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SUMMARY

Background In the absence of unmeasured confounding and model misspecification, standard methods for estimating the
causal effect of time-varying treatments on survival are biased when (i) there exists a time-dependent risk factor for survival
that also predicts subsequent treatment and (ii) past treatment history predicts subsequent risk factor level. In contrast, struc-
tural models provide consistent estimates of causal effects when unmeasured confounding and model misspecification are
absent. The parameters of nested structural models are estimated by g-estimation and those of marginal structural models by
inverse probability weighting.
Methods We describe a nested structural accelerated failure time model and use it to estimate the total causal effect of
highly active antiretroviral therapy (HAART) on the time to AIDS or death among human immunodeficiency virus (HIV)-
infected participants of the Multicenter AIDS Cohort and Women’s Interagency HIV Studies. The Appendix describes g-
estimation and methods to deal with censoring.
Results Comparing the regime ‘always treated’ to ‘never treated,’ the AIDS-free survival time ratio was 2.5 (95% con-
fidence interval [CI]: 1.7, 3.3).
Conclusions Our finding of a strongly beneficial effect is consistent with results from randomized trials and from a pre-
vious analysis of the same data using a marginal structural Cox model. In contrast, a previous analysis using a standard (non-
structural) model did not find an effect of treatment on survival. Copyright # 2005 John Wiley & Sons, Ltd.
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INTRODUCTION

The goal of many epidemiologic studies is to estimate
the causal effect of a time-varying treatment on survi-
val. Two useful models for survival analysis are the
Cox proportional hazards model and the accelerated

failure time (AFT) model. The widely used Cox
model measures causal effect on the hazard (rate) ratio
scale, whereas the less used AFT model1,2 measures
causal effect on the survival time ratio scale. Both
the Cox model and semiparametric versions of the
AFT model3,4 are models that leave the baseline
hazard (or, equivalently, the baseline survival distribu-
tion) unspecified.

However, even in the absence of unmeasured
confounding and model misspecification, these stan-
dard models for survival analysis will provide
estimates that fail to have a causal interpretation when
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(i) there exists a measured time-dependent risk factor
for survival that also predicts subsequent treatment,
and (ii) past treatment history predicts subsequent risk
factor level.5,6 Factors that meet condition (i) are
known as time-dependent confounders. For example,
when estimating the causal effect of highly active
antiretroviral therapy (HAART) on the survival of
individuals infected with the human immunodefi-
ciency virus (HIV), condition (i) is met by the variable
CD4 cell count because a low CD4 cell count is both a
risk factor for survival and used by physicians to decide
whether to initiate HAART. Also, condition (ii) is met
because prior HAART use increases CD4 cell count.
Therefore, including the time-dependent confounder
CD4 cell count in a standard Cox or AFT model may
not appropriately adjust for confounding.

In contrast to standard Cox and AFT models,
structural Cox and AFT models can be used to estimate
causal effects when conditions (i) and (ii) hold. We
have previously used a marginal structural Cox model
to estimate the causal effect of HAARTon the hazard of
AIDS or death of HIV-infected individuals.7 The
causal hazard ratio from the marginal structural model
was 0.54 (95% confidence interval [CI]: 0.38, 0.78)
when comparing continuous treatment with HAART
versus no treatment with HAART. This hazard ratio
was estimated by inverse probability weighting.8

The simultaneous presence of conditions (i) and (ii),
and thus the problem of time-dependent confounding
by factors affected by prior treatment, is ubiquitous in
pharmacoepidemiology. Other examples of time-
dependent confounders that are affected by prior
treatment are upper gastrointestinal bleeding when
studying the effect of NSAIDs on gastric cancer,
measures of disease severity when studying the effect
of methotrexate on the mortality of patients with
rheumatoid arthritis and hematocrit when studying the
effect of erythropoietin on the mortality of dialyzed
patients. These examples share a common structure
that can be represented using causal diagrams.6

In this paper, we review the differences between
structural models and standard regression models for
survival analysis, describe a structural AFT model, and
illustrate the application of this model for estimating the
effect of HAART on AIDS-free survival in two
prospective cohort studies of HIV-infected individuals.
The Appendix describes g-estimation and methods to deal
with censoring. We first describe the data for the analysis.

DATA AND NOTATION

Our analysis pooled information from two ongoing pro-
spective studies of the natural history of HIV infection:

the Multicenter AIDS Cohort Study (MACS),9 which
beginning in 1984 enrolled 5622 homosexual men in
Baltimore, Chicago, Pittsburgh and Los Angeles; and
the Women’s Interagency HIV Study (WIHS),10 which
beginning in 1994 enrolled 2628 women in New York,
Chicago, Los Angeles, San Francisco and Washington,
DC. Every 6 months, participants in both studies com-
pleted an extensive interviewer-administered question-
naire with information on antiretroviral therapy use
and HIV-related symptoms, and provided a blood sam-
ple for the determination of CD4 cell count and plasma
HIV-1 RNA concentration. Procedures for determina-
tion of HAART use and outcome ascertainment have
been described in detail elsewhere.7 Once a participant
reported initiation of HAART, he or she was considered
to remain on HAART for the duration of follow up.

Analyses presented here are limited to the 1498
participants who were HIV positive, AIDS-free and
had not initiated HAART before the first eligible study
visit. Each participant contributed a maximum of 13
person-visits of follow-up from the baseline visit (first
eligible visit after October 1995) to the last visit he or
she was seen free of clinically-defined AIDS11 and
alive, or the visit before April 2002, whichever came
first. The follow-up of participants missing any time-
varying characteristic at baseline started at the first
subsequent visit when values were observed.

Study visit is indexed by k and takes values from k¼ 0
(October 1995 to April 1996) to 12 (October 2001 to
April 2002). We use capital letters to represent random
variables and lower case letters to represent possible
realizations (values) of random variables. Ai(k) is a time-
varying dichotomous variable (0, 1) indicating whether
subject i was on HAART at visit k. Li(k) is a vector of
relevant prognostic factors measured at thevisitk� 1. We
use overbars to denote the history of a time-dependent
variable. For example, �AAiðkÞ represents all treatment
indicators for subject i from visit 0 to k, i.e.
�AAiðkÞ ¼ ½Aið0Þ; Aið1Þ; Aið2Þ; :::; AiðkÞ�. For modeling
purposes, we assumed that �LLiðkÞ was appropriately
summarized by gender, race, age and calendar year at
baseline; non-HAART antiretroviral therapy use,
PCP prophylaxis use, CD4 cell count and HIV-1
RNA concentration at baseline and at k; and number
of days since the prior visit. Ti is subject i’s time of
death or diagnosis of AIDS, whichever comes first,
and is measured in months since baseline.

