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SUMMARY

Sufficient-component causes are discussed within the deterministic potential out-
comes framework so as to formalize notions of sufficient causes, synergism and
sufficient cause interactions. Doing so allows for the derivation of counterfactual
and empirical conditions for detecting the presence of sufficient cause interactions.
The conditions are novel in that, unlike other conditions in the literature, they
make no assumptions about monotonicity. The conditions can also be generalized
and the conditions for three-way sufficient cause interactions are given explicitly.
The statistical tests derived for sufficient cause interactions are compared with
and contrasted to interaction terms in standard statistical models.

Some key words: Causal inference; Counterfactual; Interaction; Risk difference;
Potential outcome; Sufficient cause; Synergism.

1. INTRODUCTION

Interaction terms in statistical models are frequently used to assess whether or
not effects are interdependent. However, whether or not two variables have a sta-
tistical interaction may depend on which statistical model is being used (Mantel
et al., 1977). When the causes and the outcome under consideration are binary,
it has been argued that there is a natural way in which to assess interdepen-
dent effects based on a sufficient-component cause framework (Rothman, 1976;
Koopman, 1981). This framework makes reference to the actual causal mecha-
nisms involved in bringing about the outcome; when two or more binary causes
participate in the same causal mechanism it becomes proper to speak of syner-
gism. In this paper we contribute theory to relate the sufficient-component cause
framework to the potential outcomes framework and derive various conditions to
statistically test for the presence of sufficient cause interactions. The conditions
are novel in that they make no assumption about monotonicity; the conditions
can also be generalized to n-way interactions both with and without monotonicity
assumptions.

2. SUFFICIENT CAUSES

Two broad conceptualizations of causality can be discerned in the literature,
both within philosophy and within statistics and epidemiology. The first may
be characterized as giving an account of the effects of particular causes or inter-
ventions. In both philosophy and statistics the work is associated with counter-
factuals or potential outcomes (Hume, 1748; Neyman, 1923; Lewis, 1973a, 1973b;
Rubin, 1974, 1978; Robins, 1986, 1987). The counterfactual or potential out-
comes framework has been used extensively in statistics. In contrast, the second
conceptualization of causality has received comparatively little attention. It may
be characterized as giving an account of the causes of particular effects; this ap-
proach attempts to address the following question: given a particular effect, what



are the various events which might have been its cause? In the contemporary
philosophical literature this approach is most notably associated with Mackie’s
work on insufficient but necessary components of unnecessary but sufficient condi-
tions for an effect (Mackie, 1965). In the epidemiological literature the approach
is most closely associated with Rothman’s work on sufficient-component causes
(Rothman, 1976).

Rothman conceived of a sufficient cause as a minimal set of actions, events
or states of nature which together inevitably initiated a set of events resulting
in the outcome under consideration. For a particular outcome it is likely that
there would be many different sufficient causes, each involving various component
causes. Whenever all components of a particular sufficient cause were present,
the outcome would inevitably occur; within every sufficient cause, each component
would be necessary for that sufficient cause to lead to the outcome. For example, a
sufficient cause for some outcome D might consist of the concurrence of conditions
A, B and C'; another sufficient cause might be the concurrence of conditions A, F’
and ; and a third sufficient cause might be the concurrence of conditions Q and
W, where Q) denotes the complement of . These series of conditions, A, B, C' and
A, F,Q and Q, W may each represent different causal mechanisms for the outcome
D. When every component of a particular series is present, the outcome D will
occur but each component is necessary for the mechanism to be set in motion;
thus A, B, C together are sufficient for outcome D but A, B together, without C,
is not. Rothman (1976) defined synergism between two causes, A and B say,
as the co-participation of A and B in the same sufficient cause. Thus, in the
example above, it would be said that A and B exhibit synergism but that F' and
W do not.

In this section we make formal these notions of sufficient causes. First, we
define a sufficient cause and give also a number of related definitions and, secondly,
we show in Theorem 1 that for binary variables any counterfactual response pat-
tern in the potential outcomes framework can be replicated by a set of sufficient
causes. Throughout this paper, we use the following notation. We let 2 denote
the sample space of individuals in the population and we use w for a particular
sample point. An event is a binary variable taking values in {0,1}. We denote the
complement of an event X by X. A conjunction or product of events X1, ..., X,
will be written as X;...X,,. The disjunctive or ’or’ operator, \/, is defined by
A\/ B=A+ B — AB, so that A\/ B =1 if and only if either A =1 or B = 1.

