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INTRODUCTION

Longitudinalstudydesignsarewidelyusedinthehealthsciences.

Longitudinaldataareroutinelycollectedinnon-clinicalstudies,e.g.,studies
ofdrugpotency,animalstudiesoftumorgrowth.

Thepast25yearshaveseenimportantadvancesinmethodsforanalyzing
longitudinaldata.

Despitetheseadvances,methodshavebeensomewhatslowtomovei nto
themainstream.
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MOTIVATINGEXAMPLE

BioassayDrugPotency

Drugproductsaremanufacturedinbatchesthataremonitoredovertime.

Dataarecollectedlongitudinallytoassesswhetheravarietyof
characteristics(e.g.,degreeofpotency)remain\stable".

Becausebatchesarecontinuouslymanufactured,suchdatasetsareoften
unbalancedovertime(i.e.,numberandtimingofrepeatedmeasuresvaries
frombatchtobatch).
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MOTIVATINGEXAMPLE

AnimalStudiesofTumorVolume

Micearerandomizedtoactivetreatmentsoracontrol.

Tumorvolume(determinedbycalipers)ismeasuredrepeatedlyovertime.

Interestedincomparingactivetreatmentgroupstothecontrol,especially
atlatertimepoints.
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Inthesenon-clinicalstudies,thegoalisto:

(i)measurechangeovertime(e.g.,changeindrugpotency)

(ii)assessfactorsthatmightin
uencechange(e.g.,treatmentgroupsin
studiesoftumorgrowth)

Althoughtheexamplesusedthroughouttheremainderoftheshort-course
aredrawnfromclinicalstudies,theanalyticgoalsareverysimilar.
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LONGITUDINALDATA:BASICCONCEPTS

De�ningfeatureoflongitudinalstudiesisthatmeasurementsofthesame
individualsaretakenrepeatedlythroughtime.

Longitudinalstudiesallowdirectstudyofchangeovertime.

Objective:primarygoalistocharacterizethechangeinresponseovertime
andthefactorsthatin
uencechange.

Withrepeatedmeasuresonindividuals,wecancapturewithin-individual
change.

Complication:repeatedmeasuresonindividualsarecorrelated.
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Notation

LetYijdenoteresponsevariableforithsubjectonjthoccasion.

Initially,Yijisassumedtobecontinuous;laterweconsidercaseswhereYij

isbinaryoracount.

Weassumetherearenirepeatedmeasurementsontheithsubjectandeach
Yijisobservedattimetij.

Associatedwitheachresponse,Yij,thereisap�1vectorofcovariates,Xij.

Covariatescanbetime-invariant(e.g.,gender)ortime-varying(e.g.,time
sincebaseline).

CangroupYij'sintoani�1vectorYi,andXij'sintoani�pmatrixXi.
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Example1:TreatmentofLead-ExposedChildrenTrial

�Exposuretoleadduringinfancyisassociatedwithsubstantialde�citsin
testsofcognitiveability

�Chelationtreatmentofchildrenwithhighleadlevelsusuallyrequires
injectionsandhospitalization

�Anewagent,Succimer,canbegivenorally

�Randomizedplacebo-controlledtrialexaminingchangesinbloodlead
levelduringcourseoftreatment

�100childrenrandomizedtoplaceboorSuccimer

�Measuresofbloodleadlevelatbaseline,1,4and6weeks
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Table1:Meanbloodleadlevels(andstandarddeviation)atbaseline,week
1,week4,andweek6.

GroupBaselineWeek1Week4Week6

Succimer26.513.515.520.8

(5.0)(7.7)(7.8)(9.2)

Placebo26.324.724.123.2

(5.0)(5.5)(5.7)(6.2)
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Figure1:Plotofmeanbloodleadlevelsatbaseline,week1,week4,and
week6inthesuccimerandplacebogroups.
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Example2:In
uenceofMenarcheonChanges
inBodyFat

�Prospectivestudyonbodyfataccretioninacohortof162girlsfromthe
MITGrowthandDevelopmentStudy.

�Atstartofstudy,allthegirlswerepre-menarchealandnon-obese

�Allgirlswerefollowedovertimeaccordingtoascheduleofannual
measurementsuntilfouryearsaftermenarche.

�The�nalmeasurementwasscheduledonthefourthanniversaryoftheir
reporteddateofmenarche.

�Ateachexamination,ameasureofbodyfatnesswasobtainedbasedon
bioelectricimpedanceanalysis.
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Considerananalysisofthechangesinpercentbodyfatbeforeandafter
menarche.

Forthepurposesoftheseanalyses\time"iscodedastimesincemenarc he
andcanbepositiveornegative.

Note:measurementprotocolisthesameforallgirlsiftimingof
measurementisde�nedastimesincebaselinemeasurement.

Itisinherentlyirregularwhentimingofmeasurementsisde�nedastime
sinceagirlexperiencedmenarche.
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Figure2:Timeplotofpercentbodyfatagainsttime,relativetoageof
menarche(inyears).

14



ModelsforLongitudinalData

Inrecentyears,therehavebeenremarkableadvancesinmethodsfor
analyzinglongitudinaldata.

Whentheresponsevariableiscontinuous,familiarlinearregressionmodels
canbeextendedtohandlethecorrelatedoutcomes.

Forlinearmodelsthecorrelationamongrepeatedmeasurescanbemodell ed
explicitly(e.g.,viacovariancepatternmodels)orimplicitly(e.g.,via
introductionofrandome�ects).

Thelatterapproachyieldsaversatileclassofregressionmodelsfor
longitudinaldataknownaslinearmixede�ectsmodels.
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LINEARMIXEDEFFECTSMODELS

Basicidea:Individualsinpopulationareassumedtohavetheirownsubject-
speci�cmeanresponsetrajectoriesovertime.