We often suppress the i subscript denoting individual
because we assume that the random vector for each
subject is drawn independently from a distribution
common to all subjects. Also, we often suppress
the time index k when referring to the subject’s entire
treatment history �AA. We use the symbol

‘
to indicate
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statistical independence, for exampleX
‘
YjZ meansX

is conditionally independent of Y given Z.12

STRUCTURAL VERSUS ASSOCIATIONAL
MODELS

One common approach to estimate the causal effect of
the time-varying treatment A on the survival time T is
modeling the hazard (rate) of death at time
t; �T½tj�AAðtÞ� as a function of past treatment history
through t; �AAðtÞ. For example, consider the Cox model

�T½tj�AAðtÞ� ¼ �0½t�exp½�� dur �AAðtÞ�

where �0[t] is the baseline hazard at t, � is the log
hazard ratio and treatment history �AAðtÞ is summarized
by the duration of treatment �AA(t) through time t.

The parameter a measures the association between
treatment and mortality on the (log) hazard ratio scale.
However, a does not generally measure the causal
effect of treatment on mortality on any scale. This is so
because a may differ from zero even if treatment �AAðtÞ
has no causal effect (causative or preventive) on the
hazard of T, whenever there exist time-dependent
confounders �LLðtÞ (e.g. patients with a low CD4 cell
count are more likely to receive HAART and they also
have a greater risk of death). The parameter � is not
appropriate for causal inference because it fails to
distinguish causal effects from other sources of
association such as confounding or selection bias.
The parameters of standard regression models quantify
associations. We therefore refer to standard models as
associational models.

In contrast, the parameters of structural models
quantify causal effects. To describe a structural model,
we need to introduce counterfactual (also known as
potential) outcomes. Let T�aa be a subject’s time of death
had she received treatment regime �aa rather than her
actual treatment history �AA. Some examples of treatment
regimes are ‘always treat’ �aa ¼ ð1; 1; 1; 1; . . .Þ, ‘never
treat’ �aa ¼ ð0; 0; 0; 0; . . .Þ and ‘treat at every other visit’
�aa ¼ ð1; 0; 1; 0; . . .Þ. The subject’s actual survival time
T is, by definition, her counterfactual survival time
under the treatment history �AA that the subject received,
i.e. T ¼ T�AA.

Let �T�aa ½t� be the mortality hazard at time t in a
hypothetical study in which all subjects received
treatment regime �aa. We can simultaneously model
the mortality hazard �T�aa ½t� for all treatment regimes �aa
by using the Cox model

�T�aa ½t� ¼ �T�00 ½t�exp½� � dur �aaðtÞ�

where �T�00 ½t� is the mortality hazard in a hypothetical
study in which no subject received treatment by time t,
� is the log hazard ratio and treatment �aaðtÞ is summar-
ized by the duration of treatment dur �aaðtÞ through time
t. Note that �¼ 0 implies that, no matter the treatment
regime �aa, the hazards �T�aa ½t� and �T�00 ½t� would be equal.
That is, �¼ 0 implies that the treatment does not have
a causal effect on the outcome on the (log) hazard
ratio scale. We refer to models for the distribution of
counterfactual outcomes, such as T�aa, as structural (or
causal) models. The parameter � in the structural Cox
model measures the causal effect of treatment on mor-
tality. We refer to exp(�) as the causal rate ratio.

Epidemiologists conducting etiologic studies are
much more interested in the causal parameter � than in
the associational parameter � because � has direct
scientific and policy implications. For example, the
value of � for HAART, a treatment proven to be
beneficial, will be (strongly) negative. On the other
hand, the value of� for HAART may be close to zero or
even positive because of time-dependent confounding
(i.e. patients with a more severe disease are more likely
to receive the treatment).

One attempt to give a causal interpretation to
associational parameters is to include the time-
dependent confounders L (e.g. CD4 cell count) as
covariates in the associational Cox model. Unfortu-
nately, when some time-dependent covariates in L are
affected by prior treatment, this approach does not
allow one to give a causal interpretation to the
treatment parameter � as either the overall effect or
the direct effect of treatment on mortality.5,6,13

THE IDENTIFYING ASSUMPTION

Causal parameters can be identified in ideal rando-
mized experiments (that is, causal parameters can be
validly estimated). Consider an experiment in which
all subjects are untreated at baseline, and they are ran-
domly assigned to either continuous treatment after
some random visit (A(k)¼ 1 for all visits k after visit
R) or never treatment (i.e. A(k)¼ 0 for all k). Under
this design, the survival time distribution in those con-
tinuously treated (after certain visit) had they
remained always untreated equals the survival time
distribution in the continuously untreated. The hazard
of failure �T�aa ½tj�AAðtÞ ¼ �aaðtÞ� ¼ �T ½tj�AAðtÞ ¼ �aaðtÞ� at t
among those with observed treatment history �aaðtÞ is
equal to the hazard �T�aa ½t� at t had, contrary to fact,
all subjects received treatment �aaðtÞ. That is, the sub-
jects observed to be alive at t with any particular treat-
ment history �aaðtÞ are comparable to the subset of the
entire study population who would be alive at t had all
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subjects been forced to take regime �aaðtÞ. Such com-
parability or exchangeability is mathematically
expressed as T�aa

‘
A, which is read as ‘any counterfac-

tual survival time T�aa and observed treatment history �AA
are independent’. An equivalent definition of exchan-
geability is that the survival time T�aa is independent of
the treatment status A(k) given past treatment history
Aðk � 1Þ among those alive at the time of visit k, u(k).
That is, T�aa

‘
AðkÞjAðk � 1Þ ¼ �aaðk � 1Þ; T > uðkÞ.

Exchangeability implies lack of confounding, and
therefore in ideal randomized experiments the associa-
tional parameter� is a consistent estimator of the causal
parameter �.

In observational studies, data suffice to identify
associational parameters (because different associa-
tional parameters imply different distributions for the
observed data), but the data do not identify causal
parameters (because of potential confounding by
unmeasured factors, a given distribution for the
observed data set is consistent with many values of
the causal parameter). Hence data from observational
studies must be supplemented with an assumption to
identify causal parameters. One such identifying
assumption is the above exchangeability criterion
T�aa

‘
AðkÞjAðk � 1Þ ¼ �aaðk � 1Þ; T > uðkÞ, but this is

usually too strong an assumption. For example, if
untreated patients with low CD4 cell count are more
likely to start treatment at k than untreated patients
with high CD4 cell count, then those who start
treatment and those who remain untreated at k are
clearly not exchangeable because the former have, on
average, a more severe disease than the latter. The
survival time distribution in the treatment initiators,
had they remained untreated, would have been worse
than the survival time distribution in those who
remained untreated. In other words, given past
treatment, treatment A(k) predicts the counterfactual
survival time under no treatment T�aa¼0 and exchange-
ability does not hold.

A weaker and more plausible assumption would be
that, among those with low CD4 cell count at visit k,
those who receive treatment and those who do not
receive treatment at k are exchangeable (i.e. they have
the same counterfactual survival time distributions).
An even more plausible assumption is that the treated
and the untreated are (conditionally) exchangeable at
time kwhen they have the same treatment and covariate
(CD4 cell count, viral load etc.) history. This is
mathematically expressed as

T�aa
a

AðkÞj�AAðk � 1Þ ¼ �aaðk � 1Þ; �LLðkÞ ¼ �llðkÞ;
T > uðkÞ for all �aaðk � 1Þ and �llðkÞ ðAÞ

which is read as ‘T�aa and A(k) are conditionally inde-
pendent treatment history �AA(k�1) and covariate
history �LL(k), for all histories, among those alive at
visit k’.

