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Abstract

Much uncertainty surrounds the length of life. Based on period
rates, the standard deviation in the adult age at death in the U.S., S10,
has hovered around 15 years since 1960, while the average adult life
span, M10 ≡ e10 +10, has increased steadily from about 72 years to 78.
In this paper, I show that for reasonable parameter values, this variance
in life span represents a significant cost. I construct a simple model that
shows each standard deviation in life span is currently worth about half
a life year. Numerical simulations suggest this estimate is conservative,
and they demonstrate that even full annuitization cannot offset the
costs of life-span variance. Viewed in this light, differences in S10 and
differences in life expectancy are of comparable importance in assessing
well-being. An extension is that procyclical fluctuations in mortality,
although undeniably costly to some, translate into extremely small
increases in S10 and thus barely any real cost.

∗PRELIMINARY. PLEASE DO NOT CITE OR QUOTE WITHOUT PERMISSION.
Research Associate, UC Berkeley Demography, redwards@demog.berkeley.edu. I thank
Shripad Tuljapurkar, Ronald Lee, David Canning, and seminar participants at the Harvard
Initiative for Global Health for helpful comments. This research was partially supported
by NICHD grant T32 HD 07329.

1



1 Introduction

That life is uncertain is a truism. Uncertainty in the length of life impacts
well-being viscerally, and we are certainly aware of it. None of us knows
exactly when we will die, and we are all grimly aware of how sudden and
unexpected or how drawn-out the process of dying can be.

As discussed by Edwards and Tuljapurkar (2005), we can quantify un-
certainty in life span by interpreting the deaths in a period life table as
probability densities. Panel A in Figure 1 displays the density function of
life spans for the U.S. in 1999, which appears as a skew-left distribution
around a mode of 85 years plus a spike at infant mortality. The uncondi-
tional mean of this distribution, also called period life expectancy at birth,
or e0, is about 77, while the mean conditional on survival to any early age
past infancy, say age 10, is M10 = 78. As is plainly visible in the figure, there
is considerable variation around the mean even if we omit infant mortality,
which is fixed at age 0. The standard deviation in life span after age 10,
S10, is about 15 years, producing a coefficient of variation in adult life span
of 0.2.

Edwards and Tuljapurkar show that U.S. levels of S10 are higher than
those in other industrialized nations by between 1 and 3 years. They also
discuss how long-term trends in S10 suggest relative stagnation rather than
the monotonic improvement we see in infant mortality, e0, and M10. Indus-
trialized nations appear to be stuck with uncertainty in life span, but there
are clear differences between high-variance and low-variance countries. To
better understand well-being and behavior, we would like to know the costs
associated with S10.

A wealth of research exploring the valuation of life (Rosen, 1988; Viscusi,
1993; Johansson, 2002; Aldy and Viscusi, 2003) has produced many insights
regarding the willingness to pay for mortality reduction. Closely related
work examines the willingness to pay over historical periods and across geo-
graphical boundaries (Viscusi and Aldy, 2003; Costa and Kahn, 2004), and
other research gauges the value of long-term increases in life span (Cutler
and Richardson, 1997; Nordhaus, 2002; Murphy and Topel, 2005; Becker,
Philipson and Soares, 2005). Many of these efforts have modeled survivor-
ship realistically, i.e., with variance around mean life span, but they have
not explored the costs of variance as distinct from the benefits of the mean.
Sometimes this focus is driven by the data. In their study of world de-
velopment since 1960, Becker, Philipson and Soares (2005) use only mean
life spans to value overall well-being because demographic data is extremely
scarce for developing countries. But given that life-span variance is surely
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higher in developing countries, omitting its costs may produce an inaccurate
comparison if those costs are substantial. Similarly, vast declines in S10 in
the industrialized world prior to 1960 (Edwards and Tuljapurkar, 2005) may
affect long-term comparisons such as those of Nordhaus (2002) if variance
is costly.

To be sure, it is not trivially clear that variance in life span is necessarily
costly. Annuities and life insurance are two examples of market instruments
that lessen risks associated with uncertain life spans. In this paper, I show
that while full annuitization removes all consumption risk associated with
mortality, and therefore improves welfare, annuities do not remove the utility
costs of S10. Whether life insurance helps offset S10 is more difficult to say,
since it affects individual utility only through the bequest motive. If people
are completely altruistic and are able to insure against income loss associated
with early death, it is conceivable that they do not care about variance in life
span, or even the mean age at death, for that matter. But full altruism is not
a typical assumption or finding in the value-of-life literature, and evidence
suggests that bequests are generally not intended (Hurd, 1987, 1989).

Another motivation to consider the costs of life-span variance derives
from a separate literature that studies temporal fluctuations in health and
mortality. Ruhm (2000, 2003, 2004), Tapia Granados (2005), and others
have shown that mortality rates tend to rise above trend during economic
expansions and fall during recessions. While growth in incomes and life
spans is correlated over the long run, this research shows that in the short
run, rapid growth can actually shorten life spans through a variety of chan-
nels. The costs of such procyclical mortality, which appear to be borne by a
broad range of subgroups rather than a vulnerable few, are obviously high
for those afflicted. But what are the costs of procyclical mortality for the
population as a whole? It turns out that we can interpret procyclical mor-
tality as another type of life-span variance. Using the framework developed
in this paper that estimates the costs of total variance, we can also estimate
the costs of procyclical mortality because it is an isomorphic dynamic.

In the sections that follow, I present several models of intertemporal
choice that help us understand the costs of variance in adult life spans. I
begin by outlining the individual’s lifetime planning problem, and I discuss
the key parameters, paying special attention to the distribution of life spans.
I then propose and solve a highly simplified analytical model that produces
an elegant and parsimonious rule expressing the tradeoff between the mean
and the variance in life span. Next, I construct numerical simulations of
the complete model with fully endogenous consumption, and I test the real-
ism of the simple model by specifying fully realistic mortality, allowing full
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annuitization, and testing an array of other parameter values.

2 Intertemporal choice under life-span uncertainty

In order to assess the costs of variability in life spans upon individuals,
I adopt a standard framework of intertemporal optimization with time-
separable utility. This model, which economists use to address a vast array
of issues, including the value of life, turns out to imply a specific tradeoff
between mean and variance in life span that is a function of the parameters.
The price of a standard deviation in life span in terms of the mean takes
a convenient form when wealth is fully annuitized. Later I show that nu-
merical solutions of the model with or without annuities confirm this rule
of thumb.

Consider an expected utility maximizer at time t = 0 with an implicit
rate of time discounting equal to δ and no bequest motive. Lifetime ex-
pected utility is the sum of period utilities drawn from consumption, u(c(t)),
weighted by the force of time discounting, e−δt, and the probability that the
individual is alive, ℓ(t):

EU =

∫ ∞

0
u(c(t))e−δtℓ(t) dt. (1)

Demographers call ℓ(t) the survivorship function, and it is shown in Panel
B of Figure 1. The decrement to ℓ(t), which is one minus the cumulative
density function of life span, is the probability density function shown in
Panel A of Figure 1 and commonly referred to as life-table deaths, d(t). It is
also the probability distribution of life span. Finally, we define the life-table
probability of dying between t and t + 1 as q(t) = log ℓ(t) − log ℓ(t + 1).1

Mortality tends to increase exponentially with age (Gompertz, 1825), as
shown in Panel C of Figure 1.

Suppose the individual has a financial endowment W that can be con-
sumed or saved at a fixed market rate of interest, r. For simplicity, there
is no labor, capital, financial risk, or human capital in this model.2 In a

1This form is more convenient for expositional purposes here, but life-table q(t) is
typically defined implicitly as ℓ(t + 1) = ℓ(t)[1 − q(t)], in order to attrit the entire cohort
at a finite age. In continuous time, q(t) is the hazard or mortality rate.

2Kalemli-Ozcan, Ryder and Weil (2000) and Li and Tuljapurkar (2004) develop models
that include retirement, endogenous capital accumulation, and education alongside mor-
tality. Each element probably increases the costs of life-span variance. If individuals must
trade their leisure time for market earnings, higher S10 erodes expected lifetime wealth
provided that the retirement age is within the support of probabilistic life span. If capital
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market without annuities, the budget constraint requires the individual to
finance the present value of all future consumption out of wealth:

W =

∫ ∞

0
c(t)e−rt dt. (2)

With this budget constraint, the model produces unintended bequests of
varying size for all individuals except those who live forever, which occurs
with probability zero. Bequests are larger the earlier death occurs. If instead
actuarially fair annuities are available, the budget constraint takes on a
different form (Becker, Philipson and Soares, 2005):

W =

∫ ∞

0
c(t)e−rtℓ(t) dt. (3)

An annuity pays off in future periods only if the individual is alive. This al-
lows the buyer to finance future consumption more cheaply, at the expense of
unintended bequests.3 Although public annuities like Social Security exist,
private annuities markets are notoriously thin (CITE), so partial annuitiza-
tion best describes reality. But the extreme cases are easier to model, and
it will turn out that the presence or absence of annuities does not affect the
costliness of life-span variance very much. I discuss the impact of annuities
on the costs of life-span variance in greater detail below.

The individual maximizes equation (1) subject either to (2) or (3) de-
pending on whether annuities are available. I can write the resulting Euler
condition that describes intertemporal choice as

u′(c(t + 1)) = u′(c(t))eδ−r+D·q(t), (4)

where D is an indicator of the lack of annuities. With full annuitization, D =
0 and mortality cancels out of (4) because it appears in both the objective
and the constraint under full annuitization. When u(·) takes the familiar
form of power utility with constant relative risk aversion over consumption,

u(c(t)) =
c1−γ

1 − γ
+ K, (5)

and the interest rate were endogenous, higher S10 would likely deplete the capital stock
by lowering the marginal utility of wealth, raising the interest rate and lowering the wage
rate. Effects on welfare are countervailing, but it seems likely that the net effect would be
negative. Human capital investment is riskier when S10 is higher, which should result in
lower educational attainment and a decrease in welfare.

3In this model with costlessly enforced contracts, the price of the annuity is the right
to leave bequests. All wealth that is unused by those who die is redistributed to the living.
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for some constant K, equation (4) implies

c(t) = c(0)et[r−δ−D·q(t)]/γ (6)

where c(0) is a function of wealth, the parameters, the moments of life span,
and the annuitization indicator, D. Without annuities, the exponentially
increasing mortality rate, q(t), ultimately pulls consumption lower through
age, producing a consumption trajectory that looks like the survivorship
curve. Annuitization removes this effect. When r = δ, consumption under
annuitization is flat through age. The utility curvature parameter γ magni-
fies or dampens the impacts of differences in r and δ and of mortality under
no annuities.

Under full annuitization, we can completely solve the model by reformu-
lating the budget constraint:

W = ET

[
∫ T

0
c(t)e−rt dt

]

, (7)

where T is the realization of life span, and we have removed the survivorship
weights and instead taken the expectation over T . For a given distribution of
T , we can use (6) with D = 0 to solve the integral within the expectation and
then find c(0) by taking the expectation. Without annuities, the presence
of q(t) in the consumption function precludes analytical solutions because
mortality increases exponentially with age. For now, I focus on the case of
full annuitization. Later, I use numerical simulation to examine the effect
of annuitization.

We are interested in the relative price of variance in life-span in this
model, which is governed by its marginal utility relative to that of others.
To proceed, we can rewrite lifetime expected utility as

EU = ET

[
∫ T

0
u(c(t))e−δt dt

]

. (8)

Using the power utility formulation in (5) and the consumption function in
(6) with D = 0, we find that lifetime utility under full annuitization is

EU = ET

[

c(0)1−γ

(1 − γ)δ̂

(

1 − e−δ̂T
)

+
K

δ

(

1 − e−δT
)

]

, (9)

where

δ̂ = δ −
1 − γ

γ
(r − δ). (10)
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When r is close to δ, we have δ̂ ≈ δ, with equality when γ = 1. Equation
(9) implies that individuals are risk averse over life span, T , in this model.
The Arrow-Pratt coefficient of absolute risk aversion over T , −EUTT /EUT ,
is approximately equal to the rate of time discounting, δ, and exactly equal
when r = δ. Absolute risk aversion in life span is roughly constant.4

We would expect individuals who are risk averse over life span to be hurt
by uncertainty in life span, and this is exactly what we see if T ∼ N(M,S2).5

When life spans are normal, lifetime utility is

EU =
c(0)1−γ

(1 − γ)δ̂

[

1 − e−δ̂M+δ̂2S2/2
]

+
K

δ

[

1 − e−δM+δ2S2/2
]

, (11)

Expected lifetime utility is a decreasing function of S, provided that period
utility is positive.6

We can find the price pS of a standard deviation in life span, S, in terms
of the mean, M , by constructing the ratio of their marginal lifetime utilities.
When we consider the case of K = 0, a parsimonious formula emerges:7

pS =
∂EU/∂S

∂EU/∂M
=

−δ̂2S EU

δ̂ EU
= −δ̂S. (12)

This formula is exact for infinitesimal changes in the moments of life span
under annuitization. The price is negative when δ̂ > 0 because S is a bad.
In order to be just as happy with higher variance, the individual requires a

4Constant absolute risk aversion over life span seems consistent with time trends in
life expectancy and in S10 duing the modern era, just as constant relative risk aversion
over consumption risk matches the patterns in aggregate consumption. Average life spans
have grown linearly over time, with a fairly constant standard deviation in levels, while
consumption grows exponentially with steady percentage deviations.

5As shown by Figure 1, adult life spans are not technically normal, with both leftward
skewness and leptokurtosis, or peakedness with fat tails, an indicator of different subgroup
variances. Numerical simulations show that normality reduces the costs of S.

6It is a standard observation that period utility, which is the marginal utility of being
alive in that period, should be nonnegative when modeling dynamics of life span (Rosen,
1988; Hall and Jones, 2004; Becker, Philipson and Soares, 2005). If it were negative or
zero, a utility maximizing individual would choose to die. Becker, Philipson and Soares
(2005) calibrate the additive utility shifter K < 0. This does reduce technically the cost
of S through the second piece of (11), but numerical simulations confirm this effect to be
small and uninteresting.

7The constant utility shifter does not appreciably augment the insights to be gained.
On its own, it implies the same dynamics as when r = δ, with only δ mattering for costs.
When combined with the flow utility from consumption, both numerator and denominator
in (12) are weighted averages of the two pieces in equation (11). When the piece with K
has more weight, the coefficient on S in pS is weighted more toward δ than δ̂.
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higher mean. We also see that the magnitude of pS increases linearly with
the level of S, with slope equal to −δ̂. As shown by equation (10), the
magnitude of the slope, δ̂, is an increasing function of δ if γ > 0; it is a
decreasing function of r when 0 < γ < 1 and an increasing function of r
when γ > 1; and it is a decreasing function of γ if δ > r and an increasing
function of γ if r > δ.

The implications of equation (12) for population health are significant.
In 1999, individuals in the U.S. experienced a standard deviation in life spans
conditional on survival to age 10, S10, equal to 15 years. At that level, each
year of standard deviation is worth about 0.45 year of mean life span in this
model, assuming r = δ = 0.03, its standard value in calibration exercises
(Hubbard, Skinner and Zeldes, 1994; Becker, Philipson and Soares, 2005).
In Sweden that same year, S10 was about 13. If pS = −0.45, individuals in
the U.S. would be willing to give up almost 0.9 year in mean life span to
have the lower S10 of their Swedish counterparts.8

Although 0.9 year sounds small relative to mean life span in either coun-
try, it is large when compared to the difference in means between the two
countries. The mean life span conditional on survival to age 10, M10, was
77.7 years in the U.S. and 80.0 in Sweden in 1999. After adjusting for dif-
ferences in S10, the total difference in population health between the U.S.
and Sweden was more like 3.2 years per person rather than 2.3, an increase
of more than a third.

2.1 Numerical solutions of the full model

With numerical methods, we can examine how pS changes under alternative
assumptions about wealth annuitization and mortality. In this section, I
model several alternative scenarios in greater detail using numerical meth-
ods, with parameters initially set to match those used by Becker, Philipson
and Soares (2005): r = δ = 0.03, γ = 0.8, and K = −16.2. I set initial
wealth at $800,000, which is consistent with r = 0.03 and per capita con-
sumption of $26,650 per year, and I fully endogenize consumption. I simulate
the model with full annuitization and then the model with no annuitization
and compare both sets of results to those implied by the analytical model
with annuitization.

For better tractability and for clearer comparisons, I begin by modeling
life span as normally distributed. I set mean and variance equal to U.S.

8For large changes in the moments, S and thus pS will change. The isoquants of
lifetime expected utility for two normally distributed life spans L1 ∼ N(M1, S

2
1) and

L2 ∼ N(M2, S
2
2) are given by M1 − M2 = δ̂(S2

1 − S2
2)/2.
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levels in 1994, M = 76.85 and S = 15.66 years, and I search for the mean
life span that compensates expected utility for a decrease in S to 15.05, the
1999 level. Later, when I implement realistic mortality, it is convenient to
use life-span distributions from these two years, because there is a relatively
large difference in S but a small difference in M . I truncate these synthetic
distributions at ages 0 and 150 and rescale so that their cdf’s sum to unity.9

2.1.1 Normally distributed life spans

Figure 2 plots pS as given by equation (12) on the same axes with two other
loci that I obtain from numerical simulation of the model with normally
distributed life spans. I fixed the rate of market interest at r = 0.03 and
examine how varying δ, which is shown along the horizontal axis, changes
pS . The thick solid line in Figure 2 is pS = −δ̂S from the analytical model.
The steeper, more curved thin solid line shows the locus obtained from the
numerical model with full annuitization of wealth, while the lower dashed
line depicts the schedule that results from the numerical model without
annuitization.

The two solid lines depict some differences between the analytical and
numerical versions of the model with annuities. They cross at δ = 0.03, and
the numerical model produces a more steeply sloped pS locus that appears
to be concave at high δ. It turns out that these differences are the result of
the utility shifter K in the numerical model, which when negative tends to
increase δ̂ and thus pS when δ is large. When K > 0, the numerical locus is
flatter than the analytical locus, and when K = 0, the lines overlap.

Figure 2 reveals a more interesting relationship between the costs of
uncertainty under annuitization and the costs without annuitization. The
dashed line, which shows pS without annuities, is significantly below the
other two, indicating that life-span variance is more costly at any δ. At the
baseline of r = δ = 0.03, pS without annuitization is about −0.75, more
than half again as large as pS with annuitization, which is about −0.45.
This is an intuitive result insofar as annuitization is designed to remove
risks to consumption associated with uncertain life span. That annuitization

9Age 150 is an unrealistic but convenient choice when life spans are normally dis-
tributed. The Human Mortality Database (2006) topcodes age at 110, and there are few
documented individuals who have survived to that age. When life spans are normally dis-
tributed with means around age 80, densities past age 110 are not miniscule. Truncating
at age 110 actually creates significant skewness in the distribution, and probably changes
the mean and variance. Such skewed distributions actually produce a pS locus that better
resembles that produced by realistic survivorship. This is likely because life spans are
skew-left in reality.

9



removes only about one third of the total costs of life-span uncertainty under
baseline parameter values is more surprising. In this model with no bequests,
the direct utility costs of S are more important than the costs of consumption
uncertainty as long as δ is not considerably less than r.

We can also vary r while holding δ fixed, which is shown in Figure
3. three pS schedules, this time as functions of r with δ = 0.03. Here,
an even greater difference emerges between the numerical and analytical
models under annuitization, which is again linked to the utility shifter K.
The numerical model reveals considerably more negative pS when r < δ
and K < 0. When r < δ, consumption optimally declines over time. If in
addition K < 0, the benefit of living long is weakened considerably relative
to the cost of dying early, so the costs of S are higher. As before, we see
that pS is more negative when annuities are not available, regardless of the
rate of market interest.

Each locus shows that the costs of S are declining in magnitude with
r. If 0 < γ < 1, a very large r can actually produce a negative δ̂, around
r = 0.15 when γ = 0.8 and δ = 0.03. When r is high, the price of future
consumption is low. If intertemporal substitution is elastic, when 0 < γ < 1,
the individual plans more future consumption. Since the marginal utility of
a year of life is equal to the period utility function, this increase in future
consumption raises the marginal utility of mean life span and lowers pS .

2.1.2 Realistic life spans

Modern distributions of human life span are skew-left and leptokurtic. The
skewness is of direct interest here, because it implies that a mean-preserving
spread in life span lowers survivorship probabilities asymmetrically. Col-
loquially, we could describe an increase in variance when there is leftward
skewness as reducing survivorship at young adult and adult ages, while
increasing it only at old ages. Since an individual with positive time dis-
counting values the present more than the future, we expect skewness to
result in higher true costs of uncertain life spans.

It is tricky to model realistic life spans with particular means and vari-
ances because we do not have a convenient functional form of the probability
distribution. I proceed by generating additive translations of the 1999 life-
span distribution above age 10 in the U.S., which originally had a mean of
77.67 and a standard deviation of 15.05, so that I have an array of realistic
distributions with varying means but fixed variances. Then I search for the
distribution that produces the same lifetime expected utility as the 1994
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distribution above age 10 with M10 = 76.85 and S10 = 15.66.10

Figure 4 is the realistic-mortality analogue of Figure 2, depicting three
loci of pS against δ for r = 0.03, using the same vertical scale for easier
comparison. The thick solid line, which shows the analytical model’s pS ,
is the same as before. The other two schedules reveal levels of pS that are
more negative than in Figure 2, especially for larger δ. The costs of life-
span uncertainty are indeed higher when I model life span realistically, with
leftward skewness that places a wider range of early years at risk. The thin
solid line, representing the output of the numerical model with annuities,
shows pS = −0.7 when δ = 0.03, greater in magnitude than the pS = −0.45
from the simple model. As δ rises, both numerical models show precipitous
increases in the costs of variance.

Some human life spans end at birth or shortly thereafter. The variance
in life span attributable to infant mortality is quite costly, but I have not
focused explicitly on its costs here. This is because modeling infant mortality
is in a sense complex and also easy. We do not have a model for how
improvements in adult health, which clearly lengthen adult life spans and
may also decrease variance, may also lower infant mortality. At the same
time, it is clear that a reduction in infant mortality, if we treat it as entirely
separate from adult mortality, has more obvious benefits than a reduction
in adult life-span variance. One less death is one more average adult life
span, other things equal. No more finesse is needed.

Still, the presence of infant mortality may affect pS , since infant mortality
reduces the length and raises the total variability of life. By making mean
life scarcer, infant mortality may lower pS because the marginal utility of M
is higher. But we have seen that the marginal utility of S rises with S, so a
rise in infant mortality and total variance may have the same effect, which
would tend to increase pS.