Allowsubsetoftheregressionparameterstovaryrandomlyfrom
oneindividualtoanother,therebyaccountingforsourcesofnatural
heterogeneityinthepopulation.

Distinctivefeature:meanresponsemodelledasacombinationofpopulation
characteristics(�xede�ects)assumedtobesharedbyallindividuals,and
subject-speci�ce�ects(randome�ects)thatareuniquetoaparticular
individual.

Thetermmixeddenotesthatmodelcontainsboth�xedandrandome�ects.
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LinearModelsfortheMeanResponse

Themeanresponsecanbemodelledbyafamiliarregressionmodel.

Forexample,withalineartrendovertime,wemayhave

E(Yij)=�ij=�0+�1tij:

Withadditionalcovariates,thiscanbewrittenmoregenerally

E(YijjXij)=�0+�1Xij1+�2Xij2+���+�pXijp

wheretij,orpossiblyfunctionsoftij,havebeenincorporatedintothe
covariates,e.g.,Xij1=tij,Xij2=treatmentgroupindicator,andXij3=
tij�treatmentgroupindicator.
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ModelsforCorrelation:RandomInterceptModel

Onetraditionalapproachforhandlingthecorrelationamongrepeated
measuresistoassumethatitarisesfromarandomsubjecte�ect.

Thatis,eachsubjectisassumedtohavean(unobserved)underlyinglevel
ofresponsewhichpersistsacrosshis/herrepeatedmeasurements.

Thissubjecte�ectistreatedasrandomandthemodelbecomes

Yij=�0+�1Xij1+�2Xij2+���+�pXijp+bi+eij

or
Yij=(�0+bi)+�1Xij1+�2Xij2+���+�pXijp+eij

(alsoknownas\randominterceptmodel").
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Inthemodel

Yij=�0+�1Xij1+�2Xij2+���+�pXijp+bi+eij

theresponsefortheithsubjectatjthoccasionisassumedtodi�erfrom
thepopulationmean,

E(YijjXij)=�0+�1Xij1+�2Xij2+���+�pXijp

byasubjecte�ect,bi,andawithin-subjectmeasurementerror,eij.

Furthermore,itisassumedthat

bi�N(0;�
2
b);eij�N(0;�

2
e)

andthatbiandeijaremutuallyindependent.
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Figure3providesgraphicalrepresentationoflineartrendmodel:

Yij=(�0+bi)+�1tij+eij

Overallmeanresponseovertimeinthepopulationchangeslinearlywith
time(denotedbythesolidline).

Subject-speci�cmeanresponsesfortwospeci�cindividuals,subjectsAand
B,deviatefromthepopulationtrend(denotedbythebrokenlines).

IndividualAresponds\higher"thanthepopulationaverageandthushas
apositivebi.

IndividualBresponds\lower"thanthepopulationaverageandhasa
negativebi.

Inclusionofmeasurementerrors,eij,allowsresponseatanyoccasionto
varyrandomlyabove/belowsubject-speci�ctrajectories(seeFigure4).
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Figure3:Graphicalrepresentationoftheoverallandsubject-speci�cmean
responsesovertime.
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Figure4:Graphicalrepresentationoftheoverallandsubject-speci�cmean
responsesovertime,plusmeasurementerrors.
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Covariance/CorrelationStructure

Theintroductionofarandomsubjecte�ectinducescorrelationamongthe
repeatedmeasures.

Thefollowing\compoundsymmetry"covariancestructureresults:

Var(YijjXij)=�
2
b+�

2
e

Cov(Yij;YikjXij;Xik)=�
2
b=)Corr(Yij;YikjXij;Xik)=

�2
b

�2
b+�2

e

Thisisthecorrelationamongpairsofobservationsonthesameindividual.

PotentialDrawback:Variancesandcorrelationsareassumedtobeconstant .

Solution:Allowforheterogeneityistrendsovertime=)randomintercepts
andslopes.
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Extension:RandomInterceptandSlopeModel

Consideramodelwithinterceptsandslopesthatvaryrandomlyamong
individuals,

Yij=�0+�1tij+b0i+b1itij+eij;j=1;:::;ni;

wheretijdenotesthetimingofthejthresponseontheithsubject.

Thismodelpositsthatindividualsvarynotonlyintheirbaselinelevelof
response(whenti1=0),butalsointermsoftheirchangesintheresponse
overtime(seeFigure5).

Thee�ectsofcovariates(e.g.,duetotreatments,exposures)canbe
incorporatedbyallowingmeanofinterceptsandslopestodependon
covariates.
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Figure5:Graphicalrepresentationoftheoverallandsubject-speci�cmean
responsesovertime,plusmeasurementerrors.
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Forexample,considertwo-groupstudycomparingatreatmentandacontrol
group:

Yij=�0+�1tij+�2trti+�3tij�trti+b0i+b1itij+eij;

wheretrti=1iftheithindividualassignedtotreatmentgroup,and
Groupi=0otherwise.

Themodelcanbere-expressedasfollowsforthecontrolgroupandtreatment
grouprespectively:

trt=0:Yij=(�0+b0i)+(�1+b1i)tij+eij;

trt=1:Yij=(�0+�2+b0i)+(�1+�3+b1i)tij+eij;
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Finally,considerthecovarianceinducedbytheintroductionofrandom
interceptsandslopes.

Assumingb0i�N(0;�2
b0),b1i�N(0;�2

b1)(withCov(b0i;b1i)=�b0;b1)and
eij�N(0;�2

e),then

Var(YijjXij)=Var(b0i+b1itij+eij)
=Var(b0i)+2tijCov(b0i;b1i)+t2

ijVar(b1i)+Var(eij)
=�2

b0+2tij�b0;b1+t2
ij�2

b1+�2
e:

Similarly,itcanbeshownthat

Cov(Yij;YikjXij;Xik)=�
2
b0+(tij+tik)�b0;b1+tijtik�

2
b1:

Thus,inthismixede�ectsmodelforlongitudinaldatathevariancesand
correlations(covariance)areexpressedasanexplicitfunctionoftime,tij.
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LinearMixedE�ectsModel

Canallowanysubsetoftheregressionparameterstovaryrandomly.

Usingvectornotation,thelinearmixede�ectsmodelcanbeexpressedas

Yij=X
0
ij�+Z

0
ijbi+eij;

wherebiisa(q�1)vectorofrandome�ectsandZijisthevectorof
covariateslinkingtherandome�ectstoYij.

Note:ComponentsofZijareasubsetofthecovariatesinXij,e.g.,in
randominterceptsandslopesmodelXij=[1tijtrtitij�trtij]and
Zij=[1tij].

Speci�cally,anycomponentof�canbeallowedtovaryrandomlybysimply
includingcorrespondingcovariateinZij.

Therandome�ects,bi,areassumedtohaveamultivariatenormal
distributionwithmeanzeroandcovariancematrixdenotedbyG.
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PredictionofRandomE�ects

Inmanyapplications,inferenceisfocusedon�xede�ects,�0;�1;:::;�p.

However,wecanalso\estimate"orpredictsubject-speci�ce�ects,bi(or
subject-speci�cresponsetrajectoriesovertime):

bbi=E(bijYi;Xi;b�;bG;b�
2
e):

Thisisknownas\bestlinearunbiasedpredictor"(orBLUP).

Ingeneral,BLUP\shrinks"predictionstowardspopulation-averagedmean.
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Forexample,considertherandominterceptmodel

Yij=�0+�1Xij1+�2Xij2+���+�pXijp+bi+eij;

whereVar(bi)=�2
bandVar(eij)=�2

e.

ItcanbeshownthattheBLUPforbiis:

bbi=w�

0

@1
ni

ni X

j=1

(Yij!�ij)

1

A+(1!w)�0;wherew=
ni�2

b

ni�2
b+�2

e
:

Thatis,aweighted-averageofzero(meanofbi)andthemean\residual"
fortheithsubject.

Note:Lessshrinkage(towardzero)whenniislargeandwhen�2
bislarge

relativeto�2
e.
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Estimation:MaximumLikelihood

MLestimatorof�0;�1;:::;�pisthegeneralizedleastsquares(GLS)estimator
anddependsoncovarianceamongtherepeatedmeasures,

b�=

(NX

i=1

!
X

0
i�

!1
iXi

�
)!1NX

i=1

!
X

0
i�

!1
iyi

�
;

where�i=Cov(Yi).

Thisisageneralizationoftheordinaryleastsquares(OLS)estimatorused
instandardlinearregression.

Ingeneral,thereisnosimpleexpressionforMLestimatorofthecovariance
-requiresiterativetechniques.

BecauseMLestimationofcovarianceisknowntobebiasedinsmallsampl es,
userestrictedML(REML)estimationinstead.
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CaseStudy:In
uenceofMenarcheonChangesin
BodyFat

�Prospectivestudyonbodyfataccretioninacohortof162girlsfromthe
MITGrowthandDevelopmentStudy.

�Atstartofstudy,allthegirlswerepre-menarchealandnon-obese

�Allgirlswerefollowedovertimeaccordingtoascheduleofannual
measurementsuntilfouryearsaftermenarche.

�The�nalmeasurementwasscheduledonthefourthanniversaryoftheir
reporteddateofmenarche.

�Ateachexamination,ameasureofbodyfatnesswasobtainedbasedon
bioelectricimpedanceanalysis.
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Figure6:Timeplotofpercentbodyfatagainsttime,relativetoageof
menarche(inyears).
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Forthepurposesoftheseanalyses\time"iscodedastimesincemenarc he
andcanbepositiveornegative.

Lettijdenotetimeofthejthmeasurementonithsubjectbeforeorafter
menarche(i.e.,tij=0atmenarche).

Considerhypothesisthat%bodyfataccretionincreaseslinearlywithage,
butwithdi�erentslopesbefore/aftermenarche.

Weassumethateachgirlhasapiecewiselinearsplinegrowthcurvewi tha
knotatthetimeofmenarche(seeFigure7).

Eachgirl'sgrowthcurvecanbedescribedwithaninterceptandtwoslopes,
oneslopeforchangesinresponsebeforemenarche,anotherslopeforchanges
inresponseaftermenarche.

Note:theknotisnota�xedageforallsubjects.
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Figure7:Graphicalrepresentationofpiecewiselineartrajectory.
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Weconsiderthefollowinglinearmixede�ectsmodel

E(Yijjbi)=�0+�1tij+�2(tij)++b0i+b1itij+b2i(tij)+;

where(tij)+=tijiftij>0and(tij)+=0iftij�0.

Interpretationofmodelparameters:

Theintercept�0istheaverage%bodyfatatmenarche(whentij=0).

�1isaveragerateofchangein%bodyfat(peryear)pre-menarche.

Averagerateofchangein%bodyfat(peryear)post-menarcheis( �1+�2):

Goal:Assesswhetherpopulationslopesdi�erbeforeandaftermenarche,
H0:�2=0.
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Table2:Estimatedregressioncoe�cients(�xede�ects)andstandarderrors
forthepercentbodyfatdata.

PARAMETERESTIMATESEZ

INTERCEPT21.36140.564637.84

time0.41710.15722.65

(time)+2.04710.22808.98
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Table3:Estimatedcovarianceoftherandome�ectsandstandarderrors
forthepercentbodyfatdata.

PARAMETERESTIMATESEZ

Var(b0i)45.94135.73938.00
Var(b1i)1.63110.43313.77
Var(b2i)2.74970.96352.85
Cov(b0i;b1i)2.52631.21852.07
Cov(b0i;b2i)-6.10961.8730-3.26
Cov(b1i;b2i)-1.75050.5980-2.93

Var(ei)=�2
e9.47320.544317.40
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Results

Estimatedintercept,b�0=21:36,hasinterpretationastheaveragepercent
bodyfatatmerarche(whentij=0).

Ofnote,actualpercentbodyfatatmenarcheisnotobserved.

Theestimateofthepopulationmeanpre-menarchealslope,�1,is0.42,
whichisstatisticallysigni�cantatthe0.05level.

Thisestimatedslopeisrathershallowandindicatesthattheannualrateof
bodyfataccretionislessthat0.5%.
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Theestimateofthepopulationmeanpost-menarchealslope,�1+�2,is2.46
(withSE=0.12),whichisstatisticallysigni�cantatthe0.05level.

Thisindicatesthatannualrateofbodyfataccretionisapproximately2.5%,
almostsixtimeshigherthaninthepre-menarchealperiod.

Basedonmagnitudeofb�2,relativetoitsstandarderror,slopesbeforeand
aftermenarchedi�er(atthe0.05level).

Thereisevidencethatbodyfataccretiondi�ersbeforeandaftermenarche.

Finally,estimatedmarginalcorrelationsamongannualmeasurementsof
%bodyfatcanbederivedfromtheestimatedvariancesandcovariances
amongtherandome�ectsinTable3.
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Table4:Marginalcorrelations(o�-diagonals)amongrepeatedmeasuresof
percentbodyfatbetween4yearspre-andpost-menarche,withesti mated
variancesalongmaindiagonal.

-4-3-2-101234

61.30.820.780.710.610.600.570.520.47
0.8254.90.810.760.700.680.640.600.54
0.780.8151.80.800.760.740.710.660.60
0.710.760.8052.00.810.790.760.710.64
0.610.700.760.8155.40.810.780.730.66
0.600.680.740.790.8149.10.790.760.70
0.570.640.710.760.780.7944.60.770.74
0.520.600.660.710.730.760.7741.80.76
0.470.540.600.640.660.700.740.7640.8
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SummaryofKeyPoints

Linearmixede�ectsmodelsareincreasinglyusedfortheanalysisof
longitudinaldata.

Introductionofrandome�ectsaccountsforthecorrelationamongrepeated
measuresandallowsforheterogeneityofthevarianceovertime.

Theinclusionofrandomslopesorrandomtrajectoriesinducesarandom
e�ectscovariancestructureforYi1;:::;Yiniwherethevariancesand
correlationsareafunctionofthetimesofmeasurement.

Ingeneral,therandome�ectscovariancestructureisrelatively
parsimonious(e.g.,randominterceptsandslopesmodelhasonlyfour
parameters,�2

b0;�2
b1;�b0;b1;and�2

e).
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ExtensionsofGeneralizedLinearModels
toLongitudinalData

Whentheresponsevariableiscontinuous,familiarlinearregressionmodels
canbeextendedtohandlethecorrelatedoutcomes.

Forlinearmodelsthecorrelationamongrepeatedmeasurescanbemodell ed
explicitly(e.g.,viacovariancepatternmodels)orimplicitly(e.g.,via
introductionofrandome�ects).

Akeyfeatureoflinearmodelsisthatinterpretationofregressioncoe�cients
remainsthesameregardlessofhowthecorrelationisaccountedfor.
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Whentheresponsevariableiscategorical(e.g.,binaryandcountdata),
generalizedlinearmodels(e.g.,logisticregression)canbeextende dto
handlethecorrelatedoutcomes.

However,thenon-lineartransformationsofthemeanresponse(e.g.,logit )
raisesadditionalissuesconcerningtheinterpretationoftheregression
coe�cients.

Di�erentapproachesforaccountingforthecorrelationleadtomodels
havingregressioncoe�cientswithdistinctinterpretations.

Aswewillsee,di�erentmodelsforcategoricaloutcomeshavesomewhat
di�erenttargetsofinference.
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GENERALIZEDLINEARMODELSFOR
LONGITUDINALDATA

Next,wefocusontwogeneralapproachesforanalyzinglongitudinal
responses:

1.MarginalModels

2.GeneralizedLinearMixedModels

Theseapproachescanbeconsideredextensionsofgeneralizedlinearmo dels
tocorrelateddata.

Themainemphasiswillbeondiscreteresponsedata,e.g.,countdataor
binaryresponses.
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MARGINALMODELS

Thebasicpremiseofmarginalmodelsistomakeinferencesabout
population(orsub-population)averages.

Theterm`marginal'isusedheretoemphasizethatthemeanresponse
modelledisconditionalonlyoncovariatesandnotonotherresponsesor
randome�ects.

Afeatureofmarginalmodelsisthatthemodelsforthemeanandthe
`within-subjectassociation'(e.g.,covariance)arespeci�edseparately.
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Notation

LetYijdenoteresponsevariableforithsubjectonjthoccasion.

Yijcanbecontinuous,binary,oracount.

Weassumetherearenirepeatedmeasurementsontheithsubjectandeach
Yijisobservedattimetij.

Associatedwitheachresponse,Yij,thereisap�1vectorofcovariates,Xij.

Covariatescanbetime-invariant(e.g.,gender)ortime-varying(e.g.,time
sincebaseline).

CangroupYij'sintoani�1vectorYi,andXij'sintoani�pmatrixXi.
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FeaturesofMarginalModels:

Thefocusofmarginalmodelsisoninferencesaboutpopulationaverages.

Themarginalexpectation,�ij=E(YijjXij),ofeachresponseismodelled
asafunctionofcovariates.

Speci�cally,marginalmodelshavethefollowingthreepartspeci�cation:
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1.Themarginalexpectationoftheresponse,�ij,dependsoncovariates
throughaknownlinkfunction

g(�ij)=�0+�1X1ij+�2X2ij+���+�pXpij:

2.ThemarginalvarianceofYijdependsonthemarginalmeanaccording
to

Var(YijjXij)=��(�ij)

where�(�ij)isaknown`variancefunction'and�isascaleparameter
thatmaybe�xedandknownormayneedtobeestimated.
Note:Forcontinuousresponse,canallowVar(YijjXij)=�j�(�ij).

3.The`within-subjectassociation'amongtheresponsesisafuncti onof
themeansandofadditionalparameters,say� � �,thatmayalsoneedto
beestimated.
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Forexample,when�representspairwisecorrelationsamongresponses,the
covariancesamongtheresponsesdependon�ij(�),�,and�:

Cov(Yij;YikjXij;Xik)=s.d.(Yij)Corr(Yij;YikjXij;Xik)s.d.(Yik)

=
q

�v(�ij)Corr(Yij;YikjXij;Xik)
p

�v(�ik)

wheres.d.(Yij)isthestandarddeviationofYij.

Inprinciple,canalsospecifyhigher-ordermoments.
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ExamplesofMarginalModels

Example1.Continuousresponses :

1.�ij=�0+�1Xij1+�2Xij2+���+�pXijp:
(i.e.,linearregression)

2.Var(YijjXij)=�j

(i.e.,heterogeneousvariance,butnodependenceofvarianceonmean)

3.Corr(Yij;YikjXij;Xik)=�jk!jj(0���1)
(i.e.,autoregressivecorrelation)
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Example2.Binaryresponses :

1.Logit(�ij)=�0+�1Xij1+�2Xij2+���+�pXijp:
(i.e.,logisticregression)

2.Var(YijjXij)=�ij(1!�ij)
(i.e.,Bernoullivariance)

3.OR(Yij;YikjXij;Xik)=�jk

(i.e.,unstructuredoddsratios)
where

OR(Yij;YikjXij;Xik)=

Pr(Yij=1;Yik=1jXij;Xik)Pr(Yij=0;Yik=0jXij;Xik)
Pr(Yij=1;Yik=0jXij;Xik)Pr(Yij=0;Yik=1jXij;Xik)

:
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Example3.Countdata:

1.Log(�ij)=�0+�1Xij1+�2Xij2+���+�pXijp:
(i.e.,Poissonregression)

2.Var(YijjXij)=��ij

(i.e.,extra-Poissonvarianceor\overdispersion"when�>1)

3.Corr(Yij;YikjXij;Xik)=�
(i.e.,\compoundsymmetry"correlation)
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InterpretationofMarginalModelParameters

Theregressionparameters,���,have`population-averaged'interpretations
(where`averaging'isoverallindividualswithinsubgroupsofthe
population).

Forexample,considerthefollowinglogisticmodel,

logit(�ij)=logitfE(YijjXij)g=�0+�1Xij1+�2Xij2+���+�pXijp:

Eachelementof���measuresthechangeinthelogoddsofa`positive'
responseperunitchangeintherespectivecovariate,forsub-popul ations
de�nedby�xedandknowncovariatevalues.

Considertheinterpretationofanycomponentof�,say�k.
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WhenXijktakesonsomevaluex,thelogoddsofapositiveresponseis,

log
nPr(Yij=1jXij1;:::;Xijk=x;:::;Xijp)

Pr(Yij=0jXij1;:::;Xijk=x;:::;Xijp)

o
=

�0+�1Xij1+���+�kx+���+�pXijp:

Similarly,whenXijknowtakesonsomevaluex+1,

log
nPr(Yij=1jXij1;:::;Xijk=x+1;:::;Xijp)

Pr(Yij=0jXij1;:::;Xijk=x+1;:::;Xijp)

o
=

�0+�1Xij1+���+�k(x+1)+���+�pXijp:

!"�kisadjustedchangeinlogoddsforsubgroupsofthestudypopulation
(de�nedbyany�xedvaluesofXij1;:::;Xij(k!1);Xij(k+1);:::;Xijp).
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StatisticalInferenceforMarginalModels

MaximumLikelihood(ML):

Unfortunately,withdiscreteresponsedatathereisnosimpleanalogueof
themultivariatenormaldistribution.

Intheabsenceofa\convenient"likelihoodfunctionfordiscretedata,there
isnouni�edlikelihood-basedapproachformarginalmodels.

Alternativeapproachtoestimation-GeneralizedEstimatingEquations
(GEE).
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GENERALIZEDESTIMATINGEQUATIONS

AvoidmakingdistributionalassumptionsaboutYialtogether.

PotentialAdvantages:

Empiricalresearcherdoesnothavetobeconcernedthatthedistri butionof
Yicloselyapproximatessomemultivariatedistribution.

Itcircumventstheneedtospecifymodelsforthethree-way,four-wayand
higher-wayassociations(higher-ordermoments)amongtheresponses.

Itleadstoamethodofestimation,knownasgeneralizedestimating
equations(GEE),thatisstraightforwardtoimplement.
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TheGEEapproachhasbecomeanextremelypopularmethodforanalyzing
discretelongitudinaldata.

Itprovidesa
exibleapproachformodellingthemeanandthepairwise
within-subjectassociationstructure.

Itcanhandleinherentlyunbalanceddesignsandmissingdatawithease
(albeitmakingstrongassumptionsaboutmissingness).

GEEapproachiscomputationallystraightforwardandhasbeen
implementedinexisting,widely-availablestatisticalsoftware.
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TheGEEestimatorof�solvesthefollowinggeneralizedestimatingequations

NX

i=1

D
0
iV

!1
i(yi!�i)=0;

whereViistheso-called\working"covariancematrix.

By\working"covariancematrixwemeanthatViapproximatesthetrue
underlyingcovariancematrixforthevectorofresponsesYi.

Thatis,Vi�Cov(YijXi),recognizingthatVi6=Cov(YijXi)unlessthe
modelsforthevariancesandthewithin-subjectassociationsarecorr ect.

Di=@�i=@�isthe\derivative"matrix(of�iwithrespecttothe
componentsof�);Di(�)transformsfromtheoriginalunitsofYij(and
�ij)totheunitsofg(�ij).
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TheGEEestimatorshavethefollowingattractiveproperties:

1.Inmanycasesb���isalmoste�cientwhencomparedtoMLE.
Forexample,GEEhassameformaslikelihoodequationsformultivariate
normalmodelsandalsocertainmodelsfordiscretedata

2.b���isconsistentevenifthecovarianceofYihasbeenmisspeci�ed

3.Standarderrorsforb���canbeobtainedusingtheempiricalorso-called
\sandwich"estimator
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SummaryofKeyPoints

Thefocusofmarginalmodelsisoninferencesaboutpopulationaverages.

Theregressionparameters,���,have`population-averaged'interpretations
(where`averaging'isoverallindividualswithinsubgroupsofthe
population):

-describee�ectofcovariatesonmarginalexpectationsoraverage
responses

-contrastmeansinsub-populationsthatsharecommoncovariatevalues

=)Marginalmodelsaremostusefulforpopulation-levelinferences.

Marginalmodelsshouldnotbeusedtomakeinferencesaboutindividual s
(\ecologicalfallacy").
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GENERALIZEDLINEARMIXEDMODELS

Sofar,wehavediscussedmarginalmodelsforlongitudinaldata.

Next,weconsiderasecondtypeofextension,generalizedlinearmixedmodels
(GLMMs).

Wedescribehowthesemodelsextendtheconceptualapproachrepre sented
bythelinearmixede�ectsmodel.

GLMMspostulateunobservedlatentvariables(randome�ects)sharedby
therepeatedmeasuresonthesamesubject.

Thebasicpremiseisthatweassumenaturalheterogeneityacross
individualsinasubsetoftheregressioncoe�cients.
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GeneralizedLinearMixedModels

Thegeneralizedlinearmixedmodelcanbeconsideredintwosteps:

FirstStep:AssumesthattheconditionaldistributionofeachYij,given
individual-speci�ce�ectsbi,belongstotheexponentialfamilywith
conditionalmean,

gfE(YijjXij;bi)g=X
0
ij���+Z

0
ijbi

whereg(�)isaknownlinkfunctionandZijisaknowndesignvector,a
subsetofXij,linkingtherandome�ectsbitoYij.

Theparticularsubsetoftheregressionparameters�thatvaryrandomlyis
determinedbycomponentsofXijthatcompriseZij.
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Second-Step:Thebiareassumedtovaryindependentlyfromoneindividual
toanotherandbi�N(0;G).

Here,Gisthecovariancematrixfortherandome�ects.

Note:Thereisanadditionalassumptionof`conditionalindependence'.

Thatis,givenbi,theresponsesYi1;Yi2;:::;Yiniareassumedtobemutually
independent.
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Example1:

Binarylogisticmodelwithrandomintercepts:

logitfE(YijjXij;bi)g=�0+�1Xij1+���+�pXijp+bi

Var(YijjXij;bi)=E(YijjXij;bi)f1!E(YijjXij;bi)g(Bernoullivariance),

andbi�N(0;�2
b).
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Example2:

Randomcoe�cients(randominterceptsandslopes)Poissonregression
model:

logfE(YijjXij;bi)g=�0+�1tij+b0i+b1itij

Var(YijjXij;bi)=E(YijjXij;bi)(Poissonvariance),

andbi�N(0;G).

Note:Gisthecovariancematrixforb0iandb1i.
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InterpretationofFixedE�ects

GLMMsaremostusefulwhenthescienti�cobjectiveistomakeinferences
aboutindividualsratherthanpopulationaverages.

Mainfocusisontheindividualandthein
uenceofcovariatesonatypical
(bi=0)individual'sresponses.

Regressionparameters,���,measurethechangeinexpectedvalueofresponse
whileholdingconstantothercovariatesandtherandome�ects.
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Forexample,considerthefollowinglogisticmodel,

logitfE(YijjXij;bi)g=�0+�1Xij1+���+�pXijp+bi

withbi�N(0;�2).

Eachelementof���measurestheadjustedchangeinthelogoddsofa
`positive'responseperunitchangeintherespectivecovariate,f oran
individualwithpropensitytorespondpositively,bi.

Theinterpretationofanycomponentof�,say�k,isintermsofadjusted
changesinaspeci�cindividual'slogoddsofresponseforaunitchangein
thecorrespondingcovariate,sayXijk.

Note:Thisisnotalwaysdirectlyobservablefromthedata.
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WhenXijktakesonsomevaluex,thelogoddsofapositiveresponseis,

log
nPr(Yij=1jbi;Xij1;:::;Xijk=x;:::;Xijp)

Pr(Yij=0jbi;Xij1;:::;Xijk=x;:::;Xijp)

o
=

�0+bi+�1Xij1+���+�kx+���+�pXijp:

Similarly,whenXijknowtakesonsomevaluex+1,

log
nPr(Yij=1jbi;Xij1;:::;Xijk=x+1;:::;Xijp)

Pr(Yij=0jbi;Xij1;:::;Xijk=x+1;:::;Xijp)

o
=

�0+bi+�1Xij1+���+�k(x+1)+���+�pXijp:

!"�kisadjustedchangeinlogoddsforindividualwithpropensityto
respond,bi.
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Thissubject-speci�cinterpretationof�kismoreappealingwhenXijkisa
time-varyingcovariate.

Thatis,whenitispossibletoholdbi(andremainingcovariates)�xedand
alsochangethevalueofthecovariate,Xijk.

Recall:Time-varyingcovariateisonewhosevaluecanchangeovertime,
e.g.,timesincebaseline,smokingstatus,andenvironmentalexposures.

WhenXijkistime-invarianttheinterpretationof�kislesstransparent.

Withatime-invariantcovariate(e.g.,gender),changingthevalueofthe
covariaterequiresalsoachangeintheindexiofXijk,sayXi0jk.
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WhenXijktakesonsomevaluex,thelogoddsofapositiveresponseis,

log
nPr(Yij=1jbi;Xij1;:::;Xijk=x;:::;Xijp)

Pr(Yij=0jbi;Xij1;:::;Xijk=x;:::;Xijp)

o
=

�0+bi+�1Xij1+���+�kx+���+�pXijp:

Similarly,whenXi0jknowtakesonsomevaluex+1,

log
nPr(Yi0j=1jbi0;Xi0j1;:::;Xi0jk=x+1;:::;Xi0jp)

Pr(Yi0j=0jbi0;Xi0j1;:::;Xi0jk=x+1;:::;Xi0jp)

o
=

�0+bi0+�1Xi0j1+���+�k(x+1)+���+�pXi0jp:
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Evenwhenweconsidertwosubjectswithidenticalcovariatesexceptforthe
kth,thedi�erenceinlogoddsis

�k+(bi!bi0):

Thatis,�khasbecomeconfoundedwithbi!bi0.

Thisdilemmacanonlyberesolvedbyassumingsamevalueforthe
unobservedrandome�ects,bi=bi0;however,thiscontrastisnotdirectly
observable.

73

SummaryofKeyPoints

GLMMsextendtheconceptualapproachrepresentedbythelinearmixed
e�ectsmodel.

GLMMsassumenaturalheterogeneityacrossindividualsinasubsetofthe
regressioncoe�cients.

ThefocusofGLMMsisoninferencesaboutindividuals.

Theregressionparameters,���,have`subject-speci�c'interpretationsin
termsofchangesinthetransformedmeanresponseforaspeci�cindivi dual.
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ContrastingMarginalandMixedE�ectsModels
forLongitudinalData

Sofar,wehavediscussedtwomainextensionsofgeneralizedlinearmodels:

1.MarginalModels

2.GeneralizedLinearMixedModels

Thereareimportantdistinctionsbetweenthesetwobroadclassesofmodels
thatgobeyondsimpledi�erencesinapproachesforaccountingforthe
within-subjectassociation.

Thesetwoclassesofmodelshavesomewhatdi�erenttargetsofinference
andaddresssubtlydi�erentquestionsregardinglongitudinalchangeinthe
response.

75

GraphicalIllustration

SupposeYiisavectorofbinaryresponsesanditisofinteresttodescribe
changesinthelogoddsofsuccessovertime.

Alogisticregressionmodel,withrandomlyvaryingintercepts,isgivenby

logitfE(Yijjtij;bi)g=�
�
0+�

�
1tij+bi

wheretij=0atbaselineandtij=1post-baseline.

Thebiareassumedtohaveanormaldistributionwithzeromeanand
variance�2

b=Var(bi).

Let��
0=1:5,��

1=!3:0,andVar(bi)=1:0.
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Atbaseline,logoddshasanormaldistributionwithmean=median=1.5
(seeshadeddensities).

Note,however,thatsubject-speci�cprobabilitiesofdiseasehavea
negativelyskeweddistributionwithmedian,butnotmean,of0.82.

Themeanofthesubject-speci�cprobabilitiesis0.78.

Thus,probabilityofdiseasefora\typical"individualfromthepopulation
(0.82)isnotthesameastheprevalenceofdiseaseinthesamepopulation
(0.78).
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Similarly,thelogoddsofdiseasepost-baselinehasanormaldistribution
withmean=median=!1.5(seeunshadeddensities).

However,subject-speci�cpost-baselineprobabilitiesofdiseasehavea
positivelyskeweddistributionwithmedian,butnotmean,of0.18.

Themeanofthesubject-speci�cprobabilitiesis0.22.

Thus,probabilityofdiseasepost-baselinefora\typical"individualfrom
thepopulation(0.18)isnotthesameastheprevalenceofdiseaseinthe
samepopulation(0.22).
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Thee�ectoftreatmentonthelogoddsofdiseaseforatypicalindividual
fromthepopulation,��

1=!3:0,isnotthesameasthecontrastof
populationlogodds.

Thelatteriswhatisestimatedinamarginalmodel,say

logitfE(Yijjtij)g=�0+�1tij;

andcanbeobtainedbycomparingthelogoddsofdiseaseinthepopulation
atbaseline,log(0:78=0:22)=1:255,withthelogoddsofdiseaseinthe
populationpost-baseline,log(0:22=0:78)=!1:255.

Thisyieldsapopulation-averagedmeasureofe�ect,�1=!2:51,whichis
approximately15%smallerthan��

1,thesubject-speci�ce�ectoftreatment.
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CaseStudy

Cross-OverTrialofCerebrovascularDe�ciency

�Two-periodcross-overtrialcomparinge�ectsofactivedrugtoplacebo
oncerebrovascularde�ciency

�67patientsrandomlyallocatedtotwotreatmentsequences

�34patientsreceivingPlacebo"Active

�33patientsreceivingActive"Placebo

�Eachpatienthasabivariatebinaryresponsevector,Yi=(Yi1;Yi2)
denotingwhetheranelectrocardiagramwasnormal(0)orabnormal(1).
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Datafromatwo-periodcross-overtrialcomparingthee�ectsofactivedrug
toplacebooncerebrovascularde�ciency.Theresponseindicateswhether
anelectrocardiagramwasnormal(0)orabnormal(1).

Response(Period1,Period2)
Sequence(1,1)(1,0)(0,1)(0,0)

Sequence1(P"A)60622
Sequence2(A"P)94218

P:Placebo;A:Activedrug.
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First,considermarginallogisticmodel

logit(�ij)=logitfPr(Yij=1)jXijg=�0+�1Treatment+�2Period

whereTreatment(0=Placebo,1=Activedrug)andPeriod(0=Period
1,1=Period2).

Thewithinsubjectassociationbetweenthetworesponseswasmodelledin
termsofacommonlogoddsratio,�,

log
Pr(Yi1=1;Yi2=1jXi1;Xi2)Pr(Yi1=0;Yi2=0jXi1;Xi2)
Pr(Yi1=1;Yi2=0jXi1;Xi2)Pr(Yi1=0;Yi2=1jXi1;Xi2)

=�:
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Parameterestimatesandstandarderrorsfrommarginallogisticregression
modelforthecerebrovascularde�ciencydata.

ParameterEstimateSEZ

Intercept-1.24330.2999-4.15
Treatment0.56890.23352.44
Period0.29510.23191.27

logOR(�)3.56170.81484.37
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Theresultsindicatethattreatmentwiththeactivedrugisharmful,
increasingtheratesofabnormalelectrocardiagrams.

Theoddsofanabnormalelectrocardiagramis1.77(ore0:57)timeshigher
whentreatedwithactivedrugversusplacebo.

Theestimateofthewithin-subjectassociationisb�=3:56,indicatingthat
thereisverystrongpositiveassociation(OR=35:2).
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Next,considerlogisticregressionmodelwitharandompatiente�ect,

logitfE(YijjXij;bi)g=�
�
0+�

�
1Treatment+�

�
2Period+bi

wheretherandome�ectbiisassumedtohaveanormaldistributionwith
zeromeanandvariance,�2

b=Var(bi).
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Parameterestimatesandstandarderrorsfrommixede�ectslogistic
regressionmodelforthecerebrovascularde�ciencydata.

ParameterEstimateSEZ

Intercept-4.08171.6711-2.44
Treatment1.86310.92692.01
Period1.03760.81891.27

�2
b=Var(bi)24.436518.85001.30

MLbasedon100-pointadaptiveGaussianquadrature.
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Theresultsalsoindicatethattreatmentwiththeactivedrugisharmful,
increasingthepatient-speci�criskofanabnormalelectrocardiagram.

Inparticular,apatient'soddsofanabnormalelectrocardiagramis6.4(or
e1:86)timeshigherwhentreatedwithactivedrugthanwhentreatedwith
theplacebo.

Theestimateofthevarianceofbi,b�2
b=24:4,indicatesthatthereisvery

substantialbetween-patientvariabilityintheirpropensityforabnormal
electrocardiagrams.
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Comparisonofthetwoestimatede�ectsoftreatment,e
b�1=1:8and

e
b��

1=6:4,fromthemarginalandmixede�ectslogisticregressionmodels
highlightsthedistinctionbetweenthesetwoanalyticapproaches.

b�1frommarginalmodeldescribeshowtheaveragerates(expressedinte rms
ofodds)ofabnormalECGscouldbeincreasedinthestudypopulationif
patientsaretreatedwiththeactivedrug.

b��
1fromthemixede�ectsmodeldescribeshowtheoddsofanabnormal

ECGincreasesforanypatienttreatedwiththeactivedrug.

Thus,apopulation-levelanalysisunderstatestheindividualrisk,andvice
versa.
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Insummary,theanswertothequestion\whatarethesidee�ectsofthe
activedrug"willdependonwhetherscienti�cinterestisinitsimpact
onthestudypopulationoronanindividualdrawnatrandomfromthat
population.

Withmarginalmodelsthemainfocusisoninferencesaboutthestudy
population.

Withgeneralizedlinearmixedmodelsthemainfocusisoninferencesabout
individuals.
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Aside

Doestheverylargeestimateofvariance,b�2
b=24:4,accuratelyre
ect

between-patientvariabilityintheriskofabnormalelectrocardiagram?

Inthisexample,alargeproportionofsubjects(82%)hadsameresponse,
(0,0)or(1,1),atbothoccasions.

Thisfeaturecanonlybecapturedbyanormaldistributionforthelogodds
withlargevariance.

Whennumberofrepeatedbinaryresponsesissmall,andthereisalarge
proportionofsubjectswithpositive(negative)responsesatalloccasi ons,
thenormalassumptionforbiisquestionable.
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CONCLUDINGREMARKS

Unlikelinearmodels,wheretheconceptsofregressionanalysiscanbe
appliedquiterobustly,longitudinalanalysisofcategoricaldataraisesmany
subtleissues.

Di�erentmodelsforcategoricaloutcomescangivediscerniblydi�erent
results.

Thechoiceandmeaningoflongitudinalmodelsforcategoricaloutcomes
requiresomewhatgreatercare.

Withdi�erenttargetsofinference,di�erentmodelsforcategoricaloutcomes
addresssubtlydi�erentquestionsregardinglongitudinalchange.
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Choiceamongmodels?

�shouldbeguidedbyspeci�cscienti�cquestionofinterest

�answerstodi�erentquestionswillusuallydemandthatdi�erentmodels
havetobeapplied

�di�erentquestionswilloftenproducedi�erent,albeitcompatible,
answers

�\onesizedoesnot�tall"
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