Assumption (A) says that there is no confounding
given the measured covariates in �LLðkÞ and is there-
fore known as the assumption of no unmeasured
confounders. Assumption (A) would automatically
hold if treatment had been randomly assigned at each
visit k even if the probability of receiving treatment
were not equal for all subjects, as long as the prob-
ability of receiving treatment was the same for sub-
jects with identical treatment and covariate histories
till k. For this reason, assumption (A) is also known as
the sequential randomization assumption.

Methods for causal inference from observational
data provide causal estimates only if assumption (A)—
or variations of it— holds. Unfortunately, the assump-
tion is uncheckable and therefore all causal inferences
from observational data are risky. Because we have
measured, and included in �LLðkÞ, the most important
clinical and laboratory indicators that are currently
used by physicians to determine the severity of HIV
disease and decide whether to prescribe HAART, we
will assume throughout this paper that, in our data,
assumption (A) is approximately true for treatment
initiation at each visit k.

STRUCTURAL AFT MODEL

For simplicity, we first consider a dichotomous, non-
time-varying treatment A. Let Ta be the counterfactual
survival time and �Ta ½t� the counterfactual hazard at
time t under treatment value a (i.e. either 0 or 1).
We have seen that a structural Cox model �Ta ½t� ¼
�T0

½t�exp½�a� uses the causal rate ratio exp½�� ¼
�Ta¼1

½t�=�T0
½t� to measure the effect of treatment A

on mortality. Consider the model Ta ¼ T0exp½� �a�
that replaces the counterfactual hazards by the coun-
terfactual survival times, and thus uses the survival
time ratio exp½� �� ¼ Ta¼1=Ta¼0 to measure the cau-
sal effect of treatment A on each subject’s mortality
with  � constant across subjects. This is a structural
AFT model.

The survival time ratio exp½� �� is the expansion (or
contraction) in survival time attributable to treatment.
Positive values of  � indicate that a subject’s survival
time when treated is shorter than the survival time when
untreated (i.e. treatment is harmful) whereas negative
values of � indicate that the survival time when treated
is longer than the survival time when untreated (i.e.
treatment is beneficial). When  � ¼ 0, there is no
causal effect of treatment on survival time. For reasons
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that will become clear later, we prefer to present this
AFT model as

T0 ¼ Ta exp½ �a�

The above AFT model is deterministic because it
assumes that, for each subject, the counterfactual
survival time under no treatment T0 ¼ Ta¼0 can be
computed without error as a function of Ta¼1 and  �.
Under this model, if subject iwould die before subject j
had they both been untreated, i.e. Ti;a¼0 < Tj;a¼0, then
subject i would also die before subject j had they been
treated, i.e. Ti;a¼1 < Tj;a¼1. We therefore say that this
AFT model assumes rank preservation of the subjects’
death times across treatment regimes. (Although non-
rank-preserving AFT models14 are not covered in this
paper, we note the method of g-estimation can be used
unchanged if the data follow an AFT model regardless
of whether or not it is rank preserving.)

We need to generalize the AFT model to accom-
modate time-varying treatments. To do so, let us first
take a closer look at how T0 is computed for non-time-
varying treatments. Consider a subject with survival
time Ta¼1 ¼ 2:3 months. Under the AFT model, his
survival time T0 when untreated equals Ta¼1exp½ �� ¼
2:3 � exp½ �� ¼ exp½ �� þ exp½ ��þ 0:3 � exp½ ��.
The value of T0 can be viewed as the sum of the
time-specific contributions.

Now consider time-varying treatment regimes
�aa ¼ ½að0Þ; að1Þ; að2Þ . . .� where some a(t) equal 1 and
others equal 0, and a subject with survival time
T�aa ¼ 3:7 months under the regime ‘treat every other
visit’ �aa ¼ ½1; 0; 1; 0 . . .�. (For simplicity, we assume
that visits take place the first day of each month.) If we
again compute T�00, the subject’s survival time under no
treatment, as the sum of time specific contributions
then T�00 equals exp½ �� þ 1 þ exp½ �� þ 0:7. At each
time, the contribution to the value of T�00 is either
exp½ �� if regime �aa includes treatment at time t,
a(t)¼ 1, or 1 if regime �aa does not include treatment at
time t, a(t)¼ 0. The value of T�00 is the area under a step
function like the one shown in Figure 1 for a positive
value of  �. In general, the step function becomes a
curve because treatment may change at any time, and
therefore T�00 is the area under the curve, i.e. the integral
of exp½ �aðtÞ� from 0 to T�aa. Thus a more general
representation of a structural AFT model for time-
varying treatments is

T�00 ¼
ðT�aa

0

exp  �a tð Þ½ � dt

where exp½ �  �� is the expansion (or contraction)
factor in survival time when comparing continuous

treatment (from time zero until death occurs) versus
no treatment, i.e.

exp½ �  �� ¼ T�aa

T�00
for �aa ¼ ½1; 1; 1; . . .�

As presented, the structural AFT model includes
only the generally unobserved variables T�00 and T�aa. To
have any hope of consistently estimating  �, we need
to link the model to observed variables. Recall that a
subject’s observed survival time T is, by definition, her
counterfactual survival time under the treatment
regime �AA that she received, i.e. T ¼ T�AA. Thus, the
structural AFT model implies that

T�00 ¼
ðT

0

exp½ �AðtÞ� dt

holds for all subjects. We have now linked the struc-
tural model and the counterfactual variable T�00 to the
observed data. But, in general, we do not know the
value of either T�00 or  �. Therefore, the usual represen-
tation of our structural AFT model is

H  ð Þ ¼
ðT

0

exp½ AðtÞ� dt ð1Þ

where  can take any value and H( ) is the counterfac-
tual survival time under no treatment only when the
true value  � of the parameter  is used, i.e.
Hð �Þ ¼ T�00. The notation H( ) reminds us that the
value of H is a function of the value of the parameter  .

Conventional statistical procedures for the estima-
tion of model parameters are of little help to estimate
the true value  � of the parameter  of our structural
AFT model. Rather,  � must be estimated by either
inverse probability weighting or g-estimation. Both
approaches require modeling the probability of
receiving treatment at each time k as a function of

Figure 1. Counterfactual T�00 is the area under the curve
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previous treatment �AAðk � 1Þ and covariate �LLðkÞ
histories. The method of g-estimation is described in
the Appendix. We suggest that readers unfamiliar with
g-estimation read the Appendix now. For the analyses
presented in this article, we used g-estimation to
estimate  � by fitting the pooled logistic model

logit Pr½AðkÞ ¼ 1j�AAðk � 1Þ; �LLðkÞ; T > uðkÞ;Hð Þ
¼ �0ðkÞ þ �1Aðk � 1Þ þ �2LðkÞ þ �3Hð Þ

ð2Þ

where �0ðkÞ is a time-varying intercept (e.g. a cubic
spline for time of follow-up), and past treatment and
confounder history are summarized by their baseline
value and last value prior to A(k) (other specifications
could be used, e.g. last two values, cumulative expo-
sure, cumulative average exposure etc.).