To assess the costs of adult variance under fully realistic survivorship
with infant mortality, I simply treat infant mortality as a completely sepa-
rate dynamic. I fix infant deaths at their relative probability in 1999 and
reestimate the compensating change in mean adult life span that offsets the
reduction in S from 15.66 to 15.05.11

10Using MATLAB, I apply a cubic spline to the distribution of life spans by single years
of age over age 10 in the U.S. in 1999, and I sequentially evaluate the spline at hundredths
of a year in age, spaced one year apart. I then redefine age back to whole years, which
produces a sideways translation of the distribution, changing the mean but retaining the
same variance. At ages under 10, I simply duplicate the density at 10 and renormalize
the entire distribution. Later I include realistic infant mortality as discussed in the text.

11I overlay the life span distribution under age 10 in 1999 on top of the distribution
in 1994 and on top of each translated distribution from 1999 that has a different mean.
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Figure 5 depicts pS as functions of δ when r = 0.03. Survivorship is
now fully realistic, with infant mortality in addition to leftward skewness
and leptokurtosis in the adult hump. Including infant mortality does not
significantly change the qualitative results, but in the numerical models pS

is generally smaller in magnitude than it was in Figure 4 with realistic adult
mortality but no infant mortality. Including infant mortality increases the
marginal utility of mean life and not the marginal disutility of a standard
deviation in life span, so pS is less negative than before.

3 How uncertain are actual life spans?

We have seen that the price of a standard deviation in life span in terms
of years of life is roughly the current level of standard deviation times the
rate of time discounting, δ. Measured in terms of standard deviation, the
more uncertainty there is, the higher its cost. Since the level is clearly
important, it is worth discussing whether the measure I have used so far,
S10, the standard deviation in life span above age 10 based on period rates,
is indeed the correct measure for individuals and populations.

3.1 Periods, cohorts, and forecasts

Up to now, I have proxied the actual, or cohort life spans of individuals with
those based on period mortality rates. The period standard deviation in life
span, S10, measures uncertainty for a synthetic cohort of individuals living
their entire lives in the relevant period. We frequently measure population
health using period life expectancy at birth, e0, which is the average life
span based on period rates and also applicable to a synthetic cohort. Period
S10 is in this sense the appropriate second moment of health for the adult
population. The costs of period S10 are felt by an average individual alive
today in an age-adjusted sense, just as the benefits of an increase in period
life expectancy reflect an average benefit for living individuals.

To be sure, there are clear conceptual differences between cohort and
period standard deviations in life span, but differences are not overwhelm-
ingly large in an ex post sense. Figure 6 plots both period and cohort S10

by calendar year or birth year for the U.S. since 1900. I compute period S10

using annual period life tables from the Human Mortality Database (2006),
while I form cohort S10 using decennial cohort life tables collected and fore-
cast by the Social Security Administration (Bell and Miller, 2005). Data

Then I renormalize so that each cdf sums to unity.

12



for only the very oldest birth cohorts shown, those who are now completely
extinct, are real. For cohorts with any surviving members, S10 is at least
partially a forecast based on future trends projected by the SSA. In the
figure, both period and cohort S10 drop from around 20 years to around 15
years over the last 100 years and remain there. As described by Edwards
and Tuljapurkar (2005), period S10 fell during the epidemiological transition
that ended around 1960, as infectious diseases decreased in relative risk. We
see the very same pattern in cohort S10 plotted by birth year presumably
because infectious disease raised S10 the most through exposure at younger
ages.

But this view misses a subtler source of uncertainty in life span for the
individual. We typically use period rates to assess well-being because we
do not know with certainty the age-specific mortality rates that will apply
to living cohorts over their lives. Lee and Carter (1992) model age-specific
mortality in the U.S. over the last century, and they find that rate of decline
in mortality is a random walk with drift. In addition to the uncertainty in
life span stemming from nonzero mortality rates at every age in a known
life table, which we can label as life-table uncertainty, an individual also
faces considerable forecast uncertainty. Over an average life span, forecast
uncertainty can become quite large. These two sources of variance in life
span are completely independent and thus cumulate.12

(***Figure/description TBD. It would be nice to quantify Lee-Carter
forecast uncertainty for either a period or a cohort or both.)

A living cohort may therefore face life span uncertainty that differs from
cohort S10 implied by a projected life table. But even with forecast uncer-
tainty, a cohort at some average age may experience roughly its forecast
cohort S10, and the average individual alive today will experience roughly
the period S10. This is because both life-table uncertainty and forecast un-
certainty diminish with age and lower the total uncertainty faced by older
individuals. A newborn in the U.S. faces the maximum amounts of life-
table and forecast uncertainty, while someone who has survived to age 50
and expects only another 30 years of life faces considerably less of each.

12There are two caveats. First, a standard deviation in life span rises only with the
square root of the total variance, or less than additively. Second, the forecast may actu-
ally predict a change in life-table uncertainty. Neither Lee and Carter (1992) nor Social
Security forecasts predict any change in period S10, however.
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3.2 Subgroup differences in variance

A separate issue that arises in measuring uncertainty in life span for specific
individuals is the fact there is much subgroup heterogeneity in S10. Ed-
wards and Tuljapurkar (2005) show that S10 is lower among females than
males, and that it is higher among African Americans, individuals with lower
household income, and individuals with less education. In many cases these
subgroup differences amount to between 1 and 3 years in standard deviation,
which implies a difference in pS of almost 0.1 year if δ = 0.03, an increase
of some 20 percent from the full-annuities baseline of pS = −0.45.

Costs of life-span uncertainty are also higher if δ is higher. There is
evidence of higher time discounting among individuals with lower socioe-
conomic status (SES), who save less and tend to engage in behavior that
outwardly appears myopic (CITE).13 Low-SES groups with high S10 and
higher δ must also bear higher costs of life-span uncertainty.

The less fortunate also bear a heavier burden if they have dispropor-
tionately less access to annuities, which we have found to offset perhaps
one third of the cost of life-span uncertainty. This characteristic may be
observationally linked to high δ, since one reason why low-SES individuals
might appear to have high δ, myopia, or insufficient saving, is if they face
liquidity constraints or incomplete markets. We would expect that access to
annuities markets would also be poor for liquidity constrained individuals.

4 Extension: the costs of procyclical mortality

Recently, a new literature has associated temporarily higher mortality with
temporarily better economic times, a pattern of procyclical mortality (Ruhm,
2000, 2003, 2004; Tapia Granados, 2005). The long-term trend in income
per capita is exponential growth, but there are business cycle fluctuations

13In one sense, this pairing seems counterintuitive. We would expect that those with
higher δ and thus higher costs of life-span variance should have chosen less variance,
not more. But low-SES individuals have less wealth, which lowers purchases of all goods
including less variability. People endowed with low SES also appear to have been endowed
with shorter mean life spans, which raises the marginal utility of the mean relative to the
standard deviation and results in more standard deviation.

It is far from clear how much of health or life span is determined by SES versus how
much of SES is determined by health. Recent work in this field emphasizes the centrality
of education and of early life conditions, and at least one switch in the direction of health-
SES causality during the life course (CITE) (Smith, 1999). And while we tend to assume
that preference parameters like δ are exogenous, we also know that learning patience and
self-sacrifice is an important component of human development (CITE). So it is easy to
imagine causality running every which way in the nexus of life span, SES, and preferences.
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around the trend. Similarly, the secular trend in mortality rates is one of
exponential decline with periodic deviations (Lee and Carter, 1992).14 Pro-
cyclical mortality is the temporary departure from trend that researchers
have found to be associated with the economic business cycle.

We can assess the economic costs of procyclical mortality using our model
of the costs of life span uncertainty.15 This is because procyclical mortality
produces additional uncertainty around life span that is roughly isomorphic
to the life-table uncertainty that we have already considered.

Researchers in this subfield find a linear relationship between the change
in log mortality for group i at t, mi,t, and either the change in log GDP or
in some other measure of macroeconomic activity, denoted by V , when ∆Vt

is stationary:

∆ log mi,t = a + b∆Vt + ǫi,t, (13)

∆Vt = g + νt, (14)

where a, b, and g are constants, ǫi,t ∼ N(0, σ2
ǫ ) and νt ∼ N(0, σ2

ν). Simi-
lar to the Lee and Carter (1992) model, equation (13) specifies exponential
decline in mortality rates when a + bg < 0. There are two sources of tem-
porary fluctuations around the downward trend given by a: ǫi,t itself, and
procyclical mortality when b > 0 and νt is transmitted to log mi,t.

As discussed by Edwards (2005), a standard deviation in the annual
percentage decline in mortality in the U.S. has been 0.018 since 1947, while
a standard deviation in GDP growth has been 0.025. With b = 0.25, which
is the average coefficient recovered by Tapia Granados (2005), procyclical

14Income per capita and mortality rates display different time-series properties, but we
can loosely describe both as composed of short-term fluctuations around long-term trends.
The formal differences in statistical models is not important for the present exercise.
Growth in income per capita is well approximated by an autoregressive model, while
the exponential decline in mortality rates is a random walk with drift (Lee and Carter,
1992). Shocks are temporary in the former and permanent in the latter, but the drift term
produces behavior that is qualitatively similar to a long-run trend.

15One might be tempted to use a simpler representative-agent framework, with a single
mortality rate for the whole population, to assess the costs of procyclical mortality. Lucas
(1987) assesses the costs of variance in consumption using such a model, where expected
utility is

R

e−δtu(c(t)) dt and consumption is lognormal. If we included mortality in

the standard way in that model, expected utility is
R

e−(δ+m)tu(c(t)) dt, where m is the
population mortality rate. A mean-preserving spread in m actually raises expected utility
at each t in this model through Jensen’s Inequality, since e−m is convex. Variance in
mortality is a good in that simple framework. We will see, however, that when mortality
rates rise realistically with age, a proportional shock to mortality at every age effectively
adds variance in period life spans. Thus procyclical mortality is indeed costly.
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mortality accounts for about b · σν = 0.00625, or about one third of the
annual standard deviation in mortality decline. The rest is absorbed by ǫi,t.

Some variation in b across ages and sexes emerges in the literature. But
to a first approximation, the incidence of procyclical mortality is remarkably
homogeneous across groups (Tapia Granados, 2005; Edwards, 2006). To a
first approximation, we can then express mortality for age x in a particular
period t as a Gompertz (1825) curve with age-independent shocks ǫt and
πt = b · νt ∼ N(0, b2σ2

ν), the procyclical mortality shock:

log mx,t = αt + βtx + πt + ǫt, (15)

where both αt and βt can vary over time.
Consider the impacts of procyclical mortality πt on period moments of

life span. In equation (15), the procyclical mortality term effectively adds
stochasticity to the constant term, αt, and not the slope, βt. Tuljapurkar
and Edwards (2005) discuss how changes in the Gompertz αt affect only
mean life span while changes in βt shift the variance.16 Thus to a first ap-
proximation, we can intepret procyclical mortality as imparting stochasticity
to mean life span. This procyclical uncertainty around the mean of life span
is independent from the life-table uncertainty in life span that produces S10.
To rough approximation, these two sources of variance are additive.

To recap, I argue that a standard deviation in the procyclical mortality
term πt, which is about 0.00625, translates into an incremental addition to
life-span uncertainty. The next step is figuring out how big an increment it
represents.

Vaupel and Romo (2003) derive a relationship between percentage changes
in mortality rates and linear increases in mean life span. They show that
∆e0 ≈ ρ̄ · e†, where ρ̄ is the average rate of decline in mortality rates, and e†

is the average number of life years lost to a death. Intuitively, this relation-
ship simply asserts that the gain in mean life years is equal to the product
of the improvement in mortality and the life years gained per improvement.
In the U.S. today, e† ≈ 12, since most deaths are distributed around the
old-age hump.

Using this formula, we can translate σπ = 0.0065 into a standard devia-
tion in life span, Sπ = 12 ·σπ = 0.078. The life-table uncertainty represented

16We can see this intuitively by redefining age as x = x̄ + ∆x. This amounts to an
additive translation of the life-span distribution, which should affect only mean life span
and not the variance. In the Gompertz model, redefining age in this way simply adds
β1∆x to αt. Taken together, changes in the Gompertz constant are equivalent to changes
in mean life span.
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by S10 and the procyclical uncertainty in Sπ are independent, so the vari-
ances are strictly additive. This implies that the increment to S10 associ-
ated with procyclical mortality is considerably less than Sπ and is given by
(

S2
10 + S2

π

)1/2
− S10. This increment is extremely small, about 0.0002 when

Sπ = 0.078 and S10 = 15.05 as in the U.S. in 1999.17

Viewed in this light, the costs of procyclical mortality are also extremely
small. Using the simple relationship derived earlier, pS = −δ̂S, we can
translate an addition to the standard deviation in life span of 0.0002 into
mean years of life. When r = δ = 0.03 and S = 15.05, this formula suggests
that the cost of procyclical mortality is only 0.00009 year of life. At the
standard rate of $100,000 per life year (Tolley, Kenkel and Fabian, 1994),
procyclical mortality only costs about $9 per capita in this framework.

5 Conclusion

Although procyclical mortality may be relatively costless, I have demon-
strated that overall uncertainty in life spans is anything but. Life span is a
good, and like any other type of good, its value diminishes under uncertainty.

In this paper, I have shown that in a standard model of time-separable
utility with no bequest motive, uncertainty in life span is costly when the
force of time discounting in utility, δ, is positive When wealth is annuitized
and life spans are normally distributed, the price of a standard deviation
in adult life span, S, in terms of mean life span, M , is approximately the
product of the current level of S and δ: pS = −δS, provided that the market
rate of interest, r, is near δ. When δ = 0.03, the current level of S = 15 in
the U.S. implies that we would be willing to give up 0.45 life year in return
for one year less in standard deviation.

Numerical simulations confirm that this simple rule remains relatively
accurate in more realistic settings when wealth is not annuitized and when
life spans are modeled more realistically. When δ is small relative to the
market rate of interest, r, costs of S are also small. I also model wealth an-
nuitization and its effects on the costs of life-span uncertainty. At baseline,

17I checked the accuracy of these calculations with a numerical simulation using age-
specific mortality rates for both sexes combined in the U.S. in 1999. I drew a thousand
stochastic shocks s with standard deviation 0.01 for each age in the full distribution,
and I multiplied each mortality rate by es. Then I calculated a thousand period life
tables for each schedule, calculated moments for each, and found that over these thou-
sand distributions, the new standard deviation over age 10 averaged to approximately
ˆ

S2
10 + (0.01 × 12)2

˜1/2
, where S10 was the original measure in the period life table.
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annuitization of wealth, which eliminates consumption risk due to uncer-
tain life span, removes only about one third of the total costs of life-span
uncertainty. The other two thirds represent direct utility costs.

Fully realistic mortality does not significantly alter the results, and it
definitely does not diminish the costs. Relative to the convenient but un-
realistic case of normally distributed life spans, the leftward skewness that
we see in real life spans inflates costs by trading away more valuable young-
adult and adult years in return for years in old age. The presence of infant
mortality raises the marginal utility of mean years of life, but not by enough
to lower the price of a standard deviation in life span in terms of mean years.

I do not account for education or for capital, both of which are con-
sidered in a separate study by Li and Tuljapurkar (2004). I also do not
consider the costs of variation in morbidity, or the quality of life, and it is
easy to imagine that the total cost of variation in both quantity and quality
of life may differ from the cost of variation in quantity alone. Risk is com-
pounded when realizations are positively correlated, reduced when they are
negatively correlated, and if there is zero correlation, risks are independent.
With morbidity and life span, the sign of the correlation is not altogether
clear. On the one hand, morbidity frequently precedes death; in this sense
the two are positively correlated, implying that their risks cumulate. But
sometimes individuals enter into extended periods of morbidity without im-
minent death, for example in nursing homes. Morbidity and death may
be negatively correlated for certain lingering diseases like Alzheimer’s or
nonlethal but disabling physical trauma. Without more knowledge of the
covariance structure, it is difficult to say how variation in the quality of life
may affect the costs of life-span variance.

My assumptions about bequests play an important role. Bequests are
unintended in the model that I consider without annuities, and they are
zero in the model with full annuitization. If there were a bequest motive, it
could significantly reduce the cost of life-span uncertainty by compensating
early death with the utility of leaving an inheritance. But Hurd (1987, 1989)
has shown that bequests are not intentional. Even if they were, it is hard
to imagine an individual could fully insure against life-span risk through
bequests. Such an individual would not find value in living as opposed to
dying beyond procreation, and such behavior is nowhere to be seen in the
literature on the value of life.

The practical implications of my findings are several. Variance is an im-
portant moment in life-span distributions. The oft-cited difference in mean
life spans between the U.S. and Sweden, which was 2.3 years in 1999, is only
part of the full difference in population health between the two countries. In
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addition to a longer average life span, Sweden also enjoys a lower standard
deviation in adult life span, S10 = 13, compared to S10 = 15 in the U.S.
Priced at 0.45 year per year in standard deviation, this difference in the sec-
ond moment is worth about 0.9 year, or more than a third of the difference
in mean life span. Priced at $100,000 per life year, the total difference in
life span between the two countries is more like $320,000 per person rather
than $230,000.

Another implication is that the benefits of rapid gains in period life ex-
pectancy among developing countries during the past 50 years may have
been tempered by less progress against variance in life span. Valuing gains
in life expectancy in addition to gains in income per capita, Becker, Philip-
son and Soares (2005) reveal considerable growth in total well-being among
developing countries and thus much world-wide convergence. But owing to
data constraints, they can only value the changes in the first moment of life
span. The extent of life-span variance in developing countries remains un-
known, but it is surely higher than in industrialized countries. High-quality
data in the Human Mortality Database (2006) show that S10 is currently be-
tween 16 and 18 in three former Soviet republics including Russia. Although
the basic convergence result of Becker, Philipson and Soares probably re-
mains true, it seems likely that poor countries are still considerably poorer
than rich countries in part because they have higher variance in life spans.

A third implication is closely related. Nordhaus (2002) and others have
valued the progress against mortality in the U.S. over time. Researchers
frequently conduct such exercises in order to ascertain whether medical care
or research has been worth its financial costs. These studies typically value
only changes in the crude death rate or in life expectancy, which according
to my results will understate the true benefits if variance in life span is
also declining. Since 1960, S10 has not fallen much in the U.S., as shown
by Figure 6. But there were large decreases in variance during the earlier
epidemiological transition (Edwards and Tuljapurkar, 2005).

Finally, it is worth considering the implications of these findings for indi-
viduals and for policy. Subgroups with low SES suffer both lower mean life
span and higher variance. Their well-being would be significantly improved
by more income, more life span, and less variance, since their marginal util-
ities of each are high.
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Figure 1: The distribution of life spans, survivorship, and log mortality in
the U.S. in 1999

0 10 20 30 40 50 60 70 80 90 100 110
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

D
en

si
ty

 o
f l

ife
 s

pa
ns

Panel A

0 10 20 30 40 50 60 70 80 90 100 110
0

0.2

0.4

0.6

0.8

1

S
ur

vi
vo

rs
hi

p

Panel B

0 10 20 30 40 50 60 70 80 90 100 110
−10

−8

−6

−4

−2

0

Lo
g 

m
or

ta
lit

y

Age

Panel C

Notes: All data are provided by the Human Mortality Database (2006).

23



Figure 2: The price of S, a standard deviation in life span, in terms of
mean life span as a function of δ when r = 0.03 and life span is normally
distributed
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Analytical model, annuities, r = 0.03
Numerical model, annuities, r = 0.03
Numerical model, no annuities, r = 0.03

Notes: The thick black line shows pS, the price of a standard deviation in life span

in terms of mean life span, as a function of δ for the simple analytical model when the

standard deviation of life span, S = 15.66, the level prevailing in the U.S. in 1994, and

when r = 0.03. In the simple analytical model, when consumption is fixed, pS = −δS.

The thin solid line shows the locus in the full numerical model with complete annuitization

of wealth. The dashed line depicts the locus in the model with no annuities.
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Figure 3: The price of S, a standard deviation in life span, in terms of
mean life span as a function of r when δ = 0.03 and life span is normally
distributed
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Notes: The thick black line shows pS, the price of a standard deviation in life span

in terms of mean life span, as a function of r for the simple analytical model when the

standard deviation of life span, S = 15.66, the level prevailing in the U.S. in 1994, and

when δ = 0.03. In the simple analytical model, when consumption is fixed, pS = −δS.

The thin solid line shows the locus in the full numerical model with complete annuitization

of wealth. The dashed line depicts the locus in the model with no annuities.
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Figure 4: The price of S, a standard deviation in life span, in terms of mean
life span as a function of δ when r = 0.03, adult survivorship is realistic, but
there is no infant mortality
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Notes: The thick black line shows pS, the price of a standard deviation in life span

in terms of mean life span, as a function of r for the simple analytical model when the

standard deviation of life span, S = 15.66, the level prevailing in the U.S. in 1994, and

when δ = 0.03. In the simple analytical model, when consumption is fixed, pS = −δS. The

thin solid line shows the locus in the full numerical model with complete annuitization

of wealth. The dashed line depicts the locus in the model with no annuities. In this

simulation, the survivorship weights are taken from a modified period life table for the

U.S. in 1999, provided by the Human Mortality Database (2006). Life-table deaths at

ages under 10 are set to equal deaths at age 10, and the entire distribution is rescaled to

sum to unity.
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Figure 5: The price of S, a standard deviation in life span, in terms of mean
life span as a function of δ when r = 0.03 and survivorship is fully realistic,
with infant mortality
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Numerical model, annuities, real survivorship, r = 0.03
Numerical model, no annuities, real survivorship, r = 0.03

Notes: The thick black line shows pS, the price of a standard deviation in life span

in terms of mean life span, as a function of r for the simple analytical model when the

standard deviation of life span, S = 15.66, the level prevailing in the U.S. in 1994, and

when δ = 0.03. In the simple analytical model, when consumption is fixed, pS = −δS. The

thin solid line shows the locus in the full numerical model with complete annuitization

of wealth. The dashed line depicts the locus in the model with no annuities. In this

simulation, the survivorship weights are taken from a modified period life table for the

U.S. in 1999, provided by the Human Mortality Database (2006). Life-table deaths at

ages under 10 are set to equal deaths at age 10, and the entire distribution is rescaled to

sum to unity.
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Figure 6: The standard deviation in life span above age 10 in the U.S. by
year and by birth cohort
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