv

Hvwlpdwlrq ri wkh fdxvdo sdudphwhu ë6+{, lq Vhfwlrq 8 uholhg rq dvvxpswlrq 5/ zklfk vd|v

urxjko| wkdw doo frqirxqglqj lv frqwuroodeoh jlyhq rqo| wkh gdwd
ý
\�cð> D�cð>[ð

ü
> l @ 4> = = = > Q 1

Wkh dvvxpswlrq lpsolhv wkdw/ jlyhq looqhvv klvwru| wkurxjk dq| gd| n/ vwuhvv klvwru| wkurxjk

ný4/ dqg wkh edvholqh fryduldwhv [/ wkrvh prwkhuv vwuhvvhg rq gd| n kdyh wkh vdph glvwulexwlrq

ri vxevhtxhqw srwhqwldo +frxqwhuidfwxdo, fkloguhq*v rxwfrphv dv prwkhuv zlwkrxw vwuhvv rq gd|

n1 Dvvxpswlrq 5 zrxog eh idovh li/ dprqj fkloguhq loo rq gd| n +\& @ 4, zkrvh prwkhuv kdg

ehhq xqvwuhvvhg wkurxjk gd| ný4 +D&3� @ 3,/ wkrvh fkloguhq zlwk pruh vhyhuh looqhvv zhuh erwk

+d, pruh olnho| wr uhpdlq loo rq gd| n . 4 +\&n� @ 4, hyhq li prwkhu*v vwuhvv rq gd| n zdv

holplqdwhg +l1h1/ hyhq li D& lv irufhg wr eh }hur/ vd| e| dq h>hfwlyh lqwhuyhqwlrq surjudp,/ dqg

+e, pruh olnho| wr kdyh wkhlu prwkhuv ehfrph vwuhvvhg rq gd| n +l1h1/ pruh olnho| wr kdyh D& @ 4,1

Lq wklv fdvh/ ë6+{, zrxog qrw eh lghqwl?deoh lq wkh devhqfh ri dgglwlrqdo gdwd rq wkh vhyhulw| ri

fklog*v looqhvv ryhu wlph1

Zh qrz ghulyh uhvxowv xvlqj wkh ohvv uhvwulfwlyh qr0frqirxqglqj dvvxpswlrq 4/ udwkhu wkdq wkh

pruh uhvwulfwlyh dvvxpswlrq 51 Zh khqfhiruwk dvvxph wkh dydlodeoh gdwd rq hdfk vwxg| vxemhfw

duh
ý
\� > D� > O� > [

ü
/ zkhuh O6 uhsuhvhqwv rqh ru pruh wlph0ghshqghqw srwhqwldo frqirxqglqj

yduldeohv1 Lq wkh qh{w vxevhfwlrq/ zh zloo xvh wkh jhqhudol}hg uhvxowv wr uhdqdo|}h wkh Prwkhuv*

Vwuhvv dqg Fkloguhq*v Pruelglw| gdwd lq wkh vshfldo fdvh lq zklfk O6 lv d phdvxuh ri looqhvv

vhyhulw|1

Jlyhq rqo| wkh ohvv uhvwulfwlyh qr0frqirxqglqj dvvxpswlrq 4/ wkh uhvwulfwlrq rq wkh revhuydeoh

udqgrp yduldeohv
ý
\ 6> D6> O6>[

ü
lpsolhg e| wkh fdxvdo qxoo k|srwkhvlv 6 lv

i\6>p @ n . 4> n . 5> = = = >PjcD& m D&3�> \ &> O&> [ iru doo n è 4= +53,

Ehfdxvh lw frqglwlrqv rq wkh O&/ wklv dvvrfldwlrqdo qxoo k|srwkhvlv grhv qrw lpso| wkh dvvr0

fldwlrqdo qxoo k|srwkhvlv +7, ru wkh uhjuhvvlrq qxoo k|srwkhvlv +8,> wkxv/ dq ò0ohyho whvw ri wkh

uhjuhvvlrq qxoo k|srwkhvlv qhhg qrw eh dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv +6,1 Vlploduo|/

k|srwkhvlv 53 grhv qrw lpso| wkdw H
û
\6 m D63�>[

ú
@ H ^\6 m [`/ hyhq li erwk Htv1 47 dqg 48

krog> wkxv/ dq ò0ohyho whvw ri wkh k|srwkhvlv +ò�> ò2> òô, @ 3 lq prgho 45 zloo qrw eh dq ò0ohyho

whvw ri wkh fdxvdo qxoo k|srwkhvlv +6, hyhq li Htv1 47 dqg 48 krog1 Ilqdoo|/ k|srwkhvlv 53 grhv

qrw hyhq lpso| wkh iroorzlqj qdwxudo h{whqvlrq ri wkh uhjuhvvlrq k|srwkhvlv 8 wr wlph0ghshqghqw

fryduldwhv/

H
û
\6 m \ 63�> D63�> O63�> [

ú
@ H

û
\6 m \ 63�> O63�> [

ú
1 +54,

Wkxv dq ò0ohyho whvw ri k|srwkhvlv 54 qhhg qrw eh dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv

+6,1

Lw iroorzv wkdw wkh ihhgedfn prgho whfkqltxhv ri ]hjhu dqg Oldqj +4<<4, fdqqrw lq jhqhudo eh

xvhg wr whvw wkh fdxvdo qxoo k|srwkhvlv +6,1 Dq ò0ohyho whvw ri wkh k|srwkhvlv wkdw wkh rxwfrph

\6 lv lqghshqghqw ri wkh suhfhglqj h{srvxuh D63� jlyhq wkh hqwluh sdvw
ý
D632> O63�> \ 63�> [

ü
lv dq ò0ohyho whvw ri +6,1 Wklv whvw pd| kdyh yhu| srru srzhu/ krzhyhu1 Iru h{dpsoh/ li h{srvxuh

wdnhv wzr wlph shulrgv +gd|v, wr d>hfw wkh rxwfrph \ / wkhq wkh srzhu ri wkh whvw zloo htxdo lwv
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ò0ohyho1

Qrqhwkhohvv/xqghu wkh dgglwlrqdo frqglwlrqv ghvfulehg lq wkh iroorzlqj sursrvlwlrq/ rxu suh0

ylrxv uhvxowv uhpdlq dssolfdeoh1

Sursrvlwlrq := Li/ iru doo p/ hlwkhu

H
û
\6 m \ 63�> D63�> O63�>[

ú
@ H

û
\6 m \ 63�> D63�> [

ú
+55,

ru

Su
û
D6 @ 4 m \ 6> D63�> O6>[

ú
@ Su

û
D6 @ 4 m \6> D63�> [

ú
/ +56,

wkhq +l, wkh ohvv uhvwulfwlyh qr0frqirxqglqj dvvxpswlrq +4, lpsolhv wkh pruh uhvwulfwlyh qr0

frqirxqglqj dvvxpswlrq +5, dqg +ll, wkh dvvrfldwlrqdo qxoo k|srwkhvlv +53, lpsolhv wkh dvvrfld0

wlrqdo qxoo k|srwkhvlv +7, dqg wkh uhjuhvvlrq0qxoo k|srwkhvlv +8,1

Sursrvlwlrq : lv d vshfldo fdvh ri Wkhruhpv I40I7 lq Urelqv +4<;9,1 Jlyhq wkh ohvv uhvwulfwlyh

qr0frqirxqglqj dvvxpswlrq 4 dqg hlwkhu Ht1 55 ru 56/ dq| ò0 ohyho whvw ri wkh uhjuhvvlrq qxoo

k|srwkhvlv 8 lv dovr dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv 6/ dowkrxjk dq ò0ohyho whvw ri wkh

uhjuhvvlrq k|srwkhvlv 54 lv vwloo qrw dq ò0ohyho whvw ri k|srwkhvlv 61 Wkxv Sursrvlwlrq : doorzv xv

wr dsso| doo rxu hduolhu uhvxowv wr wkh suhvhqw vlwxdwlrq +lq zklfk dvvxpswlrq 4 krogv,/ surylghg

Ht1 55 ru 56 krogv1 Lq sduwlfxodu/ jlyhq dvvxpswlrq 4/ Ht1 55 ru 56/ dqg prgho 4:/ zh kdyh +l,

dq ò0ohyho whvw ri +ñ�> ñ2> ñô> ñS, @ 3 lq prgho +4:, lv dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv

+6,/ +ll, wkh hvwlpdwhv eëEæä6 dqg eï6 ri Vhfwlrq 6 uhpdlq frqvlvwhqw iru ëEæä6 dqg ï6/ dqg +lll, jlyhq

Htv1 +47, ru +48,/ dq ò0ohyho whvw ri Ht1 +6,/ iru h{dpsoh/ whvwlqj zkhwkhu +ò�> ò2> òô, @ 3 lq

prgho +45, zrxog eh dq ò0ohyho whvw ri wkh fdxvdo qxoo k|srwkhvlv +6,1 Wkxv/ li hlwkhu Ht1 55 ru

56 lv fruuhfw/ zh vd| fryduldwh klvwru| O� lv d qrq0frqirxqghu1

Xqiruwxqdwho|/ wkh frqglwlrqv +d, dqg +e, glvfxvvhg lq wkh ehjlqqlqj ri wklv vhfwlrq lpso|

ylrodwlrqv ri Htv1 55 dqg 56/ uhvshfwlyho|1 Zh wkxv qhhg wr frqvlghu wkh hvwlpdwlrq ri wkh fdxvdo

sdudphwhu ï6+{, xqghu wkh ohvv uhvwulfwlyh qr0frqirxqglqj dvvxpswlrq +4, zkhq Htv1 55 dqg 56

duh erwk idovh1 Iru qrwdwlrqdo frqyhqlhqfh/ zh zloo dvvxph O6 lv glvfuhwh1

Wkh iroorzlqj lv d vshfldo fdvh ri wkh fruroodu| wr Wkhruhp 4 lq Urelqv +4<;:e,1

Sursrvlwlrq ; +Hvwlpdwlrq,= Jlyhq wkh qr frqirxqglqj dvvxpswlrq +4,/ iru doo m dqg p/