Consider a potential outcomes framework with s binary factors, Xi,..., X,
which represent hypothetical interventions or causes, and let D denote some bi-
nary outcome of interest. Let D, .. (w) denote the counterfactual value of D
for individual w if the causes X; were set to the value z; for j = 1,...,5s. We
use Dy, .. (w) and Dx,—,,. . x.—.(w) interchangeably. Note that the potential
outcomes framework that we employ in this paper assumes that the counterfac-
tual variables are deterministic, not stochastic. Most of the potential-outcomes
literature and the entirety of the sufficient-component cause literature to date as-
sumes a deterministic counterfactual framework, and it is thus the deterministic
framework that is the focus of this paper. The relationship between a stochastic



sufficient-component cause model and the stochastic counterfactual framework is a
topic of current research. In fact, Theorem 4 below has an analogue for stochastic
counterfactuals and stochastic sufficient causes. However, the mathematical and
conceptual details required for the stochastic setting lie beyond the scope of this
paper. In the deterministic setting there will be 2° potential outcomes for each
individual w in the population, one potential outcome for each possible value of
(X1, ..., X5). The actual value of D for individual w will be denoted by D(w) and
the actual value of X, ..., X for individual w will be denoted by X;(w), ..., Xs(w).
Mathematically, it could be that Dy, (). x,(w)(w) # D(w); however, we will require
the ’consistency’ assumption that Dx, (). x,w)(w) = D(w), i.e. that the value of
D which would have been observed if X7, ..., X had been set to what they in fact
were is equal to the value of D which was observed. Thus the only potential out-
come for individual w that is observed is the potential outcome Dx, (... x,(w) (w),
the value of D which would have been observed if X7, ..., X had been set to what
they in fact were.

DEFINITION 1 (Sufficient cause). A set of binary causes Xi,..., X, for D
s said to constitute a sufficient cause for D if for all values w1, ...,y such that
x1..x, = 1 we have that D, .. (w) =1 for all w € Q.

DEFINITION 2 (Minimal sufficient cause). A set of binary causes Xi, ..., X,, is
said to constitute a minimal sufficient cause for D if X1, ..., X, constitute a suffi-
cient cause for D and no proper subset X;,,...,X;, of Xi,...,X, also constitutes
a sufficient cause for D.

When a complete set of sufficient causes for some outcome is known, then not
only is it the case that the realization of each sufficient cause necessarily entails
the outcome, but it is also the case that the presence of the outcome necessarily
entails the realization of at least one of the sufficient causes. Such a complete set
of sufficient causes will be said to be a determinative set of sufficient causes; when
all the sufficient causes of a particular set are needed for the set to be determinative
then the set is said to be non-redundant.

DEFINITION 3 (Determinative sufficient causes). A set of sufficient causes for
D, My, ..., M, each of which may be some product of binary causes of D, is said
to be determinative for D if, for all w € Q, D, ., (w) =1 if and only if x1,..., x4
are such that My \/ My \/ ...\ M,, = 1.

DEFINITION 4 (Non-redundant sufficient causes). If M, ..., M, is a determi-
native set of (minimal) sufficient causes for D such that there is no proper subset
M, ... M;, of My, ..., M, that is also a determinative set of (minimal) sufficient
causes for D then My, ..., M, is said to constitute a non-redundant determinative
set of (minimal) sufficient causes for D.

It will be helpful to distinguish between the concepts of minimality and non-
redundancy. Minimality makes references to the components in a particular
conjunction, namely that each component is necessary for the conjunction to be
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sufficient for the outcome D. Non-redundancy makes reference to a disjunction
of conjunctions, that each conjunction is necessary for the disjunction to be de-
terminative. Corresponding to the definition of a sufficient cause is the more
philosophical notion of a causal mechanism. A causal mechanism can be con-
ceived of as a set of events or conditions which, if all present, inevitably bring
about the outcome under consideration in a particular manner. A causal mecha-
nism thus provides a particular description of how the outcome comes about. We
will make reference to the concept of a causal mechanism in some of the discus-
sion of this paper. However, all definitions and theorems are given in terms of
sufficient causes for which we have a precise definition. For a sufficient cause to
correspond to a particular causal mechanism it is not necessary that the sufficient
cause be a minimal sufficient cause nor that it be part of a set of sufficient causes
that is non-redundant. This is illustrated in Example 1.

Ezxample 1. Suppose that an individual were exposed to two poisons, X;
and X, such that, in the absence of X5, the poison X; would lead to heart
failure resulting in death, and, in the absence of X, the poison X5 would lead to
respiratory failure resulting in death, but such that, when X; and X, were both
present, they would interact and lead to a failure of the nervous system once again
resulting in death. Here there are three distinct causal mechanisms for death,
namely X;X,, X;X, and X;X,. Each of these mechanisms is a sufficient cause
for death but none of them is minimally sufficient since either X; or X, alone is
sufficient for death.

Although the concepts of minimality of sufficient causes and of non-redundancy
are not essential for a sufficient cause to correspond to a causal mechanism, it will
be seen in the following section that these concepts are useful in the development
of the theory of sufficient cause interactions.

