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Semantics of causal DAG models and the identification
of direct and indirect effects
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Directed acyclic graphs (DAGs) are commonly used to represent causal mod-
els. The article by Dawid posits a causal model that is closely related to the
model of Spirtes et al. (1993) and the model of Pearl {(1993b). In this discussion
I will compare and contrast the semantics of DAGs representing the Spirtes ef
al. model with that of DAGs representing the non-parametric structural equa-
tion (NPSE) model of Pearl (1995a) and the finest fully randomized causally
interpreted structured tree graph (FRCISTG) model of Robins (1986). This dis-
cussion will be more philosophical than other contributions to this volume for the
following reason: the major controversies in this field are often focused upon the
causal rather than the statistical interpretation of various analytic procedures.
For example, the finest FRCISTG and NPSE models both assume the existence
of counterfactual variables; Dawid denies their existence, and the Spirtes et al.
(1993) model is ‘agnostic’. To give the flavour of the issues involved I will review
in detail one controversy. The controversy concerns the question of whether,
when, and how the direct effects of a treatment on an outcome can be separated
by means of statistical analysis from the treatment’s indirect effects. The discus-
sion is organized as follows. In Section 1, I define the causal models that are to
be compared. In Section 2, I collect mathematical results on the identification
of direct and indirect effects. In Section 3, I discuss the substantive implications
of these results.

1 Causal models and their DAG representation

We are given a DAG G with a vertex set of random variables V = (Vi,...,Var)
with density fy (v) ordered so that V; is not a descendant of V,,, for m > j. We
shall use the following notational conventions. For any random variable Z, we
let a calligraphic Z denote the support (i.e. the set of possible realizations z) of
Z. For any zi,..., 2y, define %, = {(#1,...,2m). By convention z, = 2z, = 0.
Let X denote any subset of V' and let z be a realization of X. Both the finest
FRCISTG and NPSE causal models assume the existence of the counterfactual
random variable V,, (z) encoding the value the variable Vin would have if, possibly
contrary to fact, X were set to =, where V,, (x} is assumed to be well defined in
the sense that there is reasonable agreement as to the hypothetical intervention
(i.e. closest possible world) that sets X to z (Robins and Greenland 2000).
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Finest FRCISTG causal model A finest FRCISTG model assumes (i) all
one-step-ahead counterfactuals Vi, (m—1) exist; (i) Viy (Tm—1) = Vi (pap) is
a function of ¥;,_; only through the values pan, of V;;,’s parents on G; (iii)
both the observed variables V,,, and the counterfactuals V;, (z) for any X C V
are obtained recursively from the Vi, (om—1), e.g. V3 = V3 {V4,V2 (1)} and
Vz (v1) = V3 {v1, Vo (11)}; and (iv)

{Vm+1 (ﬁm) 10 VM (ﬁMﬁl)}J—LVm | v‘m—l = 51rn.—1,
for all m and all Tpr_ € Vs, (1.1)

where T is a subvector of vps_y for k < M —.1.

NPSE causal model A NPSE model assumes that there exists mutually in-
dependent random variables U,, and deterministic unknown functions f,, such
that the counterfactual Vi, (V;m 1) = Vin (pam) is given by fr, (pam,Un) and
both the observed variables V;,, and the counterfactuals V,,, (2) for any X Cc V
are obtained recursively from the Vi, (,..1) as above.

Under a NPSE causal model

Vi1 Bon) s - Vag Bar—2 )} Vi (5574} [ Vimes = 5
for all m, all Tpr_1 € Vg1, and all T, @, | € Vg (1.2)

Thus a NPSE meodel is a finest FRCISTG but the converse is false, because a
FRCISTG assumes independence of {Viny1 (T}, ..., Vs (Tar—1)} and Ver{Trr_,
given Vi, .y =%, _; only when 7)), =7;,_; = Um—1-

In my 1995 Biometrika comment on Pearl (1995a), I proved the following:

Lerama 1.1 If ¢ DAG G represents ¢ FRCISTG, then the density fy (V) of
the observables V satisfies the Markov factorization

M
= [I 7 (v; | pay). (1.3)

i=1

Remark Inmy 1995 Biometrika comment, I incorrectly claimed in my Lemma
1 that a NPSE model and a finest FRCISTG were equivalent. Butch Tsiatis
pointed out to me that I had failed to note that an NPSE model satisfied the
stronger assumption of (1.2).