ë
Eæä
6 +{, ì Su

k
\
Eæä
6 @ 4 m [ @ {

l
@S

doo +63�cì63�
Su
û
\6 @ 4 m \ 63� @ |63�> O63� @ c63�> D63� @ md63�o>[ @ {

úû
63�T
&'�

Su
û
\& @ |& m \ &3� @ |&3�> O&3� @ c&3�> D&3� @ md&3�o> [ @ {

úû
Su
û
O& @ c& m \ & @ |&> O&3� @ c&3�> D&3� @ md&3�o> [ @ {

ú
+57,

zkhuh/ jlyhq d sduwlfxodu c63�/ erwk c& dqg c&3� duh ghwhuplqhg e| wkh lqlwldo vhjphqw c& ri

c63� wkurxjk n dqg wkh vxp lv ryhu doo srvvleoh uhdol}dwlrqv |63� dqg c63� ri wkh klvwrulhv

\ 63� dqg O63�1
Sursrvlwlrq ; lpsolhv wkdw/ jlyhq wkh ohvv uhvwulfwlyh qr0frqirxqglqj dvvxpswlrq +4,/ zh fdq

hvwlpdwh ëEæä6 +{, e| hvwlpdwlqj wkh xqnqrzq frqglwlrqdo suredelolwlhv rq wkh uljkw0kdqg vlgh ri

Ht1 +57,1 Zh fdq dovr whvw wkh fdxvdo qxoo k|srwkhvlv +6, e| whvwlqj zkhwkhu ï6+{, @ 3 iru doo

p edvhg rq rxu hvwlpdwhv ri wkh ëEæä6 +{, sdudphwhuv1 Krzhyhu/ +6, fdqqrw eh whvwhg e| ruglqdu|
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uhjuhvvlrq whfkqltxhv/ uhjdugohvv ri zkhwkhu zh dgmxvw iru wkh frqirxqghu klvwru| O6 lq wkh

dqdo|vlv1

Wkh vxp lq +57, lv d vshfldo fdvh ri wkh j0frpsxwdwlrq dojrulwkp irupxod1 Dv ghvfulehg lq

Urelqv +4<;9/ 4<;:e,/ d Prqwh Fduor dssur{lpdwlrq wr wkh vxp lq +57, lv uhtxluhg iru odujh p1

Krzhyhu/ lq wkh Dsshqgl{/ zh vkrz wkdw wklv vxp fdq eh dssur{lpdwhg e| d vlpsoh dqdo|wlf

hvwlpdwru xqghu fhuwdlq Pdunry dqg vwdwlrqdulw| dvvxpswlrqv1 Zh zloo dsso| wklv dssur{lpdwlrq

ehorz1

9151 Ixuwkhu Gdwd Dqdo|vhv=

Wr looxvwudwh wkh phwkrgv glvfxvvhg lq Vhfwlrq 914/ zh uhdqdo|}hg wkh Prwkhuv* Vwuhvv dqg Fklo0

guhq*v Pruelglw| gdwd xqghu wkh ohvv uhvwulfwlyh dvvxpswlrq +4, dssolhg wr d glfkrwrprxv O6
zklfk wrrn wkh ydoxh _4% li fklog l zdv vhulrxvo| loo dw wlph p dqg zdv _3% rwkhuzlvh1 Zh qrwh

wkdw +\6> O6, kdg d ghjhqhudwh mrlqw glvwulexwlrq/ lq wkdw +l, \6 @ 3 lpsolhg O6 @ 3 +d fklog

zkr zdv qrw loo frxog qrw eh vhulrxvo| loo, dqg +ll, O6 @ 4 lpsolhg \6 @ 4 +d vhyhuho| loo fklog

zdv loo,1 Iruwxqdwho|/ wkh wkhru| dqg phwkrgv ghyhorshg lq Vhfwlrq 914 duh dssolfdeoh wr dq|

frqirxqglqj idfwruv O6 uhjdugohvv ri zkhwkhu ru qrw \6 dqg O6 kdyh d ghjhqhudwh mrlqw glvwul0

exwlrq1 Wkh jrdo ri wkh dqdo|vlv uhpdlqv wkh hvwlpdwlrq ri wkh fdxvdo sdudphwhu ï6+{,1 Wkdw lv/

zh duh vwloo lqwhuhvwhg lq hvwlpdwlqj d fdxvdo sdudphwhu uhsuhvhqwlqj wkh h>hfw ri prwkhu*v vwuhvv

rq wkh pdujlqdo suredelolw| ri fklog*v looqhvv +uhjdugohvv ri wkh vhyhulw| ri wkh looqhvv,1

Dqdorjrxv wr prgho +4:, lq Vhfwlrq 6/ zh dvvxphg wkh iroorzlqj wzr orjlvwlf uhjuhvvlrq prghov

zhuh fruuhfw iru p A 7

Su
û
\6 @ 4 m \ 63�> O63�> D63�> [

ú
@ S6+ñ�,> +58,

Su
û
O6 @ 4 m \ 6> O63�> D63�> [

ú
@ \6S6+ñ2, +59,

zkhuh/ iru g @ 4> 5/

S6+ñ_, @ h{slw

597 ñf_ . ñ�_D63� . ñ2_D632cð . ñô_D63ô.
ñe_\63� . ñD_\632 . ñS_O63� . ñ._O632.

ñH_DyjD63e . ñb_Dyj\63ô . ñ�f_DyjO63ô . ñ
A
��_[

6:8

DyjD63e ì
63e[
&'�

D&@ +pý 7, > Dyj\63ô ì
63ô[
&'�

\&@ +pý 6, > DyjO63ô ì
63ô[
&'�

O&@ +pý 6, >

dqg [ frqwdlqv krxvhkrog vl}h/ fklog*v udfh/ hpsor|phqw/ dqg pdulwdo vwdwxv1 Ehfdxvh +\6> O6,

kdg d ghjhqhudwh mrlqw glvwulexwlrq/ zh rqo| qhhghg wr ?w wkh S6+ñ2, sduw ri prgho +59, wr wkh

jurxs ri fkloguhq zkr zhuh loo dw wlph p/ l1h1 \6 @ 41 Wklv lv zk| zh suh0pxowlsolhg S6+ñ2, e|

wkh lqglfdwru ixqfwlrq \6 lq prgho +59,1

Lw lv lpsruwdqw wr hpskdvl}h wkdw wkh sdudphwhuv lq prghov +58, 0 +59, gr qrw kdyh d gluhfw

fdxvdo lqwhusuhwdwlrq dv wkh fdxvdo h>hfw ri wkh h{srvxuh klvwru| D63� rq \6 xqghu rxu dvvxps0

wlrqv li Htv1 +55, dqg +56, duh idovh1 Iru h{dpsoh/ wkh frh!flhqw ñ2� ri D632 lq prgho +58, idlov
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wr kdyh d fdxvdo lqwhusuhwdwlrq ehfdxvh/ lq prgho +58,/ zh duh dgmxvwlqj iru O63�/ zklfk lwvhoi

fdq eh d>hfwhg e| wkh hduolhu h{srvxuh D632 +Urvhqedxp/ 4<;7> Urelqv/ 4<;:e,1 Dv ghvfulehg
suhylrxvo|/ wkh frh!flhqw ñ�_ ri D63� lq +58, kdv dq lqwhusuhwdwlrq dv wkh gluhfw fdxvdo h>hfw

ri D63� rq \6> krzhyhu/ ñ�_ pd| eh }hur/ hyhq li vwuhvv klvwru| D63� d>hfwv \61 Lq jhqhudo/ lw

lv rqo| wkh hqwluh j0frpsxwdwlrq dojrulwkp irupxod +57, zklfk fdq eh lqwhusuhwhg dv wkh fdxvdo

h>hfw ri wkh h{srvxuh klvwru| D63� rq wkh rxwfrph \61 Wkh lqglylgxdo frpsrqhqwv ri wkh vxp

lq +57, kdyh qr fdxvdo lqwhusuhwdwlrq lq wkhpvhoyhv1

Dqdo|vlv 8= Whvwlqj Htv1 +55, dqg +56,= Li prgho +58, lv fruuhfw/ Ht1 +55, lpsolhv wkdw
sdudphwhuv ñSc�/ ñ.c�/ dqg ñ�fc� duh 31 D wkuhh ghjuhh ri iuhhgrp olnholkrrg udwlr "2 whvw ri wkh

mrlqw k|srwkhvlv wkdw +ñSc�> ñ.c�> ñ�fc�, @ 3 |lhoghg s @ =981 Qrwh wkdw wklv grhv qrw lpso| Ht1

55 lv fruuhfw> lw phdqv rqo| wkdw zh kdyh qr vwurqj hylghqfh wkdw lw lv idovh1

Wr whvw Ht1 +56,/ zh ?w wkh iroorzlqj orjlvwlf uhjuhvvlrq prgho=

Su
û
D6 @ 4 m \ 6> D63�> O6>[

ú
@

h{slw

597 ñf . ñ�D63� . ñ2D632 . ñôD63ô.
ñe\6 . ñD\63� . ñS\632 . ñ.DyjD63e . ñHDyj\63ô.

