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SUMMARY
We analyse doubly censored data using semiparametric transformation models. We provide inference
procedures for the regression parameters and derive the asymptotic distributions of the proposed
estimators. Procedures for model checking and model selection are also discussed. We illustrate our

approach with a viral-load dataset from a recent AIDS clinical trial.
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1 INTRODUCTION

One useful alternative to the popular proportional hazards model (Cox, 1972) for right censored
survival data is a class of semiparametric transformation models, which includes the proportional
hazards and proportional odds models as special cases. Inference procedures under this class of
models for right censored data have been proposed by Clayton & Cuzick