Before defining the agnostic causal model of Spirtes et al. (1993) we need to
discuss intervention distributions and the g-computation algorithm functional.

Intervention disiributions on FRCISTGs Suppose we ‘are given a set of
variables X = {X1,..., X} CV and an intervention DAG G that agrees with
DAG G except the parents PA_, of X,, € X may differ from the parents of X, on
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G. A non-random G ':speciﬁc treatment regime g- is a collection of functions g~ =
{9i,--195 s gm: PA, = X} that gives the value g;, (pa;,) that we will set Xm
to when PA,, takes the value pa;,. When for each m, X, has no parents on G,
so that g5, (pa;,) is a constant, say x7,, we say regime g¢- is non-dynamic and write
g~ =z* = {z,...,7{}. Otherwise, g- is dynamic. The counterfactual random
variable V; (g-) associated with regime g- is recursively defined as follows: )
when V; € VA\X, V; (g-) is the one-step-ahead counterfactual V; (7;_1) evaluated
at j—1 = V;_1(g7) and (i) when V; = X, € X, V; (g7) is g;.(pa;,} with pa;,
equal to the counterfactual PA_, (g7).

Lemma 1.2 (Robins 1986) If DAG G represents a FRCISTG, then for any
set of variables X C V', and associated intervention DAG G, and any treatment
regime g-, the (intervention) density fy,-) (v) of the counterfactual V (g-) is a
functional of the density fv (v) of V and thus is non-parametrically identified
from data V. This functional, which I have referred to as the g-computation
algorithm functional or density (hereafter g-functional or density), is the density
fo- (v) obtained by modifying the product on the right-hand side of (1.3) as fol-
lows: if V; = X € X, remove the term f (vj | pa;) from the product and set v;
to the value g;,(pa;,) elsewhere in (1.3).

Agnostic causal model The agnostic causal model of Spirtes et ol. (1993)
effectively assumes that the joint distribution of V factors as in (1.3) and that the
joint density of V' under the regime g~ on a graph G is given by the g-functional
fq- (v). Although this agnostic model assumes that the density of V under the
intervention g- is well defined, the model makes no reference to counterfactual
variables and is agnostic as to their existence. In his article, Phil Dawid embraces
a restricted version of the agnostic model in which only a subset of the variables
in V can be manipulated (i.e. set) which he refers to as the decision variables.
This model is closely related to the causal model discussed by Heckerman and
Shachter (1995). The randomized causally-interpreted structured tree graph
(RCISTG) of Robins (1987a,b) likewise restricts the set of variables in V that can
be manipulated. The relationship of a RCISTG model to an FRCISTG model
is analogous to that of Dawid’s restricted agnostic model to the agnostic model.
In his article Dawid was interested in the marginal intervention distribution
fo- W) = J - [ Fo- (v) dua(y°) of a subset Y of the variables in V = (Y,Y¢),
say, when data are obtained only on some subset V* of the variables in V. In
this case one wishes to know whether the intervention distribution f,- (y) of Y is
identified from (i.e. is a functional of) the marginal distribution fy. (v*) of V*

and, if not, to set bounds on f,- (y). Sufficient conditions for identification have _

been derived by Galles and Pearl (1995) for univariate (i.e. time-independent)

interventions, Pearl and Robins (1995) for non-dynamic regimes, and Robins
(1997) for dynamic regimes. We refer the reader to the above references for

additional discussion.
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Direct and indirect effects

efine a causal DAG model to be a manipulative causal DAG model if the only
sausal effects that are non-parametrically identified from the joint distribution
of the variables on the DAG are those that could in principle be checked by ma-
nipulation of (equivalently, experimental intervention on or setting of) the DAG