ñAb[ . ñ�fO6

6:8
Zh rewdlqhg eñ�f @ ý3=48;7 zlwk s @ 3=8: dqg wkxv frxog qrw uhmhfw Ht1 +56,1 Qrwh wkdw

wklv grhv qrw phdq wkdw Ht1 56 lv fruuhfw> lw phdqv rqo| wkdw zh kdyh qr vwurqj hylghqfh wkdw

lw lv idovh1

Li hlwkhu ri Htv1 55 ru 56 krogv/ e| Sursrvlwlrq :/ wkh dqdo|vhv ghvfulehg lq Vhfwlrq 6 uhwdlq

wkh fdxvdo lqwhusuhwdwlrq wkdw zh suhylrxvo| dvfulehg wr wkhp1 Krzhyhu/ ehfdxvh rxu whvwv gr

qrw hqdeoh xv wr frqfoxgh zlwk fhuwdlqw| wkdw O6 zdv d qrq0frqirxqghu/ lw lv ri lqwhuhvw wr

ghwhuplqh krz forvh wkh hvwlpdwhv ri ëEæä6 edvhg rq Ht1 +57, +zklfk dgmxvw iru O6, duh wr wkh

hvwlpdwhv rewdlqhg lq Vhfwlrq 6 +zklfk ljqruh O6,1

Dqdo|vlv= Hvwlpdwlqj wkh sdudphwhuv ëEæä6 +{, iurp Ht1 +57,= Xvlqj edfnzdug holpl0

qdwlrq zlwk ò @ 3=48/ zh ghohwhg ñH_/ ñb_/ dqg ñ�f_ lq prghov +58, dqg +59, iru g @ 4> 5/ dqg

rxu vxevhtxhqw dqdo|vhv zhuh edvhg rq wkh uhgxfhg prghov1 Wkhvh prghov vdwlv?hg wkh Pdunry

dqg vwdwlrqdulw| dvvxpswlrqv gh?qhg lq wkh Dsshqgl{1 Khqfh/ zh xvhg wkh Pdunry fkdlq ds0

surdfk ri Kx dqg Urelqv +4<<6, wr dssur{lpdwh wkh POHv eëEæä6 xqghu wkhvh prghov dqg Ht1

+57,1 Iru { @ +4> 3> 3> 3, dqg 53 ? p ? 93/ zh rewdlqhg eëE�ä6 +{, @ 3=557/ eëEfä6 +{, @ 3=455/ dqgeï6+{, @ 3=4351 Wkxv/ aëEæä6 +{, dqg aë6+{, rewdlqhg frqwuroolqj iru O6 duh wr wkuhh0gljlw dffxudf|

wkh vdph dv wkrvh rewdlqhg lq wkh dqdo|vhv ri Vhfwlrq 81

:1 FRQGLWLRQDO PHWKRGV

D uhihuhh dujxhg wkdw rxu irfxv rq hvwlpdwlqj wkh h>hfw ri pdwhuqdo vwuhvv rq wkh +pdujlqdo,

suhydohqfh ri fklogkrrg looqhvv zlwklq wkh ohyhov ri wkh edvholqh fryduldwhv [ zdv plvjxlghg1 Wkh

uhihuhh vxjjhvwhg wkdw wkh fdxvdo sdudphwhu ri lqwhuhvw vkrxog eh d frpsdulvrq ri wkh looqhvv

suredelolwlhv ri hdfk fklog zkhq wkh prwkhu zdv dqg zdv qrw wuhdwhg/ d frqglwlrqdo prwkhu0

fklog0sdlu0vshfl?f fdxvdo sdudphwhu1 Wkh uhihuhh ixuwkhu dgghg wkdw qrw rqo| zdv wkh zlwklq0sdlu

fdxvdo sdudphwhu ri juhdwhu lqwhuhvw exw/ lq dgglwlrq/ hvwlpdwlrq phwkrgv wkdw xvh rqo| zlwklq

prwkhu0fklog sdlu frpsdulvrqv/ vxfk dv frqglwlrqdo olnholkrrg phwkrgv/ dxwrpdwlfdoo| frqwuro
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iru ehwzhhq0prwkhu dqg ehwzhhq0fklog gl>huhqfhv1

Zh glvdjuhh zlwk wkh uhihuhh rq erwk srlqwv1 Vrph ri wkh iroorzlqj dujxphqwv duh vlpl0

odu wr wkrvh jlyhq lq Vhf1 9 ri Qhxkdxv/ Ndoe hlvfk/ dqg Kdxfn +4<<4,1 Zh zloo ?uvw vkrz

wkdw frqglwlrqdo phwkrgv fdqqrw frqwuro iru ehwzhhq0sdlu gl>huhqfhv zlwkrxw pdnlqj dgglwlrqdo

vwurqj dvvxpswlrqv wkdw duh qrw ixoo| whvwdeoh1 Wr irfxv rq wkh ixqgdphqwdo lvvxh/ vxssrvh [/

O6/ D6/ dqg \6 duh glvfuhwh udqgrp yduldeohv zlwk ?qlwh vxssruw1 Wkhq/ xqghu rxu ruljlqdo

qr frqirxqglqj dvvxpswlrq +4,/ zh rewdlq frqvlvwhqw qrq0sdudphwulf hvwlpdwhv ri wkh pdujlqdo

h>hfwv ëEæä6 +{, dw wlph p e| uhsodflqj wkh xqnqrzq suredelolwlhv rq wkh UKV ri Ht1 +57, e|

wkhlu hpslulfdo hvwlpdwhv1 Wkh Pdunry dqg vwdwlrqdulw| dvvxpswlrqv hqfrghg lq rxu prghov

pdnh wkh hydoxdwlrq ri wkh vxp rq wkh UKV ri +57, hdv| e| doorzlqj xv wr h{sorlw olplw wkhruhpv

iru Pdunry fkdlqv +dv glvfxvvhg lq wkh Dsshqgl{,> qrqhwkhohvv/ wkhvh Pdunry dqg vwdwlrqdu|

dvvxpswlrqv duh qrw hvvhqwldo dqg fdq eh uhod{hg/ surylghg wkh vdpsoh vl}h Q lv odujh uhodwlyh

wr p1

Qrz vxssrvh/ iroorzlqj wkh dujxphqw ri wkh uhihuhh/ wkh ixqgdphqwdo dvvxpswlrq +4, zdv

idovh/ exw ehfrphv wuxh li zh frqglwlrq rq d ixuwkhu xqrevhuyhg pdwhuqdo0fklog0vshfl?f fryduldwh1

Wkdw lv/ lq olhx ri +4,/ zh dvvxph wkdw +4, lv wuxh zkhq prgl?hg wr dgg d prwkhu0fklog sdlu

vshfl?f fryduldwh h>hfw/ zklfk zh wuhdw dv d udqgrp h>hfw â/ wr wkh frqglwlrqlqj hyhqw1 Wkhq

wkh frqglwlrqdo h>hfw ri pdwhuqdo vwuhvv ëEæä6 +{> â, @ su
k
\
Eæä
6 @ 4 m [ @ {> â

l
lv jlyhq e| wkh

j0frpsxwdwlrq dojrulwkp irupxod +57, prgl?hg e| dgglqj â wr hdfk ri wkh frqglwlrqlqj hyhqwv1

Ohw I +â m {, eh wkh xqnqrzq FGI ri wkh udqgrp h>hfwv â jlyhq [ @ {1 Frqvlghu wkh txhv0

wlrq ri zkhwkhu zh fdq frqvwuxfw frqvlvwhqw qrq0sdudphwulf hvwlpdwruv ri wkh pdujlqdo fdxvdo hi0

ihfw ëEæä6 +{, @
U
ë
Eæä
6 +{> â, gI +â m {, @ H

k
ë
Eæä
6 +{> â, m [ @ {

l
/ wkh frqglwlrqdo h>hfwv ëEæä6 +{> â,/

ru wkh frqglwlrqdo glvwulexwlrq ri ëEæä6 +{> â, jlyhq[ @ {/ l1h1/ I Eæä6 +w m [, @ su
k
ë
Eæä
6 +{> â, ? w m [ @ {

l
1

Ehfdxvh â lv xqrevhuyhg dqg I +â m {, lv xqvshfl?hg/ qrqh ri I +â m {, > ëEæä6 +{,/ dqg I Eæä6 +w m {,
lv hyhq lghqwl?hg/ pxfk ohvv frqvlvwhqwo| hvwlpdeoh/ iurp wkh mrlqw glvwulexwlrq ri wkh revhuyhg

gdwd
õ
\�cð> O�cð> D�cð> l @ 4> = = = > Q

ô
1 Ixuwkhupruh/ wkh frqglwlrqdo h>hfwv ëEæä6 +{> â, wkhpvhoyhv

fdqqrw eh frqvlvwhqwo| hvwlpdwhg1 Zh frqfoxgh wkdw/ zkhq rxu jrdo lv wr frqwuro iru ehwzhhq

sdlu gl>huhqfhv e| rqo| dvvxplqj wkdw wkh prgl?hg dvvxpswlrq +4, krogv/ qr phwkrg/ lqfoxg0

lqj frqglwlrqdo olnholkrrg phwkrgv/ fdq dssursuldwho| dgmxvw iru wkhvh sdlu0vshfl?f gl>huhqfhv

zlwkrxw dgglwlrqdo vwurqj dvvxpswlrqv wkdw fdqqrw eh ixoo| fkhfnhg iurp wkh gdwd1 Dv d frq0

vhtxhqfh/ li zh jr dkhdg dqg fkrrvh wr lpsrvh vxfk dvvxpswlrqv/ rxu lqihuhqfhv frqfhuqlqj

ë
Eæä
6 +{, > I

Eæä
6 +w m {, dqg ëEæä6 +{> â, zloo ghshqg rq wkh sduwlfxodu dvvxpswlrq lpsrvhg1 Hyhq li

wkh ruljlqdo dvvxpswlrq +4, krogv lq dgglwlrq wr wkh prgl?hg dvvxpswlrq +4,/ lw lv vwloo wkh

fdvh wkdw qhlwkhu wkh glvwulexwlrq I Eæä6 +w m {, qru wkh frqglwlrqdo h>hfwv ëEæä6 +{> â, wkhpvhoyhv duh

frqvlvwhqwo| hvwlpdeoh zlwkrxw dgglwlrqdo dvvxpswlrqv wkdw fdqqrw eh ixoo| fkhfnhg1

Dv h{dpsohv ri vxfk dvvxpswlrqv/ vxssrvh zh prgho wkh xqnqrzq frqglwlrqdo suredelolwlhv

lq wkh prgl?hg irupxod +57, e| prghov +58, dqg +59,/ wkhpvhoyhv prgl?hg rqo| lq wkdw rq wkh

uljkw0kdqg vlgh ri S6 +ñ_,/ zh uhsodfh wkh ?{hg lqwhufhsw whup ñf_ zlwk wkh udqgrp lqwhufhsw

whup â_1 Khuh zh ylhz wkh udqgrp h>hfw â @ +â�> â2, dv d elyduldwh udqgrp h>hfw/ vr wkdw

wkh h>hfw â� ri d sduwlfxodu prwkhu0fklog sdlu lq suhglfwlqj \6 fdq gl>hu iurp lwv h>hfw â2 lq

suhglfwlqj O61 Wkh phdqlqj ri wkh uhpdlqlqj sdudphwhuv ñ_ lq wkh prgl?hg orjlvwlf prghov +58,

0 +59, gl>huv iurp wkhlu phdqlqj lq wkh ruljlqdo ?{hg h>hfwv prghov/ ehfdxvh orjlvwlf uhjuhvvlrq

lv qhlwkhu olqhdu qru orjolqhdu1 Qrqhwkhohvv/ dv glvfxvvhg lq Vhf1 915/ wkh lqglylgxdo frpsrqhqwv
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ri ñ� vwloo gr qrw kdyh fdxvdo lqwhusuhwdwlrqv dv wkh zlwklq0sdlu h>hfw ri pdwhuqdo vwuhvv klvwru|

