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Motivations

Parallelism testing 
Testing similarity between reference standard and test sample 
dose-response curves

Key requirement for bioassay (Revised USP Chapter <111>)

Several methods available

Method comparison either biased or flawed

No consensus on best test methods in literature 

ROC analysis
A common framework for objective evaluation of overall 
performance

Determination of optimal cut points or equivalence bounds
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Potency Bioassay

Measurement of effectiveness of a compound by 

its effect on animals or cells in comparison with a 

standard preparation (USP Chapter <1046>)
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Potency of Bioassay

Potency often determined relative to a reference standard such as 

ratio of EC50

Only meaningful if test sample (T) behaves as a dilution or 

concentration of reference standard (R )

ECn[T] = ρ x ECn [R] or log(ECn [T] ) = log(ρ) + log(ECn[R] ), with n = 25, 50, 75 etc. and ρ = relative 

potency
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Parallelism Testing

A procedure by which similarity between dose-

response curves of test sample and reference 

standard is evaluated
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Parallelism Testing (Cont’d)

Mathematically, parallelism 

implies                          , where z

is concentration and ρ is the 

relative potency

( ) ( )T RF z F zρ=
R

T

Log(ρ)
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Modeling Dose-response Curves 

Models for the function F

Linear:  

Non-linear: 

D: upper asymptote

A: lower asymptote

C: EC50

B: slope parameter
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Test Methods

General idea
A metric for non-parallelism 

A cut off value

Linear case: testing parallelism is the same as 

testing equal slopes
Test H0:           vs. H1: RT ββ = RT ββ ≠

)1,0(~
]ˆˆvar[
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−

−
= Metric for non-parallelism

α−> 1|*| zZReject H0 if Cut off value
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Test Methods (Cont’d)

Parameter comparison
Compare parameters of models used to fit TS and RS data

Significance test vs. equivalence test (Hauck et al, 2005; 

Jonkman and Sidik, 2009)

Response comparison
Compare fitted values between reduced model (               ) and 

free model

Chi-square test vs. F-test (Gottschalk and Dunn, 2005; revised 

USP Chapter <111>)  

( ) ( )T RF z F zρ=
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Significant Test

Significance test:
Traditional approach for testing difference H0:           vs. H1: 

Non-parallel when p-value < 0.05

Penalize precise assays

RT ββ = RT ββ ≠

* David Lansky (2009)
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Equivalence Approach 

Equivalence test (Hauck et al, 2005; 

Lansky, 2009; Draft USP Ch. <111>, 

OCT 2006)

H0: vs. H1:

Parallel when 90% confidence 

interval falls within equivalence 

bounds

Equivalent to two one-sided t-

tests

Claim to reward precise assays
0

equivalence bounds +/-∆

Δ≥− || RT ββ Δ<− || RT ββ
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Intersection-Union Test (IUT)  

Generalization of Hauck’s equivalence test from linear case 
to non-linear response (Jonkman and Sidik, 2009)

Equivalence test involving comparisons of lower and upper 
asymptotes and slopes between reference standard and test 
sample
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Chi-square Test

Chi-square test (Gotschalk

and Dunn, 2005)
Based on extra-sum-of-squares

Two curves are parallel if
)1(2

12 αχ
χ

−> dfRSSE
)()( zFzF RT ρ=

2
1

2 ~)()(Re dfFullSSEducedSSERSSE χ
χ

−=

Full model: Fit separate models 
for T and R

Reduced model: Fit models for T 
and R under constraint

Claim not to have the 

shortcomings of F-test
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Hauck’s Conclusions 

Significance test in USP Ch. <111> is flawed
Fail assays with good precision and accept faulty assays with 
poor precision

Equivalence testing paradigm does not have the aforesaid 
shortcomings

* David Lansky (2009)

P-value  CI      Assay

Yes            No       Variable

Yes            No       Variable

No              No Precise

No             Yes       Precise

Are two lines parallel?
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Comparison between Apple and 
Orange

Significance test 
Test H0:           vs. H1: 

Control Type I error = Prob[Non-parallel | Parallel]

Equivalence test
Test H0:                 vs. H1: 

Control Type I error = Prob[Parallel | Non-parallel]

Not necessarily true that significant test fails assays with good 
precision and accepts faulty assays with poor precision

Unfair comparison 
Fixing cut point for significant test at p=0.05 for all assays

Allowing equivalence test to choose acceptance criteria for each
assay

Δ>− || RT ββ Δ≤− || RT ββ

RT ββ = RT ββ ≠
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Results of A Mixed Bag 

Simulation results (Jonkman and Sidik, 2009) do not support 
IUT (equivalent test) is superior to F (significant test)



18

Two Sides of A Coin 
Sensitivity (Se) and Specificity (Sp)

Se = Pr[Test non-parallel | Non-parallel]

Sp =Pr[Test parallel | Parallel]

Need to be considered when comparing parallelism tests

Dependent on the choice of cut point of test statistics, p-value or 
equivalence bound