iriables. That is, a manipulative causal model is one in which all the causal
- predictions of the model can in principle be checked (i.e. tested) by experimen-
tal intervention. The finest FRCISTG model is a manipulative model because
the causal parameters that are non-parametrically identified from data on V are
all functions of the counterfactual intervention densities fvig- (v). Specifically,
Suppose we measure data on all the variables V.on G in a large study population
so that we can regard fy (v} as known. Then to check our finest FRCISTG
causal model, we could take an as-yet-untreated population exchangeable with
the study population and intervene by forcing them to follow some regime g-,
allowing us to empirically estimate the intervention distribution fy(,-, (v). H, for
some regime g~ associated with a graph G, the g-functional f,- (v) differs from
the intervention distribution Jv(g- (v}, then we can conclude that our causal
model is false, as would occur if there were a common cause of two variables in
V that was not itself included in V. This argument also implies that the agnostic
causal model is a manipulative model. Of course in practice such intérvention
tests may be impossible to carry out for logistical reasons (e.g. some variables
Vin cannot be measured or there is no untreated population that one regards as
exchangeable with the study population} or for ethical reasons.

If, however, a causal model is non-manipulative and thus non-parametrically
identifies causal effects that do not correspond to the effect of an experimental
intervention, then there is no way, even in principle, that one could check the
correctness of all the model predictions. Robins (1986) imposed the indepen-
dence assumption (1.1) precisely because (1.1) is the independence assumption
that identifies all manipulative effects fv(g- (v) without identifying any non-
manipulative effects. In the course of the following discussion of direct and
indirect effects, we show the NPSE model is a non-manipulative model, because
it implies the stronger independence assumption (1.2).

X/ z——»y

v

DAG 1

Robins and Greenland (1992) (hereafter R&G) define the pure direct effect
(PDE) of a (dichotomous) exposure X on ¥ not acting through the intermediate
variable Z to be the mean of ¥ under exposure to X had, contrary to fact, X's
sffect on the intermediate Z been blocked (that is, had Z remained at its valde
under non-exposure thereby eliminating all indirect effects) minus the mean of
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Y under non-exposure to X. That is, under a NPSE or FRCISTG model,

PDE=E[Y {zx=1,Z(z =0)}] - E[Y (z = 0)]
=EfV{z=1,Z(z=0)}]-E[Y(z=0,Z(z=0))],

since E[Y (z =0)] = E[Y (2 = 0,Z (z = 0))]. Here Y (z, z) is the counterfactual
value of Y with (X, Z) set to (z,2) and Z (z) is the counterfactual value of Z
when X is set to z. The total indirect effect (TIE) of a (dichotomous) exposure
X onY is the total effect of X on Y minus the PDE. The motivation underlying
this definition is that any effect of X on Y that is not purely direct must have
an indirect contribution. Thus,

TIE=E[Y (z=1)-Y{(z=1,Z (z = 0))]
—EY (z=1LZ(c=1)|-E[Y {z=1,Z(z = 0)}],

since E[Y (z = 1)] — E[Y (x = 0)] is by definition the total (equivalently, net, or
overall) exposure effect.

Similarly, the pure indirect effect (PIE) of X on ¥ through an intermediate
variable Z is defined to be the mean of ¥ under non-exposure to X but with Z
set to its exposed value minus the mean of ¥ under non-exposure to X. That
is, under a NPSE or FRCISTG model,

PIE=E[Y (z=0,Z(z=1))] -E[Y (z = 0)]. (2.1)

In this contrast the only effect of X on Y is indirect in that the effect is relayed
through X’s effect on Z. The total direct effect (TDE) of X on Y not through
an intermediate variable Z is the total effect of X on Y minus the PIE. Thus,

TDE=E[Y(z=1)]-E[Y(z=0,Z (z = 1))].

Pearl (2001) adopted our definitions but changed nomenclature. He refers to
pure direct and indirect effects as natural direct and indirect effects. Under
the agnostic causal model, the concept of the total and pure, indirect and di-
rect effects is not defined since the counterfactuals E[Y {z = 1, Z (z = 0)}] and
EY (z =0, Z (z = 1))] are not assumed to exist.