D63� rq fklogkrrg looqhvv \61 Udwkhu/ lw iroorzv iurp wkh fruurodu| wr Wkhruhp 4 lq Urelqv

+4<;:e, wkdw rqo| wkh prgl?hg j0frpsxwdwlrq dojrulwkp lqwhjudo +57,/ l1h1/ ëEæä6 +{> â,/ fdq kdyh

vxfk dq lqwhusuhwdwlrq1

Vxssrvh wkh prgl?hg frqglwlrqdo prghov +58, dqg +59, zhuh fruuhfw/ dqg zh frxog ghylvh d

phwkrg wkdw |lhogv frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv ñ_> g @ 4> 5 ri wkhvh prghov1 Wkhq/

iru hdfk ydoxh ri wkh udqgrp h>hfw â/ zh frxog rewdlq d frqvlvwhqw hvwlpdwh eëEæä6 +{> â, ri wkh

frqglwlrqdo h>hfwv e| vxevwlwxwlqj rxu hvwlpdwhv edvhg rq wkh prgl?hg prghov +58, dqg +59,

iru wkh xqnqrzq frqglwlrqdo suredelolwlhv rq wkh UKV ri wkh prgl?hg irupxod +57,1 Vxssrvh lq

dgglwlrq/ wkdw hlwkhu +l, zh frxog ghylvh d phwkrg wr frqvlvwhqwo| hvwlpdwh I +â m {, ru +ll, wkh
xqprgl?hg dvvxpswlrq +4, zdv dovr wuxh/ vr wkdw zh zrxog kdyh dydlodeoh frqvlvwhqw hvwlpdwhv

ri erwk wkh pdujlqdo h>hfw sdudphwhu ëEæä6 +{, dv zhoo dv wkh frqglwlrqdo sdudphwhu ëEæä6 +{> â,1 Lq

wkdw fdvh/ wkh txhvwlrq dulvhv dv wr zklfk sdudphwhu lv ri juhdwhu lqwhuhvw1 Zh dujxh wkdw wkh

pdujlqdo h>hfw sdudphwhu lv ri juhdwhu sxeolf khdowk lqwhuhvw1

Qrz vxssrvh dq r!fldo lv frqvlghulqj d pdwhuqdo vwuhvv uhgxfwlrq surjudp lq krshv ri

ghfuhdvlqj wkh fxuuhqw suhydohqfh ri devhqfhv iurp gd| fduh fhqwhuv gxh wr fklogkrrg looqhvv1 Lq

sodqqlqj wklv surjudp/ wkh r!fldo pljkw zdqw wr nqrz wkh +pdujlqdo, suhydohqfh ri fklogkrrg

looqhvv wkdw frxog eh h{shfwhg wr uhvxow iurp d ixoo| vxffhvvixo lqwhuyhqwlrq surjudp/ zklfk lv

wkh pdujlqdo h>hfw sdudphwhu ëEfä6 +{,/ surylghg wkh prwkhu0fklog sdluv lq wkh gd| fduh fhqwhu

ri lqwhuhvw duh vlplodu wr +l1h1/ h{fkdqjhdeoh zlwk, wkh prwkhu0fklog sdluv lq wkh PVFP vwxg|

srsxodwlrq1 Lq jhqhudo/ sxeolf khdowk r!fldov zloo qrw eh lqwhuhvwhg lq wkh zlwklq0sdlu h>hfw rq

wkh sdluv dfwxdoo| vwxglhg/ dowkrxjk wkh sdluv* shgldwulfldqv pd| eh1 Qrqhwkhohvv/ dgyrfdwhv

ri wkh frqglwlrqdo h>hfw dssurdfk dujxh wkdw rxu delolw| wr hvwlpdwh wkh frqglwlrqdo h>hfwv

ë
Eæä
6 +{> â, udwkhu wkdq vlpso| wkh pdujlqdo h>hfw ëEæä6 +{, lv txlwh lpsruwdqw/ ehfdxvh lw doorzv

xv wr h{wudsrodwh wkh uhvxowv ri rxu vwxg| wr dowhuqdwlyh wdujhw srsxodwlrqv +h1j1/ rwkhu gd| fduh

fhqwhuv, wkdw gl>hu iurp rxu vwxg| srsxodwlrq lq wkhlu glvwulexwlrq ri udqgrp h>hfwv1

Wkhuhiruh/ frqvlghu d wdujhw srsxodwlrq zkrvh udqgrp h>hfw glvwulexwlrq I W +â m {, gl>huv
iurp wkh glvwulexwlrq I +â m {, ri rxu vwxg| srsxodwlrq1 Li wklv wdujhw srsxodwlrq dqg rxu vwxg|

srsxodwlrq kdyh lghqwlfdo frqglwlrqdo h>hfw sdudphwhuv ëEæä6 +{> â,/ wkhq zh zloo eh deoh wr frqvlv0

whqwo| hvwlpdwh wkh pdujlqdo h>hfw lq wkh wdujhw srsxodwlrq e| eëEæäW6 +{, @
U eëEæä6 +{> â,gI W +â m {,1

Dowkrxjk fruuhfw/ wklv srlqw lv rqo| xvhixo li zh kdyh vrph phdqv ri hvwlpdwlqj I W +â m {, lq rxu

wdujhw srsxodwlrq1 Qrz/ li â zhuh d uhdo sk|vlfdo txdqwlw|/ vxfk dv d sduwlfxodu jhqhwlf pdunhu/

zh frxog hvwlpdwh I W +â m {, e| wdnlqj d udqgrp vdpsoh ri vxemhfwv lq wkh wdujhw srsxodwlrq dqg

phdvxulqj wkh pdunhu1 Krzhyhu/ rxu â lv qrw d uhdo phdvxudeoh sk|vlfdo txdqwlw|1 Lq vxppdu|/

li +l, zh glg kdyh d zd| wr hvwlpdwh I W +â m {,/ +ll, rxu prghov +58, dqg +59, zhuh fruuhfw/ dqg

+lll, rxu wdujhw dqg vwxg| srsxodwlrqv kdg wkh vdph frqglwlrqdo h>hfw sdudphwhuv ëEæä6 +{> â,/ zh

frxog wkhq vxffhvvixoo| h{wudsrodwh dqg rewdlq wkh pdujlqdo h>hfw lq wkh qhz wdujhw srsxodwlrq1

Krzhyhu/ zlwk qr zd| wr hvwlpdwh wkh glvwulexwlrq I W +â m {, ru wr ixoo| fkhfn dvvxpswlrqv +ll,

dqg +lll, iurp wkh gdwd/ dq| h{wudsrodwlrq edvhg rq frqglwlrqdo h>hfwv vkrxog eh lqwhusuhwhg

zlwk fdxwlrq1

Zh qrz uhwxuq wr wkh txhvwlrq ri krz rqh pljkw hvwlpdwh wkh frqglwlrqdo h>hfwv ëEæä6 +{> â,

xqghu wkh dvvxpswlrq wkdw wkh prgl?hg prghov +58, dqg +59, zhuh fruuhfwo| vshfl?hg1 Wkh

uhihuhh vxjjhvwhg hvwlpdwlqj wkh sdudphwhuv ri wkhvh prghov e| frqglwlrqdo olnholkrrg phwkrgv/
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zlwkrxw kdylqj wr vshfli| prghov iru hlwkhu +l, wkh frqglwlrqdo glvwulexwlrq ri D6 jlyhq erwk

wkh udqgrp h>hfw ri â dqg wkh sdvw
ý
D63�> O6> \ 6> [

ü
ru +ll, wkh glvwulexwlrq I +â m {, ri wkh

udqgrp h>hfw1 Wkh xvxdo frqglwlrqdo orjlvwlf olnholkrrg dvvrfldwhg zlwk prgho +58, lv wkh frqgl0

wlrqdo orjlvwlf olnholkrrg wkdw/ iru hdfk prwkhu0fklog sdlu l/ frqglwlrqv rq erwk wkh wrwdo qxpehu

ri 3vxffhvvhv4
�S
6'�

\6cð soxv wkh uhjuhvvruv dw hdfk rffdvlrq p1 Xqiruwxqdwho|/ lq rxu vhwwlqj/

rqh fdqqrw xvh wklv frqglwlrqdo olnholkrrg wr rewdlq frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv ñ�
ri wkh prgl?hg prgho +58,1 Lqghhg wkh dvvrfldwhg frqglwlrqdo vfruh ixqfwlrq lv ?{hg jlyhq wkh

frqglwlrqlqj hyhqw dqg wkxv fdqqrw eh xvhg wr hvwlpdwh ñ�/ vlqfh \6cð lv qrw rqo| wkh rxwfrph

dw wlph p exw dovr d uhjuhvvru lq wkh prghov iru \&cð> n @ p>p. 4>p. 5>p. 61 Wkhuhiruh/ d

qdwxudo dowhuqdwlyh zrxog eh wr xvh d pdujlqdo olnholkrrg dssurdfk lq zklfk +l, rqh vshfl?hv dq

dgglwlrqdo sdudphwulf prgho iru wkh frqglwlrqdo glvwulexwlrq ri D6 jlyhq wkh udqgrp h>hfw â

dqg wkh sdvw/ +ll, wkhq lqwhjudwhv zlwk uhvshfw wr wkh odz ri â jlyhq[/ dqg +lll, ?qdoo| pd{lpl}hv

wkh pdujlqdo +lqwhjudwhg, olnholkrrg zlwk uhvshfw wr wkh xqnqrzq sdudphwhuv1 Wkh lqwhjudwlrq

frxog eh zlwk uhvshfw hlwkhu wr d sdudphwulf prgho iru I +â m {, ru rqh frxog fkrrvh wr ohdyh

I +â m {, qrq0sdudphwulf dqg xvh phwkrgv ri Odlug +4<:;,1

ZkhqP lv odujh/ dq dowhuqdwlyh/ ohvv sdudphwulf/ frqglwlrqdo olnholkrrg dssurdfk lv dydlodeoh1

Iluvw/ lq wkh prgl?hg prghov +58, dqg +59,/ zh doorz erwk wkh ñ_ dqg wkh â_ wr ydu| duelwudulo|

ehwzhhq vxemhfwv1 Zh wkhq hvwlpdwh +ñ_ð> â_ð, > g @ 3> 4/ e| pd{lpxp olnholkrrg xvlqj rqo| wkh