The relationship between the sufficient-component cause framework and the
potential outcomes framework has received some attention in the literature. Green-
land & Poole (1988) relate the two in the case of two binary causes. Rothman
& Greenland (1998), Greenland & Brumback (2002) and Flanders (2006) provide
some further discussion. VanderWeele & Robins (2007) relate the sufficient-
component cause framework to the directed acyclic graph causal framework and
develop theory concerning the graphical representation of sufficient causes on di-
rected acyclic graphs. To develop conditions for sufficient cause interactions
we will need only one result concerning the relationship between the sufficient-
component cause framework and potential outcomes which is given in Theorem
1. Throughout §3 and for the remainder of §2 we will restrict our attention to
the case of a binary outcome and two binary causes. Section 4 indicates how
these results generalize. We show in Theorem 1 that, in the case of a binary
outcome and two binary variables, given any potential outcomes response pattern
it is always possible to construct sufficient causes for the outcome such that the
sufficient causes replicate the potential outcome responses.

THEOREM 1.  Suppose that X; and X5 are binary causes of some binary



outcome D. There exist binary variables Ag(w), ..., As(w) such that

D= Ag\/ A1 X1V A X1V AsXo ) Ay Xs \ A5 X1 Xo (1)
\/ A6X1X2 V A7X1X2 \/ A8X1X2

and such that
Dﬂvlibz = AO \/ All‘l v Ag(l — ZEl) \/AgflfQ V A4(1 — LUQ) v A5$1LE2 (2)
\/Aﬁ(l — I’l)xz \/A7371(1 — .’ﬂg) \/Ag(l - 331)(1 - {L'Q).

Proof. We construct Ao, ..., Ag as follows. Let Ap(w) = 1 and A;(w) = 0
for ¢ # 0 if DOO(CLJ) = D01<w> = Dlo(W) = Dll(W) = 1, let Al(CL)) = Ag(W) =

and A( ) =0 for ¢ 7é ].,3 if Doo((,U) = O,Dgl(w> = Dlo(W) = Du(w) = 1, let
Ag( ) = A ( ) =1 and AZ(W) =0 for ¢ 7é 2,3 if Dl()((,d) = 07D00(u}) = DOl(CU) =
Dy (w) = let As(w) = 1 and A;(w) = 0 for i # 3 if Dy(w) = Dyp(w) =
0, Dp1(w) = Diy(w) = 1; let Aj(w) = Ay(w) = 1 and A;(w) = 0 for i # 1,4 if
Dy (w) = 0, DO (w) = Dio(w) = Dy1(w) = 1; let Aj(w) = 1 and A;(w) = 0 for
1 7é 1if D()g( ) D01<W) = O,Dlo(u}) = Dn(w) = 1, let A5<W) = Ag(&)) =1

and AZ(CL)) = 0 for ¢ 7é 5,8 if D(n((x)) = Dlo(W) = 0, DO()(LL}) = Dll(W) = 1, let
As(w) =1 and A;(w) = 0 for ¢ # 5 if Doy(w) = Do1(w) = Dyo(w) =0, D11 (w) = 1;
let Ay(w) = Ay(w) = 1 and A;(w) = 0 for i # 2,4 if Dy;3(w) = 0, Dyo(w) =
Do (w) = Dio(w) = 1; let Ag(w) = A7(w) = 1 and A;(w) = 0 for ¢ # 6,7 if
DO()(CL)> = DH(L{}) = O,D()l(LU) = D10<W> = 1, let AQ(CU) =1 and AZ(M) = 0 for
1 7é 2 if Dl()(LU) = DH(W) = O,Dgo(u}) = D()l(CU) = 1, let Aﬁ(W) =1 and AZ<CU) =0
for ¢ 7é 6 if DOO( ) = Dlg( ) = Dll(W) = O,D()l(CU) = ]_, let A4(w) 1 and
(w) =0 for i # 4 if Dy1(w) = Dy1(w) = 0, Dyo(w) = Dyp(w) = 1; let Az (w) =
and A;(w) = 0 for i # 7 if Dog(w) = Do1(w) = D11(w) = 0, Dyp(w) = 1; 1
( ) =1and AZ<(A)) =0 for 1 # 8 if DOl(CL)) = D10<W) = DH(CL)> = O,Dgo( )
let Az(w) = 0 for all 7 if Dog(w) = D()l((ﬂ) = Dlo(W) = Du(w) =0. Itis then
easily verified that (2) holds and (1) then follows by the consistency assumption.[]

Theorem 1 generalizes to the case of a binary outcome and an arbitrary number
of binary causes (as shown in an unpublished University of Chicago technical
report by the authors). The theorem allows for the construction of variables A;
such that the A; variables along with X; and X, and their complements can be
used to form a determinative set of sufficient causes for D which replicate a given
set of potential outcomes. The conjunctions Ay, A1 X1, ..., As X1 X, are sufficient
for D and the disjunction of these conjunctions is determinative for D. The
variables X; and X5 are causes of D; the A; variables are logical constructs and
may or may not allow for interpretation; it may not be possible to intervene on
these logical constructs. The A; variables essentially represent unmeasured or
unknown factors that complete the particular sufficient cause. Although it may
not be possible to intervene on A;, we will still refer to conjunctions in equation
(1) as sufficient causes for D. Theorem 1 and Theorems 2 and 3 below make
no assumption as to whether or not these A; variables are confounding factors or
whether or not the causal effects of X; and X5 on D are unconfounded. We will,
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however, take up the issue of confounding factors in Theorem 4, which concerns
empirical conditions for sufficient cause interactions.