The direct effect of X when Z is set to 2 (i.e. E[Y (1,2)] — E[Y (0,2)]) is
identified from fy (v) by the g-formula under all three models. But, in general,
the contrast EfY (1,2)] — E[Y (0, z)] differs from both the PDE and TDE con-
trasts and differs depending on whether z is set to 1 or to 0. Indeed, since the
intervention mean E[Y ()] is identified under any of the three causal models,
determining whether the TIE, PIE, TDE, and PDE are identified is equivalent
to determining whether E{Y (z, Z (£*))], 2 # z*, is identified. Below we will
prove that E[Y (z, Z (z*))] is not a manipulative effect and thus is not identi-
fied under a finest FRCISTG model. However, Pearl (2001) proved that under
a NPSE model E[Y (z, Z (z*))] is identified for certain DAGs. As an example
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ynsider a DAG, such as DAG 1 or DAG 2, where X has no parents and Z is a
>n-descendant of Y. Pearl showed that if

Y (x,2) LZ(z*) | X forall 2, (2.2)
sen under either a FRCISTG or NPSE model
E[Y (z,Z (z*))] = /E [Y (z,2)] dFg(z) (). (2.3)

fow {2.3) is non-parametrically identified from fy (v) under all three causal
10dels since the intervention parameters E[Y (z,2)] and fz(z+) (z) are identified
y the g-formula. However, no finest FRCISTG model imphes (2.2). On the
ther hand, it follows from (1.2) that (2.2) holds for the NPSE model represented
ww DAG 1. Note that (2.2) will not hold for the NPSE model represented by
JAG 2. Indeed E[Y (x, Z (z*))] will never be identified from fy (v) for an NPSE
nodel represented by any DAG which contains a descendant C of X that is an
ncestor of both Z and Y. In summary, under a NPSE causal model, PIE and
>DE would be non-parametrically identified based on DAG 1 but not on DAG

¥

e

X = U -7 - Y

A non-manipulative model We now turn to the question of whether
E[Y (z, Z (z*))] can be identified by manipulating (i.e. setting) the variables on
;. Now, as noted by R&G, we could identify E[Y (=, Z (z*))] if we could manip-
ulate X to *, observe Z (z*), then ‘return each subject to their pre-intervention
state’, manipulate X to x and Z to Z (z*), and finally observe Y (z,Z (x*)).
However, such an intervention strategy usually will not exist because we cannot
‘return each subject to their pre-intervention state’ by any conceivable real-world
intervention (as, for example, if the outcome Y were death). As a result, be-
cause we cannot observe the same subject under both X =z and X = z*, we are
unable to directly observe the joint distribution of Z (x) and Z (z*). It follows
that we cannot identify E[Y (x, Z (z*))] by any manipulation of the variables on
G owing to the impossibility of differentiating exposed (z = 1) subjects, whose
value of Z is attributable to X (ie. Z (z) # Z (z*)) from those whose value of Z
is not (Z (z) = Z («*)). We will thus refer to E [Y (2, Z (z*))] and the pure and
total, direct and indirect effect contrasts as non-manipulative parameters.

From the above, we conclude that the NPSE causal model is a non-manipu-
lative model. One could argue that manipulative models are preferable because
the predictions of non-manipulative models are not, even in principle, testable
by experiment. Here are some counter-arguments defending the use of non-
manipulative models,
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First, the assumptions required to identify E[Y (z, Z (z*))] are analogous to
the assumptions necessary to identify manipulative causal effects such as the
total effect E[Y (z)] — E[Y (z*)] from observational (i.e. non-randomized) data,
and we do not wish to argue against using observational data to estimate effects
of exposures that cannot be tested experimentally for ethical or logistical
reasons. The following sentence makes the analogy. Because we cannot observe
the same subject under both X = z and X = z*, we can generalty only (i} iden-
tify E{Y (z)] — E[Y (z*)] if we assume that within levels of baseline variables
Y (i) LX, j = 0,1, and (ii} identify E[Y (z, Z (z*))] if we assume (2.2) holds
within levels of baseline variables. Secondly, the fact that our observational study
estimate of E[Y (x)] — EfY (z*)] could, in principle, be checked by experiment
is of no import when in fact the check cannot be carried out for either ethical
or logistical reasons. Third, even when an experiment can be conducted, if one
is uncertain that the available experimental subjects are exchangeable with the
observational study subjects, an observational estimate of E[Y (z}] — E{Y (z*)]
cannot be checked, as it is possible that any difference between observational
and experimental estimates is wholly due to a lack of exchangeability. Fourth,
suppose one would assume DAG 1 is an FRCISTG so that