Higher sensitivity results in lower specificity and vice versa

Cut point or equivalence bound ∆

Sensitivity Specificity

-/+∆

True non-parallel

True parallel

∆ Se Sp

0      1.00 0.00
1      1.00       0.50
2      0.50       1.00
3      0.00       1.00

0 1 2 3
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Comparisons between F and χ2 Tests 
by Gotschalk and Dunn

F-test does not reflect true parallelism very accurately 
whenever the fit of the full (free) model is either quite good 
or quite bad

)95.0(2
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χ
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Gotschalk and Dunn, 2005 
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Bias in method Comparison by 
Gotschalk and Dunn

Biased comparison because it is centered solely on 
sensitivity (=Prob[Test non- parallel | Non-parallel]), after 
fixing specificity (=Prob[Test parallel | Parallel])

Se1

Sp1

Se2

Sp2

Cut point for F and χ2 tests

95%

p2 p1

Test method 1 (χ2 test)

Test method 2 (F-test)

Cut points p1 and p2 render Test  Method 1 and 
Test Method 2,95% specificity, but much higher 
sensitivity for Test Method 1 than Test Method 2. 
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Receiver Operating Characteristic 
(ROC) Curve

A plot of sensitivity vs. 1 – specificity for various choices of 
cut points

1 - specificity

S
ensitivity
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Method Comparison Using Area under 
ROC Curve (AUC)

AUC is the probability of correctly ranking test statistic X of a 
pair of parallel curves and test statistic Y of a pair of non-
parallel curves

AUC = Pr[X < Y]

Measures overall discriminatory power of a test
The larger the AUC, the more accurate the test

Can be readily calculated using parametric or non-parametric 
methods

Is a useful tool for comparing parallelism test methods
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Linear Case 

Assume dose-response curve is linear 

Parallelism testing is equivalent                               

to testing same slope for two                                

dose-response lines                                             

)log(),;( zzFR βαβα +=

zzzzFzF RRRRRTTRT βρβαρβαβαρ ++=+=+⇔= )]log([)log()log()()(

Parallelism implies

That is

.),log( RTRRT ββρβαα =+=
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Simulation Study
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Results of Simulation Study

Assay variability = 0.2

Similar performance of F, χ2 
and equivalence methods 

AUCF= 0.9608 (0.00096)

AUCχ2 =0.9974 (0.0005)

AUCEquiv=0.9945 (0.0433)

χ2 and F-tests ranked the 
best and worst, respectively. 
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Results of Simulation Study (Cont’d)

Assay variability = 0.3

Similar performance of F, χ2 
and equivalence methods 

AUCF= 0.9505 (0.0131)

AUCχ2 =0.0.9635 (0.0032)

AUCEquiv=0.9439 (0.0047)

χ2 -test and equivalence 
methods ranked the best 
and worst, respectively 
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Results of Simulation Study (Cont’d)

Assay variability = 0.4

Similar performance of F, χ2 
and equivalence methods 

AUCF= 0.8831 (0.0097)

AUCχ2 =0.8895 (0.0071)

AUCEquiv=0.8597 (0.0080)

χ2 -test and equivalence 
methods ranked the best 
and worst, respectively
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Results of Simulation Study (Cont’d)

Assay variability = 0.5

Similar performance of F, χ2 
and equivalence methods 

AUCF= 0.8106 (0.0085)

AUCχ2 =0.8126 (0.0089)

AUCEquiv=0.7810 (0.0108)

χ2 -test and equivalence 
methods ranked the best 
and worst, respectively
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Cut Point Determination  

For each test method, an optimal cut point, p-value or equivalence 
bound can be obtained

The cut point is chosen to make best tradeoff between sensitivity 
and specificity

Se1

Sp1

Se2

Sp2

Cut point or equivalence bound ∆

95%

p2 p1

Test method 1

Test method 2
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An Alternative Method Based on Risk 
Analysis

Decision theory can be used to allow for different costs to be 
assigned to various test outcomes

For example, a high cost can be given to Type I error as 
opposed to Type II error

Choose cut point or equivalence bound to minimize mean 
risk



An Alternative Method Based on Risk 
Analysis (Cont’d)

Two curves are Parallel Non-parallel

Accept L0 L1

Reject L2 L3

Choose cut point, c, to minimize the mean risk:

R(c) = pL0Sp(c) + (1-p)L1[1-se(c)] + pL2[1-sp(c)] +(1- p)L3Se(c) 

where p is the prevalence of the two dose response curves of test 
sample and reference standard being parallel.
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Conclusions

Parallelism is critical to potency bioassays
Current method comparisons are biased
A framework for method comparison based on ROC 
analysis is proposed
Simulation studies showed performance of F, χ2 and 
equivalence test varies, pending on noise level in dose-
response curves
An optimal cut off value, in terms of test statistic, p-
value or equivalence bound can be chosen to make 
best trade-off between sensitivity and specificity
Further evaluations using non-linear model are ongoing
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