P revhuydwlrqv rq vxemhfw l +Khfnpdq/ 4<;4/ sj1 4;804;:,1 Qh{w zh hvwlpdwh wkh vxemhfw0

vshfl?f sdudphwhuv ëEæä6 +{> â, e| soxjjlqj wkh PO hvwlpdwhv ri +ñ_ð> â_ð, lqwr wkh prgl?hg j0

frpsxwdwlrq dojrulwkp irupxod +57,1 Ilqdoo|/ zh hvwlpdwh wkh pdujlqdo sdudphwhu ëEæä6 +{, dv wkh

vdpsoh dyhudjh ri wkh vxemhfw0vshfl?f hvwlpdwhv dprqj vxemhfwv zlwk [ @ {1 Wklv dssurdfk wr

hvwlpdwlqj fdxvdo h>hfwv vxevwlwxwhv wkh ixqfwlrqdo irup dqg vwdwlrqdulw| dvvxpswlrqv +wkdw wkh

sdudphwhuv ñ_ð dqg â_ð duh wlph0lqyduldqw, hqfrghg lq wkh udqgrp frh!flhqw yhuvlrq ri prghov

+58, dqg +59, iru wkh ehwzhhq0sdlu frpsdudelolw| dvvxpswlrq +4,1

;1 DOWHUQDWLYH DSSURDFKHV WR HVWLPDWLRQ

Xqghu dvvxpswlrq +4, ri qr xqphdvxuhg frqirxqghuv/ Urelqv kdv sursrvhg wzr rwkhu phwkrgv

iru hvwlpdwlqj wkh fdxvdo h>hfw ri d wlph0ydu|lqj h{srvxuh rq wkh pdujlqdo phdq ri d uhshdwhg

elqdu| rxwfrph1 Wkh ?uvw phwkrg lv vhplsdudphwulf j0hvwlpdwlrq ri d pxowlsolfdwlyh vwuxfwxudo

qhvwhg phdq prgho +VQPP, +Urelqv/ 4<<7/ 4<<:/ 4<<;d,1 Wklv phwkrg h{whqgv j0hvwlpdwlrq

ri vwuxfwxudo qhvwhg idloxuh wlph prghov +Urelqv/ 4<<5> Urelqv hw do1/ 4<<5, wr qrq0idloxuh wlph

uhshdwhg phdvxuh rxwfrphv1 Wkh vhfrqg phwkrg lv lqyhuvh suredelolw| ri wuhdwphqw zhljkwhg

hvwlpdwruv ri pdujlqdo vwuxfwxudo prghov +PVPv,/ lqwurgxfhg lq Urelqv +4<<;de,1 Wr ghvfuleh

wkhvh prghov/ ohw d @ d� @ +df> = = = > d�, eh d ghwhuplqlvwlf wuhdwphqw klvwru| wkurxjk hqg ri

iroorz0xs/ dqg ohw \ E@ä6 eh d vxemhfw*v rxwfrph dw wlphp li/ srvvleo| frqwudu| wr idfw/ wkh vxemhfw

uhfhlyhg h{srvxuh klvwru| d udwkhu wkdq wkhlu revhuyhg h{srvxuh klvwru| D1 Rqh vlpsoh orjlvwlf

PVP dvvxphv wkdw

orjlw H
k
\ E@ä6 m [

l
@ ìfc6 . ì�c6g +d63�, . ì

â
2[ +5:,
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zkhuh g +ü, lv d nqrzq ixqfwlrq dqg wkh ì*v duh xqnqrzq sdudphwhuv> iru h{dpsoh/ g +d6, frxog

eh fxpxodwlyh h{srvxuh
6S
&'f

d&1 Wklv PVP prgho lpsolhv wkdw wkh h>hfw ri wuhdwphqw rq wkh

phdq ri \ E@ä6 lv d olqhdu orjlvwlf ixqfwlrq ri g +d63�,1
Wr ghvfuleh d pxowlsolfdwlyh VQPP/ ohw

ý
D&> 3

ü
eh wkh wuhdwphqw klvwru| wkdw djuhhv zlwk d

vxemhfw*v revhuyhg wuhdwphqw klvwru| D� wkurxjk wlph n dqg lv 3 wkhuhdiwhu1 D vlpsoh pxowl0

solfdwlyh VQPP dvvxphv wkdw d ?qdo eulhi eols ri h{srvxuh ri pdjqlwxgh D& dw wlph n dprqj

vxemhfwv zlwk sdvw klvwru| O&> D&> \ &>[ pxowlsolhv wkh phdq ri \
+ø&3�cf,
6 e| h{s +#6D&,1 Wkdw

lv/

H

é
\
+ø&cf,
6 m O&> D&> \ &> [

è
@ h{s +#6D&,H

é
\
+ø&3�cf,
6 m O&> D&> \ &>[

è
= +5;,

Erwk rxu PVP +5:, dqg rxu pxowlsolfdwlyh VQP prgho +5;, fdq eh xvhg wr hvwlpdwh frq0

wudvwv ehwzhhq ëE�ä6 +{, dqg ë
Efä
6 +{,1 Vshfl?fdoo|/ orjlw ëE�ä6 +{, ý orjlw ëEfä6 +{, @ pì�c6 dqg

orj
k
ë
E�ä
6 +{, @ë

Efä
6 +{,

l
@ p#61 Ixuwkhupruh/wkh sdudphwhuv ì ri wkh PVP +5:,dqg wkh sd0

udphwhuv # ri wkh pxowlsolfdwlyh VQPP +5;, fdq eh hvwlpdwhg iurp wkh revhuyhg gdwd xvlqj

lqyhuvh suredelolw| ri wuhdwphqw zhljkwhg hvwlpdwlrq dqg j0hvwlpdwlrq uhvshfwlyho|/ surylghg rqh

fdq fruuhfwo| vshfli| d prgho iru su
û
D6 @ 4 m D63�> O6> \ 6>[

ú
1

Hvwlpdwlrq ri VQPPv dqg PVPv frpsohphqw hvwlpdwlrq edvhg rq wkh j0frpsxwdwlrq dojr0

ulwkp lq wkh vhqvh wkdw +l, hvwlpdwlrq edvhg rq wkh j0frpsxwdwlrq dojrulwkp grhv qrw uhtxluh

rqh wr prgho su
û
D6 @ 4 m D63�> O6> \ 6> [

ú
exw grhv uhtxluh rqh prgho wkh mrlqw glvwulexwlrq

ri +\6> O6, jlyhq D6> O63�> \ 63�>[1 D gudzedfn ri VQPPv lv wkdw +l, pxowlsolfdwlyh VQ0

PPv uhtxluh wkh uhvsrqvh suredelolwlhv wr eh vpdoo ehfdxvh wkh pxowlsolfdwlyh prgho grhv qrw

uhvshfw wkh idfw wkdw suredelolwlhv duh erxqghg deryh e| rqh/ zkloh +ll, orjlvwlf VQPPv/ zklfk

gr uhvshfw wklv erxqg/ fdqqrw eh hvwlpdwhg e| wkh phwkrg ri j0hvwlpdwlrq +Urelqv/ Urwqlw}n|/

dqg Vfkduivwhlq/ 4<<<,1

Dq lpsruwdqw dgydqwdjh ri dq dssurdfk edvhg rq PVPv ru VQPPv/ frpsduhg wr phwkrgv

edvhg rq wkh j0frpsxwdwlrq dojrulwkp irupxod/ lv wkdw PVPv dqg VQPPv kdyh sdudphwhuv wkdw

wdnh wkh ydoxh }hur zkhqhyhu wkh qxoo k|srwkhvlv ri qr wuhdwphqw h>hfw lv wuxh1 Iru h{dpsoh/

zkhq wuhdwphqw kdv qr h>hfw rq wkh pdujlqdo phdq ri wkh \6*v/ ì�c6 @ 3 dqg #6 @ 3 iru doo p

lq wkh deryh PVP dqg VQPP prgho1 Dqdo|vlv ri wkh PVFVP gdwd xvlqj PVPv dqg VQPPv

zloo eh uhsruwhg hovhzkhuh1

<1 GLVFXVVLRQ

Dv dujxhg lq Urelqv +4<;9, dqg Urvhqedxp +4<;7,/ zh vkrxog qrw h{shfw dvvxpswlrq 5 wr krog

li prwkhu*v vwuhvv D& rq gd| n frxog d>hfw khu fklog*v khdowk vwdwxv \& rq wkh vdph gd| n/

vlqfh wkhq \& frxog eh d frqvhtxhqfh ri D&1 ]hjhu dqg Oldqj +4<<4, pdgh d vlplodu dujxphqw1

Zkhq prwkhu*v vwuhvv dqg fklog*v looqhvv rffxuuhg wrjhwkhu rq d sduwlfxodu gd|/ zh kdg qr zd|

ri ghwhuplqlqj zklfk suhfhghg wkh rwkhu whpsrudoo|1 Krzhyhu/ zh vxvshfw wkdw/ dv uhtxluhg iru

dvvxpswlrq 5/ lw zrxog wdnh dw ohdvw rqh gd| iru wkh h>hfw ri prwkhu*v vwuhvv wr kdyh khdowk

frqvhtxhqfhv iru khu fklog1 Dvvxpswlrq 5 lv dovr frqvlvwhqw zlwk wkh pruh olnho| srvvlelolw| wkdw

d fklog*v looqhvv rq gd| n frxog fdxvh d prwkhu wr ehfrph vwuhvvhg rq wkdw gd|1

Wr ghwhuplqh wkh vhqvlwlylw| ri rxu vwdwlvwlfdo lqihuhqfhv wr wkhvh vxevwdqwlyh dvvxpswlrqv/
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zh uhdqdo|}hg wkh gdwd xqghu wkh rssrvlwh dvvxpswlrq rq wkh whpsrudo rughu1 Zh dvvxphg wkdw

prwkhu*v vwuhvv rq gd| n frxog fdxvh fklog*v looqhvv rq wkdw gd| exw wkdw looqhvv rq gd| n zrxog

qrw d>hfw prwkhu*v vwuhvv xqwlo gd| n . 41 Xqghu wklv vxevwdqwlyh dvvxpswlrq/ dvvxpswlrq 5 lv

qr orqjhu whqdeoh> krzhyhu/ wkh dowhuqdwlyh dvvxpswlrq wkdwqí
\ Efä6 > \ E�ä6

ì
>p @ n> n . 4> = = = >P

rd
D& m D&3�> \ &3�>[ iru doo n è 4 +5<,

lv uhdvrqdeoh1 Wr uhdqdo|}h wkh gdwd xqghu wklv prgl?hg qr0frqirxqglqj dvvxpswlrq +5<,/ lw

vx!fhv wr uhfrgh looqhvv rffxuulqj rq gd| n dv kdylqj rffxuuhg rq gd| n . 4 dqg wkhq iroorz

wkh vwhsv ghvfulehg suhylrxvo| iru dqdo|}lqj wkh gdwd xqghu wkh ruljlqdo dvvxpswlrq +5,1 Zkhq

zh glg vr/ zh rewdlqhg dq hvwlpdwh 3=435 iru ï6+{,/ wkh vdph wr wkuhh vljql?fdqw gljlwv dv

rxu suhylrxv hvwlpdwh1 Zh wkxv frqfoxgh wkdw rxu lqihuhqfhv dsshdu urexvw wr rxu dvvxpswlrqv

frqfhuqlqj wkh fdxvdo rughulqj ri prwkhu*v vwuhvv dqg fklog*v looqhvv rq d vlqjoh gd|1 Krzhyhu/ lq dq

revhuydwlrqdo vwxg|/ zh fdq qhyhu nqrz zkhwkhu rxu dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv

+4, lv wuxh1 Wkxv/ lw lv ri lqwhuhvw wr frqgxfw d vhqvlwlylw| dqdo|vlv wr txdqwli| krz rxu lqihuhqfhv

frqfhuqlqj wkh fdxvdo h>hfw ri d wuhdwphqw ru h{srvxuh rq dq rxwfrph ydu| dv d ixqfwlrq ri wkh

pdjqlwxgh ri frqirxqglqj e| xqphdvxuhg idfwruv1 Urelqv/ Urwqlw}n|/ dqg Vfkduivwhlq +4<<<,

ghyhors dssursuldwh phwkrgv1 Wkhvh phwkrgv gr qrw uhtxluh wkh vwdwlrqdulw| ru ixqfwlrqdo irup

dvvxpswlrqv ri wkh frqglwlrqdo phwkrgv ghvfulehg lq Vhf1 : deryh1

Ilqdoo|/ rqh pljkw eh frqfhuqhg wkdw lw zdv iuxlwohvv wr dwwhpsw wr hvwlpdwh wkh fdxvdo h>hfw ri

vhoi0uhsruwhg prwkhu*v vwuhvv rq vhoi0uhsruwhg fklog*v looqhvv/ ehfdxvh wkh h{srvxuh +vhoi0uhsruwhg

vwuhvv, dqg wkh rxwfrph +vhoi0uhsruwhg looqhvv, zhuh vxemhfwlyh dqg loo0gh?qhg1 Qhyhuwkhohvv/ wkh

phwkrgv ghyhorshg lq wklv sdshu zloo dovr eh qhfhvvdu| wr hvwlpdwh wkh h>hfw ri dq remhfwlyh zhoo0

gh?qhg wlph ydu|lqj h{srvxuh rq wkh pdujlqdo phdq ri dq remhfwlyh zhoo0gh?qhg glfkrwrprxv

rxwfrph1

DSSHQGL[ D= SURRIV RI SURSRVLWLRQV 8 DQG 9

Surri ri Sursrvlwlrq 8
Qrwh wkdw

i
û
D6> = = = > > D� m \6> D63�>[
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û
D& m \6> D&3�> [

ú
@
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&'6
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û
D& m D&3�> [

ú
@ i

û
D6> = = = > D� m D63�> [

ú +D14,

zkhuh wkh vhfrqg htxdolw| xvhv Ht1 +48,1 Ht1 +44, lv htxlydohqw wr Ht1 +D14,1 Khqfh/ Ht1 +48,

lpsolhv Ht1 +44,1 Fkdpehuodlq flwhg rwkhu uhihuhqfhv iru wklv uhvxow1

Surri ri Sursrvlwlrq 9
Li rqh fkrrvhv wkh zrunlqj fryduldqfh pdwul{ Y +ò, @ Yð?_ +ò,/ wkhqXC..+Yð?_> ò, lv d olqhdu

frpelqdwlrq ri whupv ri wkh irup

X6 +ò, ì j
ý
D63�>[>ò

ü
%6 +ò,
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zlwk

j
ý
D63�>[>ò

ü
@ iCS6 +ò, @Còj iS6 +ò, ^4ý S6 +ò,`j3�

dqg

%6 +ò, ì \6 ý S6 +ò, =

Khqfh/ zh kdyh

H iXC..+Yð?_> ò,j @ H
+

?[
ð'�

iCSð +ò, @Còj ^Yðcð?_ +ò,`3� %ð +ò,
,
@ 3

xqghu prgho +45, dqg wkxv eòC..+Yð?_, zloo eh frqvlvwhqw iru ò1
Krzhyhu/ li Y +ò, kdv qrq0}hur r>0gldjrqdo hohphqwv/ wkhq wkh olqhdu frpelqdwlrqXC..+Y>ò,

frqwdlqv whupv ri wkh irup t
ý
D63�> [>ò

ü
%& +ò, zlwk n ? p iru vrph t+ü> ü>ò,1 Vlqfh Ht1 +44,

lv qrw wuxh dqg prgho +45, grhv qrw lpso| wkdw vxfk whupv kdyh phdq }hur/ eòC..+Y , pd|
qrw eh frqvlvwhqw1 Qrwh wkdw/ lq jhqhudo/ Fry iX& +ò, > X6 +ò,j 9@ 3 iru n ? p hyhq zlwk

Y +ò, @ Yð?_ +ò,/ vlqfh prgho +45, grhv qrw lpso| wkdw H ^X& +ò,X6 +ò,` @ 3/ gxh wr wkh idfw

wkdw X& +ò, frqwdlqv %& +ò, ì \& ýS& +ò,1Wkh vhfrqg sduw ri Sursrvlwlrq 9 iroorzv lpphgldwho|

iurp wkh idfw wkdw zkhq Ht1 +47, dqg prgho +45, duh erwk wuxh/ wkh olnholkrrg ixqfwlrq O +ò,
fdq eh zulwwhq dv

?\
ð'�

+
i +[ð,

�\
6'�

i
û
\6cð m D63�cð>[ð>ò

ú
i
û
D6cð m \ 6cð> D63�cð> [

ú,
1

Wkxv/ xqghu prgho 45/

CcqO +ò, @Cò @XC.. +Yð?_> ò, =

DSSHQGL[ E= 3PDUNRY FKDLQ4 HVWLPDWLRQ RI ëEæä6 +{,

Frqvlghu wkh jhqhudo vhw0xs ri Vhf1 914 xqghu wkh dvvxpswlrq ri +4, ri qr xqphdvxuhg

frqirxqghuv1 Uhvxowv ri hduolhu vhfwlrqv duh rewdlqhg dv d vshfldo fdvh1 Zh vkdoo uhtxluh wkh

iroorzlqj gh?qlwlrqv1 Ohw \ W6 eh d udqgrp yduldeoh ghqrwlqj wkh mrlqw ohyhov ri \6 dqg O6/ zlwk

uhdol}dwlrqv |W wdnlqj ydoxhv lq wkh vhw i4> = = = >Nj1
Lq rxu PVFP gdwd vhw zlwk O6 ghqrwlqj looqhvv vhyhulw|/ \ W6 kdg rqo| wkuhh ohyhov/ l1h1 N @ 6/

dv iroorzv= \ W6 ì 3 li \6 @ 3 dqg O6 @ 3> \ W6 ì 4 li \6 @ 4 dqg O6 @ 3> dqg \ W6 ì 5 li \6 @ 4
dqg O6 @ 41 Khqfh \6 @ L +\ W6 9@ 3, dqg O6 @ L +\ W6 @ 5,1

Gh?qlwlrq 61 Zh vd| wkdw \ W6 lv t0Pdunry li iru doo p è t dqg m @ 3 ru 4/

Su
k
\ W6 @ |

W m \ W63�> D63� @ md63�o>[
l
@ Su

k
\ W6 @ |

W m \ W63�> = = = > \ W63^> D63� @ md63�o>[
l
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Gh?qlwlrq 71 Zh vd| wkdw \ W6 lv t0vwdwlrqdu| li lw lv t0Pdunry dqg/ iru m @ 3 ru 4 dqg p è t/

Su
k
\ W6 @ |

W m ý\ W63�> = = = > \ W63^ü @ ud^o> D63� @ md63�o> [ @ {
l
ì S Eæä

od^o
+|W> {,

lv lqghshqghqw ri wlph p/ zkhuh ud^o lv d t0yhfwru ri srvvleoh uhdol}dwlrqv ri +\ W63�> = = = > \ W63^,1
Lq sduwlfxodu/ li prghov +58,0+59, duh fruuhfw dqg ñH_ @ ñb_ @ ñ�f_ @ 3/ \

W
6 lv 50vwdwlrqdu|1

Qh{w/ qrwh wkdw Ht1 +57, fdq eh uhzulwwhq dv

ëEæä6 +{, @
[

t+W( +W õ'få
üEæä6 +|W> {, +E4,

zkhuh

üEæä6 +|W> {, @
[

@,, +W63�

iSu
k
\ W6 @ |

W m \ W63� @ |W63�> D63� @ md63�o>[ @ {
l
î

63�\
&'�

Su
k
\ W& @ |

W
& m \ W&3� @ |W&3�> D&3� @ md&3�o>[ @ {

l
j1 +E5,

Wkh irup ri E5 lpsolhv wkdw li \ W6 lv t0vwdwlrqdu| dqg wkh S Eæä
od^o
+|W> {, duh doo qrq0}hur/ wkhq/ wkh

olplw üEæä +|W> {, ì olp
6<"ü

Eæä
6 +|W> {, ri wkh üEæä6 +|W> {, lv htxdo wr wkh olplwlqj pdujlqdo sured0

elolw| Su+]6 @ |W, lq d Nývwdwh twk0rughu luuhgxfleoh dqg hujrglf Pdunry fkdlq i]�> ]2> = = = j
zlwk vwdwlrqdu| wudqvlwlrq suredelolwlhv S Eæä

od^o
+|W> {, iru m @ 3 ru 41 Wkxv/ li zh gh?qh

ëEæä +{, ì
[

t+W( + õ'få
üEæä +|W> {, / +E6,

wkhq/ e| Ht1 +E4,/ ëEæä +{, lv wkh olplw dv p $ 4 ri wkh ëEæä6 +{,1 Rxu hvwlpdwhv eëEæä6 +{, ri wkh