Note that the logical constructs A;, being functions of the potential outcomes
themselves, are not affected by the causes or interventions X; and X,. If the coun-
terfactual response pattern for every individual in the population is identical, i.e.
if the causes X; and X5 completely determine the outcome D, then no additional
variables A; are needed to form a determinative set of sufficient causes for D. A
determinative set of sufficient causes for D can be constructed simply from the
binary causes X; and X, and their complements. If for some i A;(w) = 0 for all w
then the conjunction in which A; appears will be suppressed from the disjunction.
If for some i A;(w) = 1 for all w then A; will be suppressed from the conjunction
in which it appears but the X; and X, terms and their complements will appear
in the conjunction for the sufficient cause. This is illustrated in Example 2 below.
Example 2 also demonstrates that the construction of the A; variables in the proof
of Theorem 1 is not in fact the only possible construction of the A; variables such
that equations (1) and (2) hold; that is to say, a determinative set of sufficient
causes will not in general be unique.

Example 2. Consider the example of the two poisons, X; and X5, presented
in Example 1. Suppose now there are two individuals in the population and
that individual 2 is immune to poison X; and susceptible to poison X5, but that
individual 1 is susceptible to both poisons. The construction of the A; variables
given in Theorem 1 would give

D(w) = Ay(w) X1 (w) V X5 (w), (3)

where A;(w) =1 if w =1 and Az(w) = 1 for all w. Note that, since Az(w) =1
for all w, As(w) is suppressed from equation (3). We could, however, also define
As(w) =1 for w = 2; As(w) = 1 for w = 1; Ag(w) = 1 for all w; Az(w) =1 for
w=1; and A;(w) = 0 for all w for all other i. Equations (1) and (2) would again
hold and we could write

D(w) = Az(w)Xa(w) V As(w) X1 (w) Xa(w) V Xy (w) Xa(w) V A?(w>X1(W)X2(W)(- |
4
Other constructions of the A; variables are also possible. However, in this case,
it is the construction given in (4) rather than that given in (3) which arguably
corresponds better to the actual causal mechanisms. The sufficient cause A5 X; X5
may be interpreted as death by failure of the nervous system; the sufficient cause
A7X1X, may be interpreted as death by heart failure; and the sufficient causes
A3 X5 and X7 X, may be interpreted as death by respiratory failure. No similar
interpretation holds for the construction given for (3).

As noted above, some knowledge of the subject matter in question will be nec-
essary in order to determine which of several possible constructions of the A; vari-
ables corresponds best to the actual causal mechanisms for the outcome D. How-
ever, any set of binary variables A; such that the disjunction Ay \/ A1 X7V Ay X,



v A3X2 V A4Y2 v A5X1X2 v AGEXQ \/ A7X1E V Agylyg replicates the poten-
tial outcome response patterns for the entire population we will call a sufficient
cause representation for D.

DEFINITION 5 (Sufficient cause representation). Let X; and Xy be binary
causes of some binary outcome D, we will say that

AoV AIX1V A X1V As Xy AgXo V As X1 Xo V As X1 X VA7 X X V AsX 1 X,

()
constitutes a sufficient cause representation for D for any set of binary variables
Ap(w), ..., Ag(w) such that equation (2) holds.

For any sufficient cause representation, each conjunction within the disjunc-
tion (5) is a sufficient cause for the outcome D and the collection of conjunctions
constitutes a determinative set of sufficient causes for D. If the conjunctions in
a particular sufficient cause representation are minimal sufficient causes then we
will refer to the representation as a minimal sufficient cause representation. If
the conjunctions in a particular sufficient cause representation are non-redundant
then we will refer to the representation as a non-redundant sufficient cause rep-
resentation. With these definitions in place we can now derive conditions which
imply the existence of sufficient cause interactions.

3. SUFFICIENT CAUSE INTERACTIONS

In this section we define and develop conditions for testing for the presence
of sufficient cause interactions. We begin formally by defining the concepts of a
sufficient cause interaction and a minimal sufficient cause interaction and showing
how they are related.

DEFINITION 6 (Minimal sufficient cause interaction). Let Fy be either X
or its complement and let Fy be either X5 or its complement. Then Fi1F5 is
said to exhibit a minimal sufficient cause interaction if in every non-redundant
minimal sufficient cause representation for D there exists within the representation
a sufficient cause which contains FyFy within its conjunction.

In Example 2, it can be verified that (3) constitutes a minimal sufficient cause
representation for D. Since the term X; X, does not appear in this disjunction,
X1X5 does not exhibit a minimal sufficient cause interaction.