NESTED STRUCTURAL AFT MODEL

Structural AFT models are nested models. This sec-
tion explains why. To do so, we first need to re-express
model (1).

The counterfactual survival time Hð �Þ is the
interval from the beginning of the follow-up, t¼ 0, to
the subject’s death under no treatment. Consider
someone alive at visit k, t¼ u(k) and let H(k,  ) be
the interval from visit k to her death time had she not
received any treatment from visit k on. Following the
reasoning of the previous section, this counterfactual
survival time is

H k;  ð Þ ¼
ðT
u kð Þ

exp  A tð Þ½ � dt for k ¼ 0; 1; 2; . . .

ð3Þ
for  ¼  �. Models (1) and (3) are logically equi-
valent.

Model (1) can be expressed as the sum
Hð Þ ¼

Ð u kð Þ
0

exp½ AðtÞ� dt þ
Ð T
u kð Þ exp½ AðtÞ� dt for

any visit k. We have partitioned the integral into two
integrals: one from t¼ 0 to (the instant before) visit k,
and another from visit k to T. The second integral is
precisely H(k,  ) from model (3). The first integralÐ u kð Þ

0
exp½ AðtÞ� dt is a function of �AAðk � 1Þ but not of

A(k). That is, once we condition on past treatment
history �AAðk � 1Þ in model (2),

Ð u kð Þ
0

exp½ AðtÞ� dt
becomes fixed (non-random) or constant. A constant
is always conditionally independent ofA(k) (and of any
other variable) no matter what value of  is being
considered. Hence the first integral is irrelevant for g-
estimation purposes because it contains no information
for the estimation of  .

In summary, H( ) from model (1) is equal to H(k, )
from model (3) plus a non-informative constant. We
can then use g-estimation based on model (3) rather
than on model (1) (i.e. by including H(k,  ) rather than
H( ) in the logistic model (2)) with no loss of
information. Our analyses are based on model (3).

We have not yet explained the meaning of the word
‘nested’ but, by using model (3), we are closer to such
explanation. Let us review the main parts of the
analysis for each value  : we compute as many
different counterfactual survival timesH(k, ) for each
subject as the number of study visits that she attended,
and we then pool all these subject-visits to fit logistic
model (2). The contributions to this pooled analysis can
be conceptualized in two ways: (1) each subject
contributes a number of visits, or (2) each visit
contributes a number of subjects. Both conceptualiza-
tions are mathematically equivalent and lead to an
identical pooled analysis. We have so far used
conceptualization (1) because it is an easier way to
introduce nested structural AFT models for long-
itudinal studies with time varying-exposures. Under
conceptualization (1) and assumption (A), we said that
subjects in the observational study are like participants
in a sequentially randomized trial. At each visit k,
treatment is randomly assigned to each subject given
her past history (e.g. using different treatment
probabilities for each history).

Under conceptualization (2) and assumption (A), a
‘randomized’ trial starts at each visit k, and subjects in
the observational study may simultaneously partici-
pate in several of these trials. The first trial starts at visit
0: all subjects in the study are ‘randomized’ to either
the treatment group or the no treatment group, and then
followed until their death time.H(0, ) is computed for
all of them so each subject can contribute an
observation to the pooled logistic model. The second
trial starts at visit 1 and includes all subjects who are
still alive by that time. H(1,  ) is computed so each
subject can contribute another observation to the
pooled logistic model. At this time alive subjects are
simultaneously participating in the first and second
trials (although possibly in different treatment groups).
That is, the second trial is nested within the first trial.
Similarly, the third trial (starting at visit 2) is nested
within the second trial and so on.

In each trial k, we assume in the analysis described
below that treated and untreated subjects are con-
ditionally exchangeable or comparable only at visit k.
We make no assumptions about the comparability of
the treated and the untreated after time k. In this sense,
our approach resembles the intention-to-treat principle
often applied to the analysis of randomized trials.
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However, under assumption (A) and no model
misspecification, our approach yields an unbiased
estimate of the causal effect of received treatment,
whereas a standard intention-to-treat analysis of a
randomized trial yields a biased estimate of the causal
effect of received treatment. This is so because in our
approach H(k,  ) is computed using the treatment
actually received by the subjects at k and later times; in
contrast, an intention-to-treat analysis of the trial
initiated at k compares the survival distributions in the
group of subjects assigned to (and receiving) treatment
at k and the group assigned to (and receiving) no
treatment at k, ignoring all future treatment. The
intention-to-treat estimate of effect for the trial
initiated at k will be an unbiased estimate of the effect
of received treatment only if no subject changed
treatment subsequent to k, i.e. there was complete and
continuing adherence to the treatment originally
‘assigned’ at k.

Interestingly, we can easily modify our g-estimation
analysis to obtain valid intention-to-treat estimates by
simply computing H(k,  ) with all A(t) for t > k
artificially set to the value A(k). It follows that in a true
randomized trial (where assumption (A) holds by
design for assigned treatment) in which adherence to
the randomly assigned treatment regime is poor, one
can correct for this non-compliance and estimate the
effect that would have been observed had, contrary to
fact, compliance been perfect by fitting a nested
structural AFT model that uses a subject’s actual
observed treatment history to compute H(k;  ).17 This
approach, in contrast to the usual approaches to
estimate the effect of received treatment, guarantees
the absence of bias under the null hypothesis of no
treatment effect in any subject.

APPLICATION TO THE MACS/WIHS

We used the nested structural AFT model (3) to estimate
the causal effect of HAART on time to AIDS or death in
the MACS/WIHS. The 1498 eligible participants were
followed for up to 6.5 years (median 5.4 years). During
6763 person-years of follow-up, 323 incident cases of
AIDS and 59 deaths occurred. The g-estimate of  �

was  ̂ ¼ �0:92 (95%CI: �1.19, �0.54), which means
that continuous HAART increases the subjects’ AIDS-
free survival time by 2.5-fold, i.e. expð �  ̂ Þ, compared
with no HAART. We adjusted for censoring as
described in the Appendix.

As explained in the previous section,  ̂ is a g-
estimate of the causal effect of received treatment. We
also described how one can use a modified g-estimation
procedure to obtain an intention-to-treat g-estimate of

the causal effect of assigned treatment (see previous
section and Appendix). Our analysis, however, has a
built-in intention-to-treat approach even though we did
not use the modified g-estimation procedure. This is so
because we assumed that once a participant reported
initiation of HAART, he or she remained on HAART
for the duration of follow-up. We adopted this approach
for consistency with our previous analysis using a
marginal structural Cox model.7 From a practical
standpoint, our approach has little impact on the
estimates because the treatment status of 94% of the
observed person-time was correctly classified (i.e. few
individuals stopped HAART).

An alternative to � for measuring effects in survival
analysis is the causal hazard ratio exp(�), i.e. the
hazard had all subjects been continuously treated
divided by the hazard had all subjects remained
untreated. WhenH(k, ) follows a Weibull distribution
with parameters � and � and survival probabilities
Pr½Hðk;  Þt� ¼ exp½ � ð�t�Þ�, there is a simple relation
between  � and �: � ¼ � �. We estimated �̂� ¼ 0:95
and therefore the causal rate ratio estimate was 0.42,
which is comparable to the 0.54 causal rate ratio
estimated by using a marginal structural Cox model.7

Our analyses were conducted using a SAS macro
specifically designed for g-estimation of the para-
meters of structural AFT models. The program can
be downloaded from http://www.hsph.harvard.edu/
causal/downloads.htm.

CONCLUSION

Nested structural AFT models and marginal structural
Cox models can be used to consistently estimate the
effect of a time-dependent exposure on survival in
the presence of time-dependent confounders affected
by prior exposure. On the other hand, standard models
for survival analysis may yield biased estimates of
causal effect because they adjust for time-dependent
confounding by including the confounders as covari-
ates in the model. To avoid this problem, structural
models adjust for time-dependent confounding by g-
estimation or inverse probability weighting.

Using a nested structural AFT model, we estimated
that continuous HAART increased survival time by
2.5-fold in the MACS/WIHS. Our causal effect
estimates from a structural AFT model are consistent
with those from a marginal structural Cox model.7 It is
reassuring that these two very different methods for
estimating causal effects yield similar results, and
that both arrive at the same qualitative conclusion as
a previously conducted randomized trial.18 In contrast,
a standard associational Cox model did not find a
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substantially lower mortality rate among those treated
compared with those untreated with HAART.7

The methods described in this article can also be
applied to pharmacoepidemiologic data arising from
claims databases. A major difference between classic
cohort studies (e.g. the MACS/WIHS) and databases is
that in the former data on treatments and confounders are
recorded only at scheduled study visits, whereas in the
latter these data are continuously recorded. In our
MACS/WIHS analyses, we used two time scales:
study visit k for times of treatment and confounder
changes, and month t for times of outcome occur-
rence. When using databases, the analyst may use the
same time scale (say, months) for changes in treatments
and confounders as for the occurrence of the outcome.

Nested structural AFT models have been applied to
estimate the effect of various time-varying exposures
on time to death or other outcomes.19–24 Survival
analysis with nested structural AFT models has two
main advantages over survival analysis with marginal
structural Cox models. First, nested structural AFT
models can be naturally extended to estimate how the
effect of treatment received at time t is modified by a
time-varying covariate (such as CD4 cell count) at time
t, and to compare dynamic treatment regimes. For
example, consider the two-parameter nested structural
AFT model

Hðk;  Þ ¼
ðT
u kð Þ

exp½ 1AðtÞ þ  2AðtÞBðtÞ� dt

where B(t) is one when the subject’s CD4 cell count
has ever been under 350 cells/L before time t, and zero
otherwise. The parameter  2 measures how much the
treatment effect is modified by the time-varying CD4
cell count. The parameters of structural nested AFT
models with interaction terms between time-depen-
dent treatment and covariates can only be estimated
by g-estimation (not by inverse probability weight-
ing).

Second, biological hypotheses are easier to translate
into parameters of structural AFT models than into
those of structural Cox models. This is especially true
when using non-deterministic and non-rank preserving
structural AFT models.14

Causal inference from observational data requires
assumptions. Specifically, the g-estimates of the
parameters of nested structural AFT models can only
be endowed with a causal interpretation if assumption
(A) holds, and both the AFT model (3) and the model
for treatment (2) are correctly specified. (The assump-
tion of no misspecification of the model for treatment
can be relaxed by using doubly-robust estimators.25)

On the other hand, endowing the parameters of
standard models with a causal interpretation requires
not only assumption (A) and no model misspecification
but also the additional assumption that the time-
dependent confounders are not caused (or do not
share common causes) with prior treatment.6 This
assumption is unlikely to hold in applications like ours,
and thus structural models are often a less biased
approach to survival analysis than standard associa-
tional models.
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KEY POINTS

Standard methods for survival analysis may
yield biased estimates in the presence of time-
dependent confounders affected by previous
treatment.
Nested structural models and marginal structural
models appropriately adjust for time-dependent
confounding
In this example, estimates of the effect of HAART
using structural models were similar to those
from randomized trials.
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Appendix

G-ESTIMATION

To introduce g-estimation, we will assume that the
death time of all subjects is observed (see section
‘Censoring’ for a discussion of censoring), and that
the model is correctly specified for all subjects.

Under assumption (A), all counterfactuals are
independent of actual treatment status at any time
(conditionally on previous treatment and cov-
ariate history). Because Hð �Þ is a counterfactual
outcome, it must be conditionally independent of
treatment A(k) for all k, given past history �AAðk � 1Þ,
�LLðkÞ. That is, the conditional probability of receiving
treatment is the same whether we have or do not
have information on Hð �Þ, i.e. Pr½AðkÞ ¼ 1j�LLðkÞ;
�AAðk � 1Þ; T > uðkÞ� ¼ Pr½AðkÞ ¼ 1j�LLðkÞ; �AAðk � 1Þ;
T > uðkÞ;Hð �Þ�. In other words, if we regress
treatment A(k) on past history and Hð �Þ, then the
parameter for Hð �Þ would be zero. For example,
consider the pooled logistic model (2) with H( )
replaced byHð �Þ. If assumption (A) is correct, then �3

is equal to zero.
We still do not know the value of Hð �Þ for all

subjects, but we now have a method to rule out
potential candidates. For example, suppose someone
suggests that the true value � is 0.5. We can use model
(1) to compute H(0.5) for all subjects. Once we have
this new variable in our data set, we can replace Hð �Þ
by H(0.5) in model (2). Suppose that the parameter
estimate �̂�3 ¼ 1:3 (p value of test for �3¼ 0: 0.001). We
then conclude that most likely H(0.5) is not a
counterfactual outcome and that  � is not 0.5. Let us
try another candidate value for  �, say  ¼�0.7).
Again, we use model (1) to compute H(�0.7) for all
subjects, and then replace Hð �Þ by H(�0.7) in model
(2). Suppose that the parameter estimate �̂�3 ¼ 0:001 (p
value of test for �3¼ 0: 0.91). We cannot reject the null
hypothesis (using the conventional p< 0.05) that
�3¼ 0 and therefore H(�0.7) may be the counter-
factual outcome under no treatment. This in turn
implies that � may be equal to�0.7. We are now ready
to try another value of  , until we find all values of  
that may be equal to  �. This is g-estimation.14–16

Ideally, the search for values of  should continue
until all possible values have been tested. The point
estimate of  �,  ̂ , is the value of  that makes �̂�3 ¼ 0.
The 95%CI value for � includes all the values of that
produce values of �̂�3 with p values over 0.05 (that is, the
confidence interval of  � is obtained by inverting the
test for �3¼ 0). In practice not all possible values can be
tested because there is an infinite number of values of 

in any given interval. One option is to conduct a very
fine grid search over many prespecified values of  
(e.g. from �3 to 3 by increments of 0.01). The finer the
search, the more precise the estimates. Section
‘Estimation Details’ describes less computationally
intensive approaches to find the point estimate and the
95% confidence limits, and how to modify the
procedure to account for censoring.

CENSORING

G-estimation requires computing H( ) using model (1)
or, equivalently, H(k,  ) using model (3). To compute
H( ), we need two pieces of information: the time of
death T and the treatment history �AAðTÞ up to that time.
However, this information is unknown for individuals
with (right-)censored death times, i.e. those whose death
time T is not observed. A subject’s death time may be
censored because either (i) he remained alive at the
planned end of the study (857 subjects in our study),
or (ii) because he was lost to follow-up (259 subjects
in our study), or died from a different cause than the
one under study (when studying outcomes other than
total mortality). We refer to censoring (i) as administra-
tive censoring. For now, let us assume that all censoring
is administrative (i.e. no subject drops out of the study
or is lost to follow-up).

One naive strategy to deal with administrative
censoring is ignoring all subjects who did not die
before the administrative end of follow-up and
restricting the analysis to uncensored subjects. Below
we explain why this strategy is biased and describe a
non-biased approach to deal with administrative
censoring. For simplicity, we first consider a non-
time-varying treatment.

A biased approach

Consider an oversimplified study with three untreated
subjects (i, j and k) and three treated subjects (l, m and
n). All subjects are followed until their death time or
the administrative end of the study, whichever comes
first. The administrative censoring time K is equal to 5
years for all subjects.

The actual survival times of the untreated subjects i, j
and k are 3, 6 and 9 years respectively as shown in
Figure 2. The investigators only observe the survival
time of subject i because subjects j and k die after the
end of follow-up, i.e. their survival times are admin-
istratively censored. Because subjects i, j and k are
untreated, their actual survival times T are, by
definition, equal to their counterfactual survival times
under no treatment Hð �Þ.
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The actual survival times of the treated subjects l, m
and n are 2, 4 and 6 years, respectively, as shown in
Figure 3. The survival time of subject n is adminis-
tratively censored. The counterfactual survival times
under no treatment of the subjects l,m andn are 3, 6 and 9
years, respectively. These counterfactual times under no
treatmentHð �Þ are unknown to the investigators. In this
study, treatment is harmful because the survival times
when treated are shorter than those when untreated.

Note that the three untreated subjects are comparable
or exchangeable with the three treated subjects
because, had the treated subjects been untreated, they
would have had the same survival time distribution as
the untreated subjects. In other words, there is no
confounding. Assumption (A) holds because data on
Hð �Þ, were it available, would not improve the
prediction of whether a subject is treated or untreated.
For example, knowing that a subject’s Hð �Þ is greater
than five does not make it more likely that he is treated
or untreated because two thirds of the treated and two
thirds of the untreated have Hð �Þ > 5.

Now suppose that the analysis includes only subjects
with known death times T, i.e. treated subject i and
untreated subjects l and m. In this selected group,
exchangeability is lost because, had the treated
subjects l and m been untreated, they would have had

a greater average survival time than the untreated
subject i. In other words, the restriction to subjects with
known death times creates selection bias because the
analysis is conditional on having an observed survival
time less than 5 years, and survival time is a variable
affected by treatment. Assumption (A) does not hold
because Hð �Þ helps predict a subject’s treatment
status. For example, a subject with Hð �Þ greater than
5 is more likely to be treated because half of the treated
and none of the untreated have Hð �Þ > 5.

In summary, investigators cannot include the six
subjects in the analysis because the actual survival time
T of three of them ( j, k and n) was not observed, and
they cannot restrict the analysis to the three subjects
with observed survival time T because that would
create selection bias. This problem is exacerbated in
complex longitudinal data with time-varying treat-
ments and high-dimensional covariates.

An unbiased approach

The solution to the above problem is restricting the
analysis to subjects whose survival time would have
been observed whether they had been treated or
untreated, i.e. subjects i and l. This strategy preserves
exchangeability because the distribution of Hð �Þ in

Figure 2. Untreated subjects,  � > 0

Figure 3. Treated subjects,  � > 0
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the treated equals that of the untreated. Under this
approach, assumption (A) holds because Hð �Þ does
not predict a subject’s treatment status. Note that, to
keep exchangeability, the data of some subjects with
known survival time T need to be thrown away. This
approach is unbiased regardless of the value of  �, i.e.
whether treatment is harmful or beneficial.

In more complex situations with time-varying
treatments, this approach needs to be generalized
because subjects cannot be classified into ‘treated’ and
‘untreated’ (they can be treated at some time points
and untreated at others). The generalized unbiased
approach is then restricting the analysis to subjects
whose survival time would have been observed under
any possible treatment regime. Under model (1), this
approach boils down to identifying the subjects whose
death time would have been observed under the
regimes ‘always treated’ and ‘never treated’, and
including them in the analysis.

We now define this approach more formally. Let
�ð �Þ be a dichotomous variable that takes the value 1
if the subject is included in the analysis when using the
unbiased approach of the previous paragraph, and 0
otherwise. Let Kð �Þ be the minimum survival time
under no treatment that could possibly correspond to a
subject who actually died at time K (the administrative
end of follow-up), i.e. Kð �Þ ¼ inff

Ð K
0

exp½ aðtÞ� dtg
over all possible treatment histories �aaðtÞ. Then
�ð �Þ ¼ 1 if Hð �Þ < Kð �Þ and 0 otherwise. For a
dichotomous treatment, Kð �Þ ¼

Ð K
0

exp½ � 0� dt ¼
K if  � > 0 (i.e. treatment is harmful), Kð �Þ ¼Ð K

0
exp½ � 1� dt ¼ K exp½ � if  �0 (i.e. treatment is

beneficial) and Kð �Þ ¼
Ð K

0
exp½0� dt ¼ K if  � ¼ 0

(i.e. treatment has no effect).
All subjects who are censored by the administrative

end of follow-up (i.e. T�K) have �ð �Þ ¼ 0 because
there is at least one treatment regime (the one they
actually received) under which their survival time is
greater than the length of follow-up, i.e.
Hð �Þ � Kð �Þ. Some of the subjects who are not
censored by administrative end of follow-up (i.e.
T<K) also have �ð �Þ ¼ 0 and are excluded from
the analysis to avoid selection bias. The exclusion of
uncensored subjects is sometimes referred to as
artificial censoring.

A key point is that, for a given  �, the variable Hð �Þ
cannot be computed for all subjects whereas the variable
�ð �Þ can be computed for all subjects, regardless of
whether their actual survival time T is observed. Another
key point is that�ð �Þ is a function of the counterfactual
Hð �Þ (and of K) but not a function of current treatment
A(t). Under assumption (A), all such functions of a
counterfactual survival time are conditionally indepen-

dent of current treatment given past history and K.
Therefore, assumption (A) implies

�ð �Þ
a

AðkÞj�AAðk � 1Þ ¼ �aaðk � 1Þ; �LLðkÞ ¼ �llðkÞ;
T > uðkÞ;K for all �aaðk � 1Þ and �llðkÞ

ðBÞ

Note that the administrative censoring time K may
differ across subjects (when there is staggered entry
into the study, for example) but, for each subject, the
value of K is known at the start of the follow-up,
whether or not the subject was actually followed for all
that time. For example, all subjects in our study whose
follow-up started in July 1996 had the same potential
follow-up timeK, even though those who either died or
dropped out of the study before 2002 had a shorter
actual follow-up time.

Condition (B) implies that �3¼ 0 in the logistic
model

logit Pr½AðkÞ ¼ 1j�AAðk � 1Þ; �LLðkÞ; T > uðkÞ;K;�ð �Þ�
¼ �0ðkÞ þ �1Aðk � 1Þ þ �2LðkÞ þ �3�ð �Þ þ �4K

ð4Þ
We can now use model (4) to estimate  � and its

95%CI by g-estimation, even in the presence of
administrative censoring.

Any function of ðHð �Þ;KÞ may be substituted for
�ð �Þ in the right-hand side of model (4). The choice
of the function of ðHð �Þ;KÞ does not affect the
consistency of the point estimate for  �, but it
determines the width of its confidence interval. The
most efficient function of Hð �Þ (i.e. the one that
produces the narrowest confidence interval) is not
�ð �Þ but a rather complex one.16 We elected to use
the function �ð �Þ because it combines good effi-
ciency with computational ease.

When the analysis is based upon Hðk;  Þ rather than
Hð Þ � Hð0;  Þ, we replace �ð �Þ above by
�ðk;  �Þ, where �ðk;  �Þ ¼ 1 if Hðk;  �Þ < Kðk;  �Þ
and 0 otherwise, and Kðk;  �Þ ¼ inff

Ð K
uðkÞ

exp½ aðtÞ� dtg. We used this method to account for
administrative censoring in our study.

We sometimes may want to use a censoring time
shorter than the administrative censoring time K. For
example suppose that the goal of the analysis is to
estimate the intention-to-treat effect of treatment. If the
AFT model for received treatment is correct and the
correlation of treatment received at k and that received
at kþ � decreases with increasing �, then one is
essentially modeling a series of nested trials with
increasing effective compliance for increasing k, and
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one would expect the magnitude of the intention-to-
treat effect to increase with time. Therefore the
parameter of the AFT model for the intention-to-treat
effect will be hard to interpret. A solution to this
problem is the following. At each visit k, restrict the
analysis to subjects who are either treatment initiators
or non-users of treatment at that time. Then choose a
fixed length of follow-up (say, h¼ 36 months) for every
nested trial, and censor participants in every nested trial
at time u(k)þ h. Then define �ðk;  �Þ as above except
thatK is replaced by u(k)þ h. The analysis now mimics
a series of randomized trials for estimating the
intention-to-treat effect of treatment initiation with a
fixed length of follow-up.

Non-administrative censoring

In addition to administrative censoring, there may be
censoring due to loss to follow-up or competing risks.
This non-administrative censoring may be informa-
tive and hence a source of selection bias.6 To adjust
for selection bias due to non-administrative censoring,
we use inverse probability weighting (IPW). The idea
behind IPW is to assign a weight to each selected sub-
ject so that she accounts in the analysis not only for
herself but also for those with similar characteristics
that were censored. The weight is the inverse of the
probability of being uncensored. For example, if there
are four untreated women, aged 40–45, with CD4
count >500 in our study, and three of them were lost
to follow-up, then these three women do not contri-
bute to the analysis (i.e. they receive a zero weight)
while the remaining woman receives a weight of four.
In other words, the (estimated) conditional probability
of remaining uncensored until the end of the study is
1/4¼ 0.25, and therefore the (estimated) weight for
the uncensored subject is 1/0.25¼ 4. IPW creates a
hypothetical population where the four subjects of
the original population are replaced by four copies
of the uncensored subject.14

We now describe how to use IPW to adjust for non-
administrative censoring in model (3). Let us define a
dichotomous variable C(k) that takes value 1 when a
subject was (non-administratively) censored by visit k
and 0 otherwise. At each visit k, each uncensored
subject receives the weight

WðkÞ ¼
( YV

v¼kþ1

Pr½CðvÞ ¼ 0j�LLðv� 1Þ; �AAðv� 1Þ;

Cðv� 1Þ ¼ 0; T > uðvÞ�
)�1

where V is the subject’s last visit before death time
or administrative end of follow-up, whichever
comes first, and logit Pr½CðkÞ ¼ 0 j �LLðk � 1Þ; �AAðk � 1Þ;
Cðk � 1Þ ¼ 0; T > uðkÞ� is the subject’s probability of
remaining uncensored at k given that she was uncen-
sored at k� 1 and given past treatment and covariate
history. The weight W(k) equals the inverse of the
probability that the subject remained uncensored until
his death time or the administrative end of follow-up,
whichever came first. The probability of being uncen-
sored at each visit k can be estimated by a pooled
logistic model such as

logit Pr½CðkÞ ¼ 0j�LLðk � 1Þ; �AAðk � 1Þ;Cðk � 1Þ ¼ 0;

T > uðkÞ� ¼ �0ðkÞ þ �1Aðk � 1Þ þ �T2 Lðk � 1Þ
ð5Þ

where �0ðkÞ is a time-varying intercept (e.g. a cubic
spline for time of follow-up), and past treatment and
confounder history are summarized by their baseline
value and their last value prior to CðkÞ. Note that
the probability of remaining uncensored at visit k is
estimated only among subjects that are uncensored
at visit k� 1 and alive at visit k, i.e. when the probabil-
ity of censoring is small at all visits k, the parameters
of this pooled logistic model are approximately equal
to those of a Cox model in which the outcome is time
to censoring.26 Subjects who are non-administratively
censored during the follow-up receive weights
W(k)¼ 0 at all k.

G-estimation is then applied to the pseudo-popula-
tion created by weighting. In each nested trial k, the
pseudo-population consists of the eligible subjects
that remained (non-administratively) uncensored,
weighted by their estimates of WðkÞ. The causal effect
of treatment A in the pseudo-population is equal to the
effect of treatment A in the original population had
nobody been (non-administratively) censored, but only
under the assumption that censoring occurs at random
given past treatment and covariate history,27 that is,

T�aa
a

CðkÞjCðk � 1Þ ¼ 0; �LLðk � 1Þ ¼ �llðk � 1Þ;
�AAðk � 1Þ ¼ �aaðk � 1Þ;
T > uðkÞ for all �llðk � 1Þ and �aaðk � 1Þ

ðCÞ

Unfortunately, assumption (C) cannot be tested, and
thus the adjustment for selection bias by IPW depends
on this untestable assumption. When condition (C)
holds, censoring is ignorable given past history. We
used IPW with weights W(t) to adjust for potential
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selection bias due to non-administrative censoring in
our study. More complex variations of the weights
W(t) can be used to obtain a narrower confidence
interval for  �. Again, we elected to use the weights
W(t) because they combine good efficiency with
computational ease.

Unlike IPW for non-administrative censoring,
the method that we described to adjust for adminis-
trative censoring was assumption-free. However, it is
often reasonable to assume that administrative censor-
ing is also ignorable given past history. In principle, the
additional information provided by this assumption
would lead to greater efficiency (although this is
true only when using fully efficient estimators). To
incorporate this assumption, we redefine C(k) to be 1
if the subject was either administratively or non-
administratively censored at visit k (0 otherwise) and
replace the administrative censoring time K by a
constant time c� which is slightly less than the longest
follow-up time of any of the n subjects in the study, i.e.
c� < maxðKi ¼ 1; . . . ; nÞ so that the probability of
being uncensored at time c� is not zero.

ESTIMATION DETAILS

The g-estimate of  � is the value of  that yields
�̂�3 ¼ 0 in model (4) or, equivalently, the value of  
that minimizes the score test statistic (�2 with one
degree of freedom) for �3¼ 0. Minimizing the score
test statistic for �3 is equivalent to finding the solution
to the estimating equation Uð Þ ¼ 0 where

Uð Þ ¼
XN
i¼1

XV
k¼0

WiðkÞ�iðk;  ÞfAiðkÞ

� E½AðkÞj �AAðt � 1Þ; �LLðtÞ; T > uðkÞ;K�g

The value of  that solves the estimating equation
Uð Þ ¼ 0 is a consistent g-estimate  ̂ of  �. The two
conceptualizations of the nested model described in the
main text (i.e. subject-based or trial-based) can be
derived by simply reversing the order of the two sums
of the estimating function U( ). Note that
E½AðkÞj�LLðtÞ; �AAðt � 1Þ; T > uðkÞ;K� is equal to
Pr½AðkÞ ¼ 1j�LLðkÞ; �AAðk � 1Þ; T > uðkÞ;K� when AðkÞ
is dichotomous.

The estimating function Uð Þ cannot be computed
for any value of  when, as it is usually the case,
E½AðkÞj�LLðtÞ; �AAðt � 1Þ; T > uðkÞ;K� and Wi kð Þ are
unknown. However we can replace E½AðkÞ j �LLðtÞ;
�AAðt � 1Þ; T > uðkÞ;K� in U( ) by the estimates
of Pr½AðkÞ ¼ 1j�LLðkÞ; �AAðk � 1Þ; T > uðkÞ;K� from
model (4) with no covariate �iðk;  Þ. We fit this

model restricted to person-visits with Aðk � 1Þ ¼ 0,
because Pr½AðkÞ ¼ 1j�LLðkÞ; �AAðk � 2Þ;Aðk � 1Þ ¼ 1;
T > uðkÞ;K� ¼ 1 under our assumption that subjects
never discontinue treatment. We can replace WiðkÞ
in U( ) by the inverse of the product of the estimates
of the probabilities Pr½CðtÞ ¼ 0j�LLðt � 1Þ; �AAðt � 1Þ;
Cðt � 1Þ ¼ 0; T > uðkÞ� from model (5). The new
estimating function ÛUð Þ that contains the estimates of
E½AðkÞj�LLðtÞ; �AAðt � 1Þ; T > uðkÞ;K� andWiðkÞ can also
be used to consistently estimate  �. Our g-estimate  ̂ 
of  � was the value that solved the estimating equation
ÛUð Þ ¼ 0.

Standard optimization methods (e.g. Newton–
Raphson) to solve estimating equations are based on
either the first or second derivatives of a quadratic form
of the estimating function. These standard methods are
not very useful to find the value  ̂ because the
estimating function ÛUð Þ is not monotone or differ-
entiable on . Therefore, we need to find the value  ̂ by
using either a grid search or non-gradient-based
optimizers. Examples of these optimizers are direct
search methods (e.g. Nelder–Mead simplex), simu-
lated annealing, and genetic algorithms.

The 95% confidence limits of  ̂ can be obtained by
computing the score test statistic ÛUð ÞT ½�ð Þ��1

ÛUð Þ
where �( ) is the covariance matrix of ÛUð Þ, and
finding the values of  that make the test statistic equal
to 3.84 (�2 value for one degree of freedom). To
correctly estimate the covariance matrix�( ), we need
to take into account that the contributions to the
estimating equation are no longer uncorrelated when
weighting is used to adjust for censoring. This is so
because of two distinct reasons: the weight W(k)
depends on each subject’s treatment and covariate
history beyond k, and the weightW(k) is replaced by an
estimate that depends on all the data.14

In our study, we replaced �ð Þ by the empirical
covariance matrix of the subject-specific contributions.
This approach ignores how the censoring weightsW(k)
were estimated and therefore yields a conservative
95%CI for  � (i.e. it includes  � more than 95% of
the time). The confidence interval can also be
estimated by the bootstrap method. In our study,
the bootstrap 95%CI based on 200 samples was �1.20
to �0.64 (mean bootstrap estimate �0.91) for our
main result.

G-estimation based on the estimating function ÛUð Þ
is inefficient but easy to carry out. On the other hand,
the efficient g-estimator involves functions of the data
that are hard to compute.16 A counterintuitive con-
sequence of using an inefficient estimator is that
throwing away a substantial part of the data may have
little impact on, or even decrease, the width of the
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confidence interval for  � We now illustrate this
property of the inefficient g-estimator with an example
from our study. Most subjects included in our analyses
were followed from 1996 and thus could have
potentially been followed for about 6 years (because
the end of the follow-up for our analyses was 2002).
A few subjects became eligible to participate in our
study after 1996 and therefore their potential follow-
up time was less than 6 years. The median
potential follow-up time was 6.0 years (minimum:
2.0, maximum: 6.6). Suppose that we disregard any
data on our subjects after 5 years of follow-up, and then
deal with censoring as described in the previous
section. (That is, we mimic a study with a fixed length
of follow-up of 5 years by replacing Ki by 5 in those
subjects for whom Ki exceeded 5.) Because this forced
censoring strategy implies throwing away part of the
data, we would generally expect the confidence
interval from the forced censoring analysis to be
wider than that of the original analysis. Figure 4 shows
the g-estimates and their 95%CI when the potential
follow-up time K was set at a maximum of 2, 3, 4, 5
and 6 years of follow-up in our study. (In the absence
of model misspecification, all these g-estimates of  ̂ 
converge to  � regardless of the length of follow-up.)
The width of the confidence interval is similar for any
value of K� 4.

Similar counterintuitive findings may appear when
administrative censoring is assumed to be ignorable
and adjusted for by IPWas described above. That is, the
variance of a (non fully efficient) IPW estimator that
assumes ignorable administrative censoring can be less
than the variance of the forced censoring estimator,
because the efficiency loss attributable to the large size
of some of the inverse probability weights may more
than offset the efficiency gain due to a larger number of
events.

Figure 4. G-estimates for several maximum administrative
censoring times
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