ë
Eæä
6 +{, lq wkh wh{w zhuh wkh pd{lpxp olnholkrrg +PO, hvwlpdwhv xqghu prghov +58,0+59, zlwk

ñH_ @ ñb_ @ ñ�f_ @ 3 ri wkh olplwlqj suredelolw| ëEæä +{,1 Kx dqg Urelqv +4<<6, vkrz wkdw/ lq

wklv h{dpsoh/ wkh PO hvwlpdwhv ri ëEæä +{, dqg ëEæä6 +{, gl>hu iurp rqh dqrwkhu rqo| lq wkh wklug

vljql?fdqw gljlw iru p è 53/ mxvwli|lqj rxu dssurdfk1
Lq rughu wr fdofxodwh wkh PO hvwlpdwh ri ëEæä +{,/ zh xvh wkh idfw wkdw li i]�> ]2> = = = j lv d

vwdwlrqdu| N0vwdwh twk0rughu Pdunry fkdlq/ wkhq iW�> W2> = = = j zlwk W6 @ +]63^n�> = = = > ]6, lv d
vwdwlrqdu| N^0vwdwh 4vw rughu Pdunry fkdlq iru p A tý4 zkrvh N^ûN^ +vwdwlrqdu|, wudqvlwlrq

suredelolw| pdwul{ S lv d ixqfwlrq ri wkh vwdwlrqdu| wudqvlwlrq suredelolwlhv S Eæä
od^o
+|W> {, ri wkh

ruljlqdo Pdunry fkdlq i]�> ]2> = = = j1 Wkh olplwlqj vwdwlrqdu| +pdujlqdo, suredelolw| glvwulexwlrq
K ì +kf> k�> = = = > kg^3�, ri wkh wudqviruphg Pdunry fkdlq iW�> W2> = = = j doorzv xv wr fdofxodwh

wkh olplwlqj pdujlqdo suredelolw| üEæä+|W> {, ri wkh ruljlqdo Pdunry fkdlq i]�> ]2> = = = j1
Zh fdq fdofxodwh wkh vwdwlrqdu| glvwulexwlrq K xvlqj wkh iroorzlqj uhvxowv iru ?uvw0rughu

Pdunry fkdlqv +Fr{ dqg Ploohu/ 4<98> Nduolq dqg Wd|oru/ 4<:8> Urvv/ 4<;6,1Ohw D eh wkhN^ûN^

pdwul{ +SA ý L, h{fhsw zlwk lwv odvw urz uhsodfhg e| d urz0yhfwru ri N^ 4*v dqg ohw F eh wkh

N^ û 4 froxpq yhfwru +3> 3> = = = > 4,A 1 Wkhq

KA @ D3�F +E7,
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Zh ?w prghov +58,0+59, zlwk ñH_ @ ñb_ @ ñ�f_ vhw wr }hur e| pd{lpxp olnholkrrg wr rewdlq

hvwlpdwhv ri wkh vwdwlrqdu| wudqvlwlrq suredelolwlhv eS Eæä
od2o
+|W> {,/ zkhuh ud2o @ +|W�> |W2,1 Vhsdudwho|

iru m @ 3 dqg 4/ zh wkhq xvhg eS Eæä
od2o
+|W> {, wr rewdlq wkh PO hvwlpdwh eS ri wkh 62û62 +vwdwlrqdu|,

wudqvlwlrq suredelolw| pdwul{ S ri wkh wudqviruphg 620vwdwh 4vw rughu Pdunry fkdlq iW�> W2> = = = j1
Qh{w/ zh frpsxwhg wkh hvwlpdwh eK ri wkh fruuhvsrqglqj vwdwlrqdu| +pdujlqdo, suredelolw| glv0

wulexwlrq K ri Ht1 +E7, e| xvlqj wkh pdwul{ eD fdofxodwhg iurp rxu hvwlpdwh eS/ dqg wkhq zh

fdofxodwhg eüEæä+|W> {, iurp eK1 Ilqdoo|/ zh xvhg Ht1 +E6, wr rewdlq eëEæä+{,1
Iru vrph rxwfrphv ri lqwhuhvw/ vwdwlrqdulw| pd| qrw eh whqdeoh1 Iru h{dpsoh/ vxssrvh wkh

rxwfrph ri lqwhuhvw zdv dq lqglfdwru ri zkhwkhu dq KLY lqihfwhg vxemhfw*v FG7 frxqw h{fhhghg

533 rq gd| p1 Lq wkdw fdvh/ wkh vwdwlrqdulw| dvvxpswlrq zrxog qrw krog gxh wr d grzqzdug

wuhqg lq FG70frxqwv ryhu wlph lq KLY lqihfwhg shuvrqv1 Lq frqwudvw/ fkloguhq*v looqhvvhv xvxdoo|

odvwhg iru rqo| d ihz gd|v dqg wkhuh zdv qr wuhqg lq fklog*v looqhvv udwhv ryhu wkh wlph shulrg

ri lqwhuhvw/ l1h1 63093 gd|v/ vr wkdw wkh t0vwdwlrqdulw| dvvxpswlrq zdv txlwh uhdvrqdeoh lq rxu

h{dpsoh/ dqg zdv frqvlvwhqw zlwk wkh gdwd1

Uhihuhqfhv

Fkdpehuodlq/ J1 +4<;7,/ 3Sdqho gdwd/4 lq Kdqgerrn ri Hfrqrphwulfv/ Yroxph LL/ ]1 Julolfkhv
dqg P1G1 Lqwuloljdwru +hgv1,/ Dpvwhugdp= Qruwk0Kroodqg/ ss1 457:0464;1

Fr{/ G1U1 +4<8;,/ Wkh ghvljq dqg sodqqlqj ri h{shulphqwv/ Orqgrq= Fkdspdq dqg Kdoo1

Fr{/ G1U1 dqg Klqnoh|/ G1Y1 +4<:7,/ Wkhruhwlfdo Vwdwlvwlfv/ Orqgrq= Fkdspdq dqg Kdoo1

Fr{/ G1 U1 dqg Ploohu/ K1 G1 +4<98,/ Wkh Wkhru| ri Vwrfkdvwlf Surfhvvhv/ Orqgrq= Phwkxhq1

Juhhqodqg/ V1 dqg Urelqv/ M1 +4<;9,/ 3Lghqwl?delolw|/ h{fkdqjhdelolw|/ dqg hslghplrorjlfdo
frqirxqglqj/4 Lqwhuqdwlrqdo Mrxuqdo ri Hslghplrorj|/ 48/ 746074<1

Khfnpdq/ M1M1 +4<;4,/ 3Wkh lqflghqwdo sdudphwhuv sureohp dqg wkh sureohp ri lqlwldo frq0
glwlrqv lq hvwlpdwlqj d glvfuhwh wlph0glvfuhwh gdwd vwrfkdvwlf surfhvv/4 lq Vwuxfwxudo Dqdo|vlv ri
Glvfuhwh Gdwd zlwk Hfrqrphwulf Dssolfdwlrqv/ Pdqvnl/ F1I1/ PfIdgghq/ G1 +hgv1,/ Fdpeulgjh/
PD= PLW Suhvv/ ss1 4:<04<81

Kroodqg/ S1 +4<;9,/ 3Vwdwlvwlfv dqg Fdxvdo Lqihuhqfh/4 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ ;4/ <780<941

Kx/ I10F1 dqg Urelqv/ M1P1 +4<<6,/ 3Xvlqj olplw odzv iru Pdunry fkdlqv wr hvwlpdwh wkh fdxvdo
h>hfw ri d wlph0ydu|lqj h{srvxuh rq d uhshdwhg elqdu| rxwfrph/4 lq I10F1 Kx/ xqsxeolvkhg Vf1G1
Glvvhuwdwlrq/ Kduydug Vfkrro ri Sxeolf Khdowk/ Ghsduwphqw ri Elrvwdwlvwlfv/ Ervwrq/ PD1

Ndoe hlvfk/ M1G1/ dqg Suhqwlfh/ U1O1 +4<;3,/ Wkh Vwdwlvwlfdo Dqdo|vlv ri Idloxuh Wlph Gdwd/
Qhz \run= Mrkq Zloh|1

Nduolq/ V1 dqg Wd|oru/ K1 P1 +4<:8,/ D Iluvw Frxuvh lq Vwrfkdvwlf Surfhvvhv +5qg hg1,1 Vdq
Glhjr/ FD= Dfdghplf Suhvv1

Odlug Q1 +4<:;,/ 3Qrqsdudphwulf pd{lpxp olnholkrrg hvwlpdwlrq ri d pl{lqj glvwulexwlrq/4
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :6/ ;380;441

Ohzlv G1N1 +4<:6,/ Frxqwhuidfwxdov/ Fdpeulgjh/ PD= Kduydug Xqlyhuvlw| Suhvv1

Oldqj N0\1 dqg ]hjhu V1O1 +4<;9,/ 3Orqjlwxglqdo Gdwd Dqdo|vlv xvlqj Jhqhudol}hg Olqhdu
Prghov/ Elrphwulnd/ :6/ 460551

Qhxkdxv/ M1P1/ Ndoe hlvfk/ M1G1/ dqg Kdxn/ Z1Z1 +4<<4,/ 3D frpsdulvrq ri foxvwhu0vshfl?f
dqg srsxodwlrq0dyhudjh dssurdfkhv iru dqdo|}lqj fruuhodwhg elqdu| gdwd/4 Lqwhuqdwlrqdo Vwdwlv0
wlfdo Uhylhz/ 8</ 580681
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Urelqv/ M1P1 +4<;9,/ 3D Qhz Dssurdfk wr Fdxvdo Lqihuhqfh lq Pruwdolw| Vwxglhv zlwk Vxv0
wdlqhg H{srvxuh Shulrgv 8 Dssolfdwlrq wr Frqwuro ri wkh Khdowk| Zrunhu Vxuylyru H>hfw/4
Pdwkhpdwlfdo Prghoolqj/ :/ 46<6048451

Urelqv/ M1P1 +4<;:d,/ 3D Judsklfdo Dssurdfk wr wkh Lghqwl?fdwlrq dqg Hvwlpdwlrq ri Fdxvdo
Sdudphwhuv lq Pruwdolw| Vwxglhv zlwk Vxvwdlqhg H{srvxuh Shulrgv/4 Mrxuqdo ri Fkurqlf Glvhdvh
+73/ Vxssohphqw,/ 5/ 46<v0494v1

Urelqv/ M1P1 +4<;:e,/ 3Dgghqgxp wr cD Qhz Dssurdfk wr Fdxvdo Lqihuhqfh lq Pruwdolw|
Vwxglhv zlwk Vxvwdlqhg H{srvxuh Shulrgv 8 Dssolfdwlrq wr Frqwuro ri wkh Khdowk| Zrunhu Vxu0
ylyru H>hfw*/4 Frpsxwhuv dqg Pdwkhpdwlfv zlwk Dssolfdwlrqv/ 47/ <560<781

Urelqv/ M1P1 +4<;<d,/ 3Wkh Frqwuro ri Frqirxqglqj e| Lqwhuphgldwh Yduldeohv/4 Vwdwlvwlfv
lq Phglflqh/ ;/ 9:<0:341

Urelqv/ M1P1 +4<;<e,/ 3Wkh Dqdo|vlv ri Udqgrpl}hg dqg Qrq0udqgrpl}hg DLGV Wuhdwphqw
Wuldov Xvlqj d Qhz Dssurdfk wr Fdxvdo Lqihuhqfh lq Orqjlwxglqdo Vwxglhv/4 lq Khdowk Vhuylfh
Uhvhdufk Phwkrgrorj|= D Irfxv rq DLGV/ Vhfkuhvw/ O1/ Iuhhpdq/ K1/ dqg Pxooh|/ D1 +hgv1,/
QFKVU/ X1V1 Sxeolf Khdowk Vhuylfh/ ss1 446048<1

Urelqv/ M1P1 +4<<5,/ 3Hvwlpdwlrq ri wkh Wlph0ghshqghqw Dffhohudwhg Idloxuh Wlph Prgho
lq wkh Suhvhqfh ri Frqirxqglqj Idfwruv/4 Elrphwulnd/ :</ 65406671

Urelqv/ M1P1/ Eohylqv G/ Ulwwhu J/ dqg Zxoivrkq P1 +4<<5,/ 3J0hvwlpdwlrq ri wkh h>hfw
ri sursk|od{lv wkhuds| iru sqhxprf|vwlv fdulqll sqhxprqld rq wkh vxuylydo ri DLGV sdwlhqwv/4
Hslghplrorj|/ 6/ 64<06691

Urelqv/ M1P1 +4<<7,1 3Fruuhfwlqj iru qrq0frpsoldqfh lq udqgrpl}hg wuldov xvlqj vwuxfwxudo
qhvwhg phdq prghov/4 Frppxqlfdwlrqv lq Vwdwlvwlfv/ 56/ 56:<057451

Urelqv/ M1P1 +4<<:,/ 3Fdxvdo lqihuhqfh iurp frpsoh{ orqjlwxglqdo gdwd/4 lq Odwhqw Yduldeoh
Prgholqj dqg Dssolfdwlrqv wr Fdxvdolw|1 Ohfwxuh Qrwhv lq Vwdwlvwlfv +453,/ Ehundqh/ P1 +hg1,/
Q\= Vsulqjhu Yhuodj/ ss1 9<044:1

Urelqv/ M1P1 +4<<;d,/ 3Fruuhfwlrq iru qrq0frpsoldqfh lq htxlydohqfh wuldov/4 Vwdwlvwlfv lq
Phglflqh/ 4:/ 59<06351

Urelqv/ M1P1 +4<<;e,/ 3Pdujlqdo vwuxfwxudo prghov/4 4<<: Surfhhglqjv ri wkh Dphulfdq Vwd0
wlvwlfdo Dvvrfldwlrq/ Vhfwlrq rq Ed|hvldq Vwdwlvwlfdo Vflhqfh/ ss1 40431

Urelqv/ M1P1/ Urwqlw}n|/ D1 dqg Vfkduivwhlq/ G1 +4<<<,/ 3Vhqvlwlylw| Dqdo|vlv iru Vhohfwlrq
Eldv dqg Xqphdvxuhg Frqirxqglqj lq Plvvlqj Gdwd dqg Fdxvdo Lqihuhqfh Prghov/4 Vwdwlvwlfdo
Prghov lq Hslghplrorj|/ H1 Kdoorudq +hg1,/ Q\= Vsulqjhu0Yhuodj +wr dsshdu,1

Urvhqedxp/ S1U1 +4<;7,/ 3Wkh frqvhtxhqfhv ri dgmxvwphqw iru d frqfrplwdqw yduldeoh wkdw
kdv ehhq d>hfwhg e| wkh wuhdwphqw/4 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv D/ Jhqhudo/
47:/ 98909991

Urvhqedxp/ S1 U1 +4<;7,/ 3Iurp dvvrfldwlrq wr fdxvdwlrq lq revhuydwlrqdo vwxglhv= Wkh
uroh ri whvwv ri vwurqjo| ljqrudeoh wuhdwphqw dvvljqphqw/4 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ :</ 7407;1

Urvv/ V1 P1 +4<;6,/ Vwrfkdvwlf Surfhvvhv/ Qhz \run= Mrkq Zloh| ) Vrqv1

Uxelq/ G1E1 +4<:7,/ 3Hvwlpdwlqj Fdxvdo H>hfwv ri Wuhdwphqw lq Udqgrpl}hg dqg Qrq0
udqgrpl}hg Vwxglhv/4 Mrxuqdo ri Hgxfdwlrqdo Sv|fkrorj|/ 99/ 9;;0:341

Uxelq/ G1E1 +4<:;,/ 3Ed|hvldq Lqihuhqfh iru Fdxvdo H>hfwv= Wkh Uroh ri Udqgrpl}dwlrq/4
Wkh Dqqdov ri Vwdwlvwlfv/ 9/ 6708;1

Uxelq/ G1E1 +4<<3,/ 3Frpphqw= Qh|pdq +4<56, dqg fdxvdo lqihuhqfh lq h{shulphqwv dqg
revhuydwlrqdo vwxglhv/4 Vwdwlvwlfdo Vflhqfh/ 8/ 7:507;31

]hjhu/ V1O1/ dqg Oldqj/ N0\1 +4<;9,/ 3Orqjlwxglqdo Gdwd Dqdo|vlv iru Glvfuhwh dqg Frqwlq0
xrxv Rxwfrphv/4 Elrphwulfv/ 75/ 45404631

]hjhu/ V1O1 dqg Oldqj/ N10\1 +4<<4,/ 3Ihhgedfn prghov iru glvfuhwh dqg frqwlqxrxv wlph
vhulhv/4 Vwdwlvwlfd Vlqlfd/ 4/ 840971
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Wdeoh 4= Sursruwlrq ri Srvlwlyh Uhvsrqvhv ryhu Doo Gd|v dqg Vxemhfwv lq Prwk0
huv* Vwuhvv dqg Fkloguhq*v Pruelglw| Vwxg| +iurp ]hjhu Oldqj/ 4<;9,

Yduldeoh Sursruwlrq Srvlwlyh

Fklog loo 3147
Prwkhu vwuhvvhg dw= wý 4 3147

wý 5 3148
wý 6 3149

Krxvhkrog vl}h A 6 3199
Qrq0zklwh 3188
Hpsor|hg 3166
Pduulhg 3183

Wdeoh 5= Whvwlqj Zkhwkhu Htxdwlrq 44 Zdv Fruuhfw

Uhvsrqvh Yduldeoh= Looqhvv +w,

PO Vwdqgdug
Fryduldwh Hvwlpdwh Huuru Sure1

Lqwhufhsw ý5=856 3=474 3=333
L Vwuhvv +w, 3=976 3=46< 3=333

Vwuhvv +wý 4, 3=6:7 3=478 3=343
Vwuhvv +wý 5, ý3=3396 3=487 3=<9;
Vwuhvv +wý 6, 3=664 3=474 3=34;<
Pduulhg 3=774 3=447 3=333
Hpsor|hg 3=49; 3=455 3=49;
Qrq0zklwh 3=863 3=447 3=333
Krxvhkrog A 6 ý3=9;5 3=445 3=333
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Wdeoh 6= Whvwlqj Zkhwkhu Htxdwlrq 48 Zdv Fruuhfw

Uhvsrqvh Yduldeoh= Vwuhvv+w,

PO Vwdqgdug
Fryduldwh Hvwlpdwh Huuru Sure1

Lqwhufhsw ý5=<77 3=486 3=333
Vwuhvv +wý 4, 3=<96 3=466 3=333
Vwuhvv +wý 5, 3=69: 3=477 3=345
Vwuhvv +wý 6, 3=6:5 3=476 3=33<
DyjbVwuhvv +é wý 7, 5=375 3=574 3=333

L Looqhvv +w, 3=887 3=47; 3=333
Pduulhg 3=4<: 3=44: 3=3<4
Hpsor|hg 3=49< 3=457 3=4:7
Qrq0zklwh ý3=3;3 3=447 3=7;:
Krxvhkrog A 6 ý3=43; 3=44< 3=699

Wdeoh 7= Whvwlqj Zkhwkhu Htxdwlrq 47 Zdv Fruuhfw

Uhvsrqvh Yduldeoh= Looqhvv+w,

PO Vwdqgdug
Fryduldwh Hvwlpdwh Huuru Sure1

Lqwhufhsw ý6=389 3=496 3=333
Vwuhvv +wý 4, 3=55: 3=49; 3=4::
Vwuhvv +wý 5, ý3=5;< 3=4;5 3=445
Vwuhvv +wý 6, 3=787 3=496 3=338
DyjbVwuhvv +é wý 7, 3=865 3=5<6 3=39<

L Looqhvv +wý 4, 5=8:9 3=459 3=333
Pduulhg 3=669 3=45; 3=33<
Hpsor|hg 3=478 3=46: 3=5<4
Qrq0zklwh 3=657 3=45< 3=345
Krxvhkrog A 6 ý3=748 3=45: 3=334

5:


