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Introduction

The purpose of this paper is to discuss the advantages of using locally (semiparametric) efficient

augmented inverse probability weighted (LEAIPW)' estimators rather than fully parametric “model-

based” estimators (which include parametric multiple-imputation estimators) in missing data problems
(Robins, Rotnitzky,and Zhao, 1994). For example, when the only source of missing data is by design,

and thus the non-response probabilities are known, LEAIPW estimators guarantee unbiasedness, while

often vastly improving upon the poor efficiency of the estimator of Horvitz and Thompson. When

- missingness is unplanned rather than by design, LEAIPW estimators are still considerably more robust

than parametric multiple-imputation or fully parametric likelihood-based estimators. If non-response is
non-ignorable and we use a selection model parametrization, the consistency of a LEATPW estimator
oniy requires a correctly specified model for the non-response probabilities. In contrast, for consistency,
a parametric model-based estimator additionally requires a correctly specified parametric model for the
marginal distribution of the complete data. When non-response is ignorable, a LEAIPW estimator is

doubly protected (i.e., doubly robust); that is, it is consistent if either a model for non-response or a

v parametric model for the complete data can be correctly specified. Therefore, an analyst can specify both

a model for non-response and a parametric model for the complete data and his LEATPW estimator will
be consistent if he is lucky enough to have correctly specified either model. In contrast, the consistency of
a para.metfic model-based estimator requires correct specification of a parametric model for the complete
data. ‘ |

We will next turn to the question of the ease with which doubly protected estimators can be com-
puted in ignorable models. We will show that we can obtain closed form formulae for doubly robust

semiparametric estimators whenever the missingness (non-response) process is a partial likelihood. In

‘particular, this will be the case whenever the missing data pattern is monotone. Mhmore, we will
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show that there are many important non-monotone missing data problems in which the missingness pro-
cess is a partial likelihood; In particular, we will show that if we wish to estimate the causal effect of
a time-dependent treatment on an outcome and we can regard treatment as randomly assigned at each
time given past treatment and covariate history, the resulting statistical problem can be viewed as a
missing data problem with a pa.rtia.l—li];elihood missingness mechanism, allowing for the construction of
closed-form doubly robust estimators. That is, estimators that will be consistent for the causal effect of
treatment if one correctly specifies either a model for the missingness (assignment) mechanism (i.e., the
probability of treatment given the pasi.: treatment and covariate history) or a model for the rémaining
part of the likelihood. When the non-response process is not a partial likelihood, construction of doubly
" robust estimators generally requires solving integral equations which do not admit a closed form solu-
tion. Thus they aré much more computationally demanding. Some of the remarks in this paragraph are

unavoidably imprecise. In the following section we make them precise.

i. The Data and Counterfactual Data

Consider a study where we observe n i.i.d. copies of data O = (A (r), L ()), where 7 is an administrative
end of follow-up time, 4 (7) is a treatment process, L (7) is an outcome or response process and, for any
Z(u),Z(t) ={Z (u);0 < u < t}. We assume 7 is an element of L (0) since it is assumed known at time
0. For purposes of causal inference, we assume the existence of an underlying treatment process.z =
V{A (u);0 < u < oo} with A (u) taking values in a set A (u) and the existence of underlying counterfactual

random variables
{Iza e 4} : (11) -

where Iz = {Lz(u);0Su<oo},@=a(:) = {a(t);0<t<ocoanda(t) € A(t)} is a treatment plan
(equivalently, regime or function) lying in a set of functions /A. Given a regime @, let z&(u),o be counter-
factual history under a regime @* that agrees with @ through time u and is O thereafter, where 0 is the

baseline value of a(t). Then we assume that the Lz satisfy the following consistency assumption with
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probability 1:
a0 (@) = Iagey0 () = Iz (u) = Iyt (w) (1.2)

for all ¢ > u and all _'df with @' (u) = @(u). This assumption essentially says that the future does not

determine the past. The observed data are linked to the counterfactual data by
I(r) = fﬁ(r),o (m) . (1.3)

Eq. (1.3) states that a subject’s observed outcome history through end of follow-up is equal to their
counterfactual outcome history corresponding to the treatment they did indeed receive. We assume
Iz = (? = Va-) where Yz is an outcome process of interest and: Vz is the process of other recorded

variables. Robins (1987) considers the sequential randomization assumption that for all £ and @ € A,

Y= [JA®OIT (), A() ' (1.4)

where for any variable Z (t) = {Z (u);u >t} is the history of that variable from ¢ onwards. We also
refer to (1.4) as the assumption of no unmeasured confounders given prognostic factors L (). Because of
measurability issues, (1.4) is not well-defined. If the A (f) process can only jump at djscrete. non-random
times t1,s,... and .the L () process has left-hand limits, ie., f(f‘) = lizTrtz-L_(u), (1.4) is formally, for

each %,
FIAGIIT (), A(t) . Xa(tW)] = F[AG) 1 T (7)) A ()] - (1.5)

where f (- | -) is the conditional density of A (t)) with respect to a dominating measure u (). If A(t) isa
marked point process that can jump in continuous time with CADLAG (continuous from the right with

left-hand limits) step-function sample paths, then Eq. (1.4) is formally that

MtITE), A7), Ya®)] =2a[tIT(7),A(t7)] (1.6a)
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and

FAGITE) AE), AQ #A() Yo )] = (1.6b)

FIAMITE),AR). A #A()] -

Here, the intensity process Aa (t | ) is 61§§0 priA(t+6t) # A(t™) | A(t™),"]/6t. Eq. (1.6a) says that
given past treatment and confounder history; the proBability that the A process jumps at t does not
depend 0;1 the future counterfactual history of the outcome of interest. Eq. (1.6b) says that giwﬁ that
the covariate process did jump at t, the probability it jumped to a particular value of A (t) does not
depend on éhe future counterfactual history of thé outcome of interest. Given v(1.4), Robins (1987) shows
that the marginal distribution of Yz ié identified by the g-computation algorithm formula, as discussed
further below.

Following Heitjan and Rubin (1991), we say the data are coarsened at random (CAR) if
FIA(M)] {Is;3 € A}] depends only on O = Am, L) - . (1.7

Note that we can use ideas from the “missing data” literature because one’s treatment history A (7)
determines which components of one’s counterfactual history {Iz;@ € A} one observes. Thus we can
view causal inference as a missing data problem . We consider the following non-identifiable assumption
concerning the statistical models for the full data A {Iz;a c A}) considered in this section. Given @

and @z, let ujz be the smallest time u with a; (u) # a2 (u).

Assumption A: For all 3; and @ the conditional distribution of (Ls,. La,) given Lg, (up) is non-

degenerate.
Lemma 6.1: If assumption A and CAR hold, then so does sequential randomization (1.4).

Proof: Ignoring measured theoretic subtleties, we can assume without loss of generality that the A(t)

process jumps only at t =0, A (%) € {0,1}, the Lz = Y5 process jumps only a ¢t =1, and that (1.4)
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is false because
FlA@ =11 (1)) =% ()] -

Although the last display does not violate the CAR assumption (1.7), nonetheless, it also implies
FIA() =0]Y: (1)] = 1 — g[Y; (1)] which does violate (1.7) unless ¥; (1) = Yo (1) w.p.1, which is

prohibited by Assumption A.
~ Lemma 1.1 has the following obvious partial converse if we strengthen (1.4).
Lemma: Suppose that (1.4) holds with {L=;a € A} replacing Y (t). Then CAR holds.

However, if (1.4) is not so strengthenéd, then, even under Assumption A, the converse to Lemma
1.1 is not true. Specifically, Robins (1997, pg. 83) gives examples where one would expect (1.4) to be
true even when (1.7) is false. However, if (1.7) is the sole restriction imposed, this essentially places no
restrictions on the. joint distribution of the observable random variables O (Gill, van der Laan, Robins,
1997) and, thus, is not subject to empirical test. Thus, once (1.4) is assumed, we can impose 1.7
without affecting our (non-parametric) inference. In the following remark, we show by counterexample
that without Assumption A, CAR (i.e., 1.7) does not imply sequential randomization (i.e., 1.4), in which

case the g-computation algorithm formula cannot be used to compute the marginal distribution of Y.

Remark 1.1: Suppose that A (t) process jumps only at time 17,27 and A(t) is a dichotomous (0,1)
variable. Let Y;; = (Y;; (1), Y; (2)) be Yam(i,j) lie Yam(a1-),az-)) Witha(17) = éand e (27) = j}.
Suppose, in violation of Assumption A, that Yo; (2) = Yi1; (2) with probability 1. That is, a 1)
has no direct effect on Y at time 2 when a (27) is set to 1. Further suppose: Yp; (1) = Yio(2) =0
with probability 1 for all ¢ and j. That is, Y is zero at time lor 2 if one receives treatment level 0
at times 1~ or 2~ respectively. For notational convenience, write A (17) and A (27) as A; and A

respectively. Finally assume Yo (1) and Yo (2) are highly correlated and that

priA1 =1, 45 =01 {Yis3i,5 = 1,2}] = 1/8+ (1/8) Y10 (1) (1.82)
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prid; =0,4, =1 | {Yij;4,5 = 1,2} =1/8+ (1/8) Yy, (2) (1.8b)
and
Pridi=1,4,=1|{Vyj;i,5 = 1,2}] =3/4 - (1/8) v (1) = (1/8) Yo, (2) . (1.8¢c)

Now, by (1.2), Y59 () =Y (1) wp.1 and, by assumption, Yo1 (2) = Y13 (2). Thus one can substj-
tute Yy; for ¥y and Y01 in (1.8¢) and check that the data are CAR. However, we now show that
pr{A1 =0 Yo (1)] # pr [41 = 0] in violation of (1.4). Specifically, pr [4, = 0 | Y01 (2)] depends on
Yo1 (2) by (1.8b). Furthermore, pr (4, =0 [ Y10 (1)] =

pridi=0,4,=1|Y; D] = 1/8 + (1/8) E (¥, (2) [ Y10 (1)] which depends, by the correlation

assumption, on Y4 (1).

more, Y10 (1) = Y11 (1) = Y1) and ¥y, 2)=Y1(2) =Y®. Al Y. (1) = Y0 (2) =0 for i e {1,2}. We
observe

(A(17) A7) YD, 4(27) 4 (2‘) Y)Y with the CAR probabilities given above, Under the CAR as-
sumption, Gill, van der Laan, and Robins (1997) show that the joint distribution of {Yij;4,5 = 1,2} is

identified but not by the g-computation algorithm formuja,

Remark a: Assumptions concerning the joint distribﬁtion of (fa,,fa,) given Iz, (u32) plus the as-
sumption that the data are CAR place no restriction on the joint distribution of the observed data
0. However, as the above example shows, such assumptions may be sufficient to rule out sequen-
tial randomization. Indeed, in the example of Remark 1.1, the assurnption tﬁat Y01 (2) = vy (2)
w.p.1 alone is sufficient to ryle out the sequential randomization assumptién, since the two as-
sumptions together imply the restriction on the joint distribution of the observed data that ) ()=

JE[Y(2)] 4, =J,A2 =1,Y (1)]dF Y (1) 4, = j] is not a function of j. However, assuming both



randomization even though Assumption A is assumed false.

Remark b: The example of Remark 1.1 can be viewed as a discrete-time version of interval censored
data in which we assume there is an underlying faiiure time vaﬁ#ble T and we define Y =
IT<),Y® =1(T<2) and 4; =1 if a subject was ‘monitored at time j. On the other hand,
when the probability of tile event ‘Al = Ay = 1 is zero, we can view the example as a discrete-
time version of current status data in which each subject is monitored only once. We can then
conclude from our previous discussion that if we wish to estimate the distribution of our failure
time random variable T' under the sole assumption that the data are CAR, the distribution of T
can be obtained using the g-comp’utation algorithm formula in the case of current status data but
cannot be so obtained in the case of interval censored data. This fact underlies the observation
that the efficient score for estimating functionals of the distribution of T has an eléga.nt closed form
martingale representation in the case of current status data but not in the case of interval censored

data (van der Laan and Robins, 1998). ' .

When (1.4) is true we can, as shown below, dﬁys obtain closed form do(1b1y robust estimators.
However if Assumption A is false but the data are CAR, these estimators will not include an efficient
estimator and non-closed form efficient doubly robust estimators ca.n be constructed. When CAR holds
but (1.4) is false, then there exist only non-closed form doubly robust estimators. Here is an example in

discrete time in which both Assumption A and CAR holds.

2. Discrete Time Marginal Structural Model

In this section, the temporally ordered observed data are O = (L1, A1, L, Az, ..Li- Ak, Lic+1) where

Ay is a treatment given at time k and Ly are other variables measured just prior to treatment.

| Associated with each history @ = (@1, ..., ax) there isa cognterfactual random variable Lz = Lz,Kk+1
satisfying the conéistency assumption Lgm = I, if Am_1 = Gm-1. We impose the assumption of

sequential ignorability (i.e., no unmeasured confounders) that for all @ and m
If('f]:[Am | Tlm’zm—l = Gm-1- . (21)
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so that CAR holds. Further we assume that for all a,, in the support of A,,

I f (Bme1,Tm) >0, (2.2)

then f [am IZm_l,fm] >0.

Robins (1999) discusses the use of MSMs to estimate the effect of @ on Lg. With little losé of gener-
ality, he shows that the statistical problem which arises from estimation of MSMs under sequentiél
ignorability reduces to the estimation of the finite dimensional parameter u in a semiparametric
model with likelihopd f(O;p,8,p) = :lj-_[if [Lm | o1y A1 s 9] X

mﬁl f [Am | Am-1,Lm;p| , where

f [Lm | Zom—1, Am1; s 0] and

f {Am | A1, Lm; p] are densities with respect to dominating measures v; and v, respectively,
(u,0) and p are variation-independent, and ¢ and p are infinite-dimensional nuisance parameters,

that is characterized by the restriction for all functions s = s(-,-,-) in a given set S

E [s (Lx+1, 4K 1) /Tx] =0 : (2.3)

wherevfm = ﬁlf [Aj | L,Zj_l]. Note that the missingness process ﬁl f [Am | Am=1,Lm; p] is
a pa.rtié.l like;i;ood. Specifically, if we specify a marginal structural m;del characterized by the
restriction that E {s(Lg,@;u)} = 0 for s € S, then (2.3) will hold under (2.1) and (2.2). As an
example, the marginal structural mean model E (Lz 11} = ¢ (&, 1) with g (-, ) a known function is
equivalent to the model E {s(Lg, @ p)} = 0 with S = {s(La, & ) = 5" (@) [Laxa1 — 9@ )]s 8" ()
arbitrary}. If the assumption that E {s(Lg,@; )} = 0 for s € S does not restrict the distribution

of the Lz ,we say our MSM is saturated.

In order to reduce dimensionality, we consider two parametric submodels, f (a.m ! -m;-dm—l; a) and
f (lm | Im—=1,8@m—1; 44, %) where ¢ and « are finite-dimensional parameters. Our goal will be to construct
a doubly-robust RAL estimators of 4 in the semiparametric union model that assumes (2.1), (2.2), the

model f(O; 1,8, p) (so (2.3) holds), and at least one of the two finite-dimensional submodels is correct
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as well. Further, when both parametric models are correct and our MSM is saturated, the estimator
should attain the semiparametric variance bound for the union model. For simplicity we take u to be
one dimensional. In that case S will be a one dimensional vector space when the MSM is saturated. An

estimator that satisfies our goal can be constructed as follows.

1. Compuite the restricted MLE 1Z=1Z (1) of ¢ with p held fixed and the MLE & of « from the observed

data.
2. Select a particular s from S. (The choice can only affect efficiency.)

3. Hdoublerobust Solves the augmented inverse probability of treatment weighted estimating equation
0= Zi U’i (/‘l’)i where U (:u') =8 (IK+17ZK)/"') /‘7—rK (a) - Zfz:O{c (mazm’zma #) -
Es [c(m,Lm, Am, ) [Limy Am—1]} with

c (mazmazmv #) = Eﬂ,a(#) ['9 (ZK-{-'I?‘ZK? /‘I') /ﬁ;K (a) lzm,zm]-

We have acted as if it were no problem to specify and maximize the fully parametric MSM likeli-
J hood. This is not the case as discussed in Sec. 8 oi.' Robins et al. (1999) where variation independent
parameterization of the observed data distribution are given for MSMs and are shown to be quite
-complex. An alternative parametrization wouki be to specify a parametric model depending on
(u,) for the joint distribution of the counterfactuals Lz; but this may lead to intractable high
or even infinite dimensional integrals. The message is that the analysis of fully parametric MSMs
is anything but straightforward. Thus the method of estimator construction given above may be
more theoretical than practical because of the diﬂiculty with fitting the required parametric mod-
els. In pfactice, we would replace ¢ (m, Lm, Am,p) = E, [s Tx+1, Ak, 1) [Tk (@) [Lm, Am]

computed under the model by the predicted value E(m, Lo, Am, ,u) from a flexible regression of the

variable s (Lx+1, Ak, 1) [Tk (&) on functions of Lm, Am.
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