Yi{z,z) WZ(z) | Xe=2z forall z,z. {2.4)

It is hard to comstruct realistic {as opposed to mathematical) scenarios in
which one would accept (2.4) as true but not (2.2), as it is unlikely one would
accept either (2.4} or (2.2) as true unless one believed that Z = Z (X) was
effectively tandormly assigned by nature within levels of X, in which case both
(2.2) and (2.4) would be true.

An alternative identifying assumpiion Even if one is convinced by the
above four arguments for using an NPSE model, I suspect that, in practice,
this model could rarely be used to identify the non-manipulative parameters
corresponding to pure and total, direct and indirect effects as it would be unusual
to have sufficient prior causal knowledge to impose the identifying assumption
that there is no variable, say U, that is both affected by X and is a common
cause of Z and Y (i.e. there is no descendant U/ of X that is an ancestor of
both Z and ¥'). (Note that if such a U exists, then it must be included on the
DAG G in order for G to represent any of our three causal models.) Thus, one
might wish to consider alternative identifying assumptions such as the following
no-interaction assumption.

No-interaction assumption Y (z,2)-Y (z*, z) is a random function B{z,z*)
of z and z* that does not depend on 2. We write E[B (z,2*)] as b (z,z*).

This assumption states that, at the individual level, the magnitude of the
direct effect of z compared with r* on the outcome Y is the same on an addi-
tive scale for all z. A detailed mechanistic discussion of this assumption is
given in R&G (1992). As noted by Pearl (2001), this assumption is satisfied in
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the usual linear SEM model and has been used to identify direct and indirect
sffects in the structural equation literature. Indeed, in the linear SEM model,
Y (z,2)—Y (z*, 2) is usually assumed to be a deterministic function of z and z*.
The following theorem shows that direct and indirect effects are identified by a
FRCISTG model under the no-interaction assumption. As in Pearl (2001}, we
seneralize our definitions to non-dichotomous treatments by defining the effects
of = compared with z* as follows:

PDE(z,2") = E[Y {2, Z(2")}] - E[Y (2],
TIE (s,0*) =E[Y (2)] - E[¥ {z, Z (z")}],
PIE(z,5°) = BIY (2", Z ()] - E[Y (c")],

TDE(z,z") = E[Y (z)] - E[Y (z*, Z (x))].

T'hese new definitions reduce to the old on choosing z = 1 and z* = 0.
Cheorem 2.1 Under the no-interaction assumption,

PDE(z,z*) = TDE (2,z*) = b (2, z"),
PIE(z,z*) = TIE (z,z*), and
TDE (z,z*} + TIE(z,2*) = E[Y {z)] - E[Y (z7)].

Fiven data on V, all these quantities are identified in a FRCISTG causal model.
>roof 1t follows immediately from the no-interaction assumption that
PDE(z,z") = TDE (z,z*) = E[B (=,z*)] = b (z,z*) .

Che equality PDE(z,2*) = TDE (z,z*) immediately implies both PIE (z,z*)
= TIE (z,z*) and TDE (z,2*) + TIE(z,z*) = E[Y (z)] — E]Y (z*)]). Finally,
(z,2*) = E[Y (z,2)] - E[Y (2*,2)], E[Y (2)], and E[Y (z*)] are identified in
n FRCISTG model. ]

It seems biologically rather unlikely that the no-interaction assumption will
old when Z affects Y. The no-interaction assumption can be tested in an
'RCISTG model since it implies the testable restriction that E[Y (z,z)—
" (z*,z)] does not depend on z. More realistic assumptions with weaker conse-
uences are considered in the following theorem. We say that X and Z never
teract negatively if £ > z* implies Y {x, 2} — Y {z*, 2} is non-decreasing in 2.
Ve say that X is non-preventive for Z if Z (z) > Z (z*) when z > z*.

“heorem 2.2 If X and Z never interact negatively and X is non-preventive
or Z, then for z > z* TDE (z,2*) > PDE(x,z*), TIE (z,2*) > PIE(z, z*),
'IE(z,z*) + PDE (z,2*) < E[Y (z)] - E[Y (z*)] < TDE(z,z*) + TIE (z,z*%).

'roof If we can show that TDE (z,z*) — PDE (z,2*) > 0, then the remain-
er of the theorem follows at once from the basic definitions of the quantities
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involved. Now TDE (z,z*) — PDE(z,2*) = E{Y (z, Z (z)) —’lY(m*,Z(a:))} -
E{Y (z,Z(z")) - Y (2", Z(z*))} > 0 because Y (z,Z(2)) — Y (z*,Z (z)) >
Y (z,Z(2*)) — Y (z*, Z(z*)) under the suppositions of the theorem. a

3 Substantive considerations

In this section we investigate through a particular example whether and when
scientific interest might lie in the estimation of pure and total direct and indirect
effects, regardless of whether they are identifiable. R&G (1992) consider a set-
ting in which X is smoking, Z is hypercholesterolemia, and Y is cardiovascular
disease, and data are available from a randomized trial of smoking cessation. For
simplicity, we take all variables to be dichotomous {0,1) variables and assume
any non-compliance to be completely at random. We let ¥ = 1, Z2 =1, and
X =1 denote the presence of cardiovascular disease, hypercholesterolemia, and
continued smoking. We assume the no-interaction assumption is false because in
some subjects hypercholesterolemia produced coronary artery stenosis (narrow-
ing), the narrowed artery was blocked by a blood clot caused by smoking-induced
platelet aggregation, and the blocked artery resulted in a heart attack. Thus the
smoking effect E[Y (x =1)] - E[Y (z=1,2 = 0)] that could be eliminated by
controlling all hypercholesterolemia (i.e. setting z to 0) differs from the TIE of
smoking E(Y (z=1)]-E[Y {z=1,Z(z = 0)}]- We are interested in providing
adjuvant treatments for smokers who either cannot or will not stop smoking.
R&G state that E[Y ( =1)] - E[Y (z =1,z = 0)} would be the parameter of
public health policy interest whenever (i) there exists an adjuvant therapy that
effectively controls hypercholesterolemia (i.e. a cholesterol lowering drug) but (ii)
there is no intervention that specifically blocks smoking’s effect on cholesterol.
R&G go on to say that if a cholesterol lowering drug was unavailable but there
was a drug that completely blocked smoking’s ability to elevate cholesterol, then
it would be the TIE that would be of public health interest.

We now argue that R&G’s latter statement is correct only as an approxi-
mation. We will assume that a NPSE model represented by DAG 1 is the true
state of nature so that (2.2) holds and thus pure and total, direct and indirect
effects are identified via (2.3). Furthermore, we assume there is a drug A that
completely blocks the effect of smoking X on cholesterol Z but does not affect
the direct effect of smoking on Y. If R&G’s final statement were precisely correct
then, were all continuing smokers in the trial given drug A, the mean of Y would
be E[Y {z = 1,Z (x = 0)}]. We now show this need not be the case.

X I Iy F——=Y
\—/
DAG 3

Essentially, any causal pathway X ~ Z can be further claborated by adding
to the DAG variables that mediate the effect of X on Z. For exampie, on
DAG 3 the effect X — Z is shown to be through the intermediates I; and -
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I,. For expositional simplicity, we shall assume that on any elaborated graph
there is only one path from X to Z as no qualitatively new issues arise when
there are multiple paths. Now if DAG 3 is a NPSE model, then so is DAG 1
since the variables (1, I;) being marginalized over are not a common cause
(i.e. parent) of any two variables on DAG 1. It is for this reason that when
estimating the effect of setting any variable on DAG 1, we neither require data
on (I1,12) nor need to include them on DAG 1. Now from DAG 3 we observe
that a drug A will succeed in blocking all of X’s effect on Z by blocking the
effect of X on I, the effect of I, on I, or the effect of I on Z. However, the
counterfactual mean of ¥ were all continuing smokers given drug A can differ
in each case and will, as shown in the following paragraph, in general, equal
E[Y {z =1,Z (z = 0)}] only if drug A blocks the effect of X on Iy and I, is the
unique child of X on the ‘maximally elaborated path’ from X to Z. We say that
apath X =l - I = --- = Iy, = I; = Z, denoted by P, is ‘maximally
elaborated’ if all variables on the causal chain from X to Z are included on P.
For the sake of the foliowing argument, assume such a maximally elaborated
path exists.

Remark Mathematically we define P to be maximally elaborated if for all
4,0 € § € J, and all variables I* such that neither (I;, I*) nor (I*,I;41) have
degenerate joint distributions, the DAG that replaces P by the path X = I, —
I - L= I* 2 Ly .- = Ijy = Iy = Z is not a causal DAG.

Suppose, without loss of generality, that DAG 3 contains the maximally elab-
orated path from X to Z and drug A blocked the effect of I, on I; by, as one pos-
sibility, forcing I> to be I3 (i; = 0), say, regardless of the value of f;. Then among
smokers given A, Z will equal the counterfactual Z (i; = 0) and thus the mean
of Y is EY (z=1,i; =0)] = fE[Y (z = 1,2)] dFz(;,—g) (2) while, by (2.3),
E[Y {r=1,Z(z=0)}) = JE[Y ( = 1,2)] dFz(+=0) {2). These quantities dif-
fer because the drug blocks not only the effect of X on Z but also the effect of I
on Z and many subjects have non-zero values of I; due to non-smoking-related
causes that are the source of the NPSE model error term Uy, associated with I;.
Indeed, if these integrals did not differ, we would have succeeded in identifying
E[Y {z = 1,Z (z = 0)}] by experimental manipulation of X to 1 and I; to 0 on
DAG 3, contradicting the fact that E[Y {z = 1, Z (z = 0)}] is a non-manipulable
parameter. However, if drug A blocked the effect of X on I by making I; equal
to I; (x = 0) even when we.set X to 1, then the mean of ¥ among smokers
given intervention A is indeed [ E[Y (z = 1,2)] dFz(z=0) (). In this case, inter-
vention with A would not correspond to setting or manipulating a variable on
causal DAGs 1 or 3. Because it is unlikely that drug A acts on the first link of
the maximally elaborated path, we conclude that E[Y {x =1,Z (z = 0)}] and
thus the TIE, although possibly of mechanistic interest, will rarely be of direct
public health interest, except as an approximation.

What if, following a suggestion of Pearl, we wished to predict the effect on ¥
of a chemically modified cigarette that totally blocks smoking’s ability to elevate
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cholesterol. Even in this case, the effect may not be E[Y {z =1, Z (z = 0)}],
because the modified cigarette need not necessarily block the first link on the
maximally elaborated path from X to Z. However, if we could assume that
a modified cigarette is more likely than our drug A to act at an early link on
the causal pathway from X to Z, then E[Y {z = 1, Z (z = 0)}] would probably
better approximate the effect of a modified cigarette on Y than the effect of drug
A.

It is not possible to reach agreement on a hypothetical intervention (closest
possible world) under which ¥ {z =1, Z (z = 0)} could be observed, even if we
allow for interventions other than the setting of variables, since a maximally
elaborated path from X to Z may not exist and is at best ill-defined (in the
sense that it is unclear what criteria are to be used in judging a path to be
maximally elaborated).
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