Corresponding to the definition of a minimal sufficient cause interaction is that
of a sufficient cause interaction, which makes reference to all sufficient cause repre-
sentations and not just to non-redundant minimal sufficient cause representations.

DEFINITION 7 (Sufficient cause interaction). Let Fy be either Xi or its com-
plement and let Fy be either Xy or its complement. Then FiF, is said to exhibit
a minimal sufficient cause interaction, or to be irreducible, if in every sufficient
cause representation for D there exists within the representation a sufficient cause
which contains FyFy within its conjunction.
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Theorem 2 demonstrates that the concepts of a sufficient cause interaction
(irreducibility) and a minimal sufficient cause interaction are equivalent. The
theorem will be used in our derivation of counterfactual and empirical conditions
for sufficient cause interactions.

THEOREM 2. The conjunction FyFs is irreducible if and only if FiFy exhibits
a minimal sufficient cause interaction.

Proof. 1If F\F, is irreducible then within any sufficient cause representation
there exists some sufficient cause which contains within its conjunction F;F, and
so it immediately follows that in every non-redundant minimal sufficient cause
representation for D there will exist within the representation a sufficient cause
which contains F;F5 in its conjunction. If FiF; is not irreducible then there
exists some representation such that no sufficient cause within the representation
contains FjFy within its conjunction. This representation can be made into a
non-redundant minimal sufficient cause representation by iteratively discarding
the components of each conjunction which are not necessary for the conjunction
to be sufficient for D and then iteratively discarding any redundant minimal suffi-
cient causes. Clearly no sufficient cause of this resulting non-redundant minimal
sufficient causation representation will contain F} F5 within its conjunction.[]

We will say that there is synergism between the effects of F} and F» on D
if there exists a sufficient cause for D with F}F5 in its conjunction which repre-
sents a particular causal mechanism for D. Example 2 above suggests that some
knowledge of the causal mechanisms beyond that which is available by a complete
knowledge of the counterfactual outcomes may be required to determine whether
or not synergism between F} and F; is present. In Example 2, it is not possible
to distinguish merely from the counterfactual outcomes whether A;X;\/ X, or
AsXy V As X1 X\ X1 X,/ 47X X, or some other sufficient cause representation
constitutes the proper description of the causal mechanisms for D. It is thus
not possible to determine in this example from the counterfactual outcomes alone
whether or not there is synergism between X; and Xs5. The presence of syner-
gism will sometimes be unidentified even when the counterfactual outcomes for all
individuals are known. As was the case with the concept of a causal mechanism,
statements about synergism will in general require some knowledge of the sub-
ject matter in question. In Example 2, our knowledge of the causal mechanisms
by which poisons X; and X, operate allow us to determine that the sufficient
cause representation AsX,\/ A5 XX, \/ X1 X,/ A7X1 X, corresponds to the ac-
tual causal mechanisms for death and thus that synergism is present. Note that,
in Example 2, synergism between X; and X, is present even though X; X5 does
not exhibit a sufficient cause interaction. The conjunction X; X5 does not exhibit
a sufficient cause interaction because A;X; \/ Xs constitutes a sufficient cause rep-
resentation for D and the term X; X5 is not present in any of the conjunctions in
this representation.



Although the presence of synergism is sometimes unidentified from the com-
plete set of counterfactual outcomes as in Example 2, it is not always unidentified.
If the conjunction FiF5 is irreducible then within every sufficient cause repre-
sentation for D there exists some sufficient cause which contains [} F5 within its
conjunction, and so there must be some causal mechanism for which F;F5 are
required; synergism must be present. The class of conjunctions which are ir-
reducible, or equivalently the components of which exhibit a minimal sufficient
cause interaction, are the class for which synergism must be present. The results
we give below will be stated in terms of the well-defined concept of a sufficient
cause interaction. However, it is the more philosophical notions of synergism and
causal mechanism that provide much of the motivation for these results. We will,
in the interpretation of our results, assume that there always exists some set of true
causal mechanisms which forms a determinative set of sufficient causes for the out-
come. Theorem 3 relates the class of irreducible sufficient cause representations
explicitly to counterfactual outcomes. Theorem 4 demonstrates that in certain
cases one can conclude from data that a particular conjunction is irreducible and
thus that synergism must be present.

THEOREM 3. The conjunction X1Xs exhibits a sufficient cause interaction if
and only if there exists w € € such that Dy1(w) =1 and Dip(w) = Do1(w) = 0.

Proof. Suppose that X; X5 do not exhibit a minimal sufficient cause inter-
action. Then there exists a non-redundant minimal sufficient cause representa-
tion such that equations (1) and (2) hold and such that A;(w) = 0 for all w for
i € {5,6,7,8}. For any w such that Dio(w) = Dgi(w) = 0 we must have that
Ap(w) = Aj(w) = As(w) = 0 and thus that Dy;(w) = Ax(w)(1-1) V Ag(w)(1-1) =
0. Consequently there can be no w such that Dig(w) = Dp(w) = 0 and
Dy1(w) = 1. We now prove the converse. Suppose that X;Xs do exhibit a
minimal sufficient cause interaction. Then within every sufficient cause repre-
sentation for D there exists within the representation a sufficient cause which
contains X, Xy within its conjunction, and so, in particular in the sufficient cause
representation constructed in Theorem 1, there exists an w such that As(w) # 0.
However, by construction As(w) # 0 if and only if either (1) Dy (w) = Dip(w) =0
and Dyo(w) = Dy1(w) =1 or (2) Dyo(w) = Do1(w) = Dyp(w) = 0 and Dy (w) = 1.
In either case, Dig(w) = Dp1(w) = 0 and Dy;(w) = 1. This completes the proof.[]

The condition provided in Theorem 3 has obvious analogues if one or both of X
and X, are replaced with their complements. Theorem 3 suggests a very natural
empirical condition for detecting the presence of a sufficient cause interaction; this
is given in Theorem 4. Some discussion with regard to constructing statistical
tests related to this condition is given below. In §5, the condition stated in
Theorem 4 is related explicitly to statistical tests arising from generalized linear
models.

THEOREM 4. Let C be any set of variables which suffices to control for the con-
founding of the causal effects of X1 and X5 on D, i.e. such that D, ., [ [{X1, X2}|C.
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Then, if for any value ¢ of C we have that

E(D|X1:1,X2:1,C:C)—E(D|X1:O,XQZ]_,O:C) (6)
— E(D’Xl =1,X,=0,C = C) > 0,

it follows that X1 X5 exhibit a sufficient cause interaction.

Proof. We prove the contrapositive. Suppose that X;X, does not exhibit
a sufficient cause interaction between then by Theorem 3 it would follow that
there is no w € Q such that Dyj(w) = 1 and Djp(w) = Dp(w) = 0. From
this it follows that for all w €  we have Dj;(w) — Dip(w) — Dp1(w) < 0 and so
E(D11 — D19 — Dg1) < 0. Since Dy, q, [[{X1, X2}|C we have that

E(DIX,=1,Xs=1,C=¢)— BE(D|X; =0,X; = 1,0 = ¢)
E(D|X; =1, X =0,C = ¢)
— E(DuX,=1,X=1,0=c)— BE(Du|X, = 0,X,=1,C = ¢)
—E(Dy|X, =1, X, =0,C = ¢)
E(D11|C =c¢) — E(Dy|C = ¢) — E(D1|C = ¢)
= FE{Dy(w) — Dio(w) — Dy (w)} < 0.

This completes the proof.[]

As with Theorem 3, the condition provided in Theorem 4 has obvious analogues
if one or both of X; and X, are replaced with their complements. The conditions
given in Theorems 3 and 4 are novel in that, unlike previous conditions given
in the literature, they make no monotonicity assumption about the relationship
between the outcome D and the causes, X; and X5.

Previous work on identifying synergism focused on monotonicity assumptions.
If D,,.,(w) is nondecreasing in x; and x5 for all w, we will say that X; and X5
have monotonic effects on D. It can be shown that, if X; and X, have monotonic
effects on D and if C' is set of variables which suffices to control for the confounding
of the causal effects of X; and X, on D, i.e. such that D,,,, [[{X1, X2}|C, then,
if for any value ¢ of C' we have that

E(D‘Xlz1,X2:1,0:C)_E(D|X1:0,X2:1,C:C) (7)
—E(D|X,=1,X,=0,C=c¢)+ E(D|X; =0,X, =0,C =¢) > 0,

it follows that X;X, exhibit a sufficient cause interaction. In the context of
no confounding factors a result equivalent to this, without the formalization of
the concept of a sufficient cause interaction, is stated explicitly and proved by
Rothman & Greenland (1998); it is also anticipated elsewhere (Koopman, 1981;
Darroch & Borkent, 1994). It is instructive to compare condition (7) with
the condition derived in Theorem 4 without the assumption of monotonicity.
The assumption of monotonicity effectively allows for the addition of the term
E(D|X; =0,Xs =0,C = ¢); condition (7) is thus clearly weaker than condition
(6) and consequently could be used in the construction of more powerful tests for
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the presence of a sufficient cause interaction. Condition (6) is novel in that it
requires no assumption about monotonicity. It will be seen in §5 that, unlike
condition (6), condition (7) is quite intuitive in that it obviously corresponds to
departures from additivity.

Conditions (6) and (7) can be used to test empirically for the presence of
sufficient cause interactions and thus for synergism. If the set of confounding
variables C' consists of a small number of binary or categorical variables then it
may be possible to use t-test-like test statistics to test all strata of C. When
C includes a continuous variable or many binary and categorical variables, such
testing becomes difficult because the data in certain strata of C' will be sparse.
One might then model the conditional probabilities pr(D = 1|Xq, ..., X,,, C) us-
ing a binomial or Poisson regression model with a linear link (Greenland, 1991;
Wacholder, 1986; Zou, 2004; Greenland, 2004; Spiegelman & Hertzmark, 2005).
Unfortunately, when continuous covariates are included in Bernoulli regressions
with linear link, the convergence properties of maximum likelihood estimators are
generally poor (Wacholder, 1986). For case-control studies it will also be neces-
sary to use an adapted set of modelling techniques (Wild, 1991; Wacholder, 1996;
Greenland, 2004). We are currently working on doubly robust semiparametric
tests for hypotheses (6) and (7) where C' is multivariate with possibly continuous
confounding variables.

4. GENERALIZATIONS AND EXTENSIONS

The definitions of a sufficient cause representation and sufficient cause inter-
actions and minimal sufficient cause interactions generalize to cases in which n
binary causes of some binary outcome D are being considered. Theorems 1-4
also generalize to the case of sufficient cause representation for n binary causes
and n-way sufficient cause interactions. Full discussion of these generalizations
is beyond the scope of the present paper; a detailed exposition is available from
the authors upon request, in the form of the technical report mentioned in §2.
However, for the purposes of comparing sufficient cause interactions and statisti-
cal interactions in the following section it will be helpful at least to indicate how
Theorems 3 and 4 generalize to the case of three-way sufficient cause interactions.

It can be shown that for three binary causes, X;, X5 and X3, of some binary
outcome D, if there exists an individual w for whom Djq1(w) = 1 and Dg;(w) =
D1p1(w) = D119(w) = 0 then there exists a three-way sufficient cause interaction
between X;, X, and X3. From this it follows that, if C' is any set of variables
which suffices to control for the confounding of the causal effects of X;, X5 and
X3 on D, i.e. such that D,, ., [[{X1, X2, X3}|C, then if for any value c of C'

E(D|X1 = ].,XQ = ]_,Xg = ]_,O:C) —E(Dle :O,XQ = ]_,Xg = ]_,C:C) (8)
—E(D‘Xl = 1,X2:0,X3: 1,C:C)—E(D|X1 = 1,X2: 1,X3:0,C:C) >0,

there exists a three-way sufficient cause interaction between X7, X5 and X3. Like
condition (6) in Theorem 4, condition (8) can be used to construct empirical statis-
tical tests for the presence of sufficient cause interactions and thus for synergism.
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Condition (8) also has obvious analogues if one or more of X;, X, and X3 are
replaced with their complements.

Note that condition (6) concerns two-way interactions in a two-cause sufficient-
component cause framework and that condition (8) concerns three-way interac-
tions in a three-cause sufficient-component cause framework. Additional subtleties
arise if, for example, one considers two-way interactions in a three-cause sufficient-
component cause framework. Essentially, to test for a two-way interaction in a
three-cause sufficient-component cause framework, it is necessary to assume that
some of the causes are not effects of the others. For example, consider three
binary causes, X7, X5 and X3, of some binary variable D and suppose that we
were interested in testing for the presence of a sufficient cause interaction between
X, and X5. To use Theorems 3 and 4 to test for the presence of a two-way
sufficient cause interaction it would also be necessary to assume that neither X,
nor X, was a cause of X3. Otherwise X3 might serve as a proxy for the joint
presence of X; and X, as would be the case, for example, if X3 were 1 whenever
X1 and X5 were both set to 1. When the causes X;, X5 and X3 are such that
none of these variables is a cause of another, these difficulties do not arise; see the
aforementioned technical report for further details.

Conditions for a sufficient cause interaction under assumptions of monotonicity
can also be generalized to n-way sufficient cause interactions. The conditions are,
however, somewhat more complicated. For example, in the case of three binary
variables, X7, X5 and X3, which all have monotonic effects on the outcome D, if
any of the following three conditions are met, then a three-way sufficient cause
interaction must be present:

Pille — Piioec — Piote — Poite + Prooe + Poioe > 0 9)
Piile — Piioec — Piote — Poite + Piooe + Pooie > 0
Ditle — P110e — Pioic — Poite + Poioe + Poote > 0,

where Py ayese = F(D| X1 = 21, Xo = 29, X3 = 23,C = ¢). Further detail is given
in the aforementioned technical report.

5. SUFFICIENT CAUSE INTERACTIONS AND INTERACTION TERMS IN
STATISTICAL MODELS

The results given above provide conditions which can be empirically tested
to draw inferences about the presence of sufficient cause interactions. If a suffi-
cient cause interaction between X; and X, is present, then in any sufficient cause
representation for the outcome there must exist a sufficient cause in which the
conjunction X;Xs is present; the causal mechanisms for the outcome must be
such that X; and X5 both participate in the same causal mechanism. Conditions
(6)-(9) above are given in terms of differences between various probabilities. To
understand these conditions better we will consider saturated Bernoulli regression
models with linear links. For simplicity we will assume that the causal effects
of {X1, X5} or {X1, X5, X3} are unconfounded. However, the substance of the
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remarks below are not altered in the case of one or more binary or categorical
confounding variables. We will compare, within a regression framework, the tests
arising from conditions (6)-(9) with standard tests for statistical interactions.

We will begin with the case of two-way interactions. Consider a saturated
Bernoulli regression model,

pr(D = 1|X1 =Ty, XQ = $2) = 60 + 511’1 + /BQZUQ + 531’1$2.

We will use p,, ., as a shorthand for pr(D = 1|X; = x1, X = x5). In this statis-
tical model, one would test for a statistical interaction by testing the hypothesis
B4 = 0. We will consider first the case of monotonic effects. If X; and X, have
monotonic effects on D, condition (7) states that if

P11 — P1o — Po1 + Poo > 0

then there exists a sufficient cause interaction between X; and X,. We may
rewrite this condition as

P11 — P10 — Por + poo = (B + By + Ba + B3) — (Bo + B1) — (Bo + B2) + By = B3 > 0.

In the case of monotonic effects, if the statistical interaction term /5 is positive
then a sufficient cause interaction is necessarily present between X; and X,. If
it cannot be assumed that X; and X5 have monotonic effects on D we may apply
Theorem 4, which in this case states that a sufficient cause interaction between
X7 and X5 will be present if

P11 — Pio — Po1 > 0,

which can be rewritten as
B3 > By.

We see then that the tests for statistical interaction only correspond to tests
for sufficient cause interactions in the case of monotonic effects, not in general.
Furthermore, even under monotonic effects, a statistical interaction only implies a
sufficient cause interaction if the interaction coefficient (3, is positive; if 34 is non-
zero but negative, we cannot draw conclusions about the presence of a sufficient
cause interaction.

We now consider the case of a three-way sufficient cause interaction. The
saturated Bernoulli regression with three binary variables and a linear link can be
written as

pr(D = 11Xy = 21, Xy = 29, X3 = 23) = [y + B121 + Boxa + Byxs + B42179

+ Bsr123 + BeTor3 + Brr11270.

Once again we will use the shorthand p,, ..., =pr(D = 1| X = z1, Xo = 29, X5 =
x3). The presence of a three-way statistical interaction would be assessed by
testing the hypothesis 3, = 0. Under the assumption that X;, X, and X3 have
monotonic effects on D, condition (9) states that X;, X, and X3 exhibit a sufficient
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cause interaction if any of the following three conditions hold:

Pi11 — P11o — Pio1 — Poi1 + Proo + poio > 0
D111 — P11o — Pio1 — Poi1 + Pioo +Poor > 0O
Pi11 — P11o — P1o1 — Poi1 + Poio + poor > 0.

These three conditions can be rewritten in terms of the regression coefficients as
follows:

B; > B3
Bz > P
B: > By

If it cannot be assumed that X;, X, and X3 have monotonic effects on D we may
use condition (8), which in this case states that X, X and X3 exhibit a sufficient
cause interaction if

P111 — Pi1o — Pio1 — Poi1 > 0,

which is equivalent to
Bz > 2By + By + By + Bs.

In the case of three-way sufficient cause interactions we thus see that neither the
tests for a sufficient cause interaction under the assumption of monotonic effects
nor the tests without the assumption of monotonic effects are equivalent to the
standard hypothesis test for a three-way statistical interaction.

6. CONCLUDING REMARKS

In this paper we have derived various conditions which, if met, necessarily entail
that two binary causes participate in a single causal mechanism. Unlike previous
conditions in the literature, the conditions we have derived make no assumption
about monotonicity. Under the assumption of no unmeasured confounding vari-
ables, these conditions can, with data, be empirically tested. We have shown that
interaction terms in standard statistical models do not capture the form of inter-
dependence which we have characterized as a sufficient cause interaction. This
work may be of special interest to statistical geneticists in identifying gene-gene
and gene-environment interactions. The gene-gene and gene-environment inter-
dependence that is ultimately of interest to the geneticist will often not be that
of association but of mechanism. The tests we have derived are concerned with
mechanistic interaction.

A couple of limitations of the present work are worth noting. First, the tests
derived here are applicable only when the outcome and the causes under consid-
eration are all binary. If causation is fundamentally a phenomenon concerning
events (Lewis, 1973a; Davidson, 1980; Lewis, 1986) then the restriction to binary
causes is not, in principal, a limitation. However, in practice, precluding contin-
uous variables will limit the settings in which the methods can be applied. A

15



second limitation of this work concerns the cases in which synergism is present
but a sufficient cause interaction is not. As noted in the text the conditions that
entail a sufficient cause interaction are sufficient but not necessary for two causes
to participate in the same causal mechanism, i.e. for synergism to be present.
Synergism can be present even if conditions (6)-(9) do not hold. Such instances
of synergism cannot be identified from data.

We intend to extend the present work by deriving semiparametric tests of hy-
potheses (6)-(9) and by providing results that relate the stochastic counterfactual
framework to stochastic sufficient-component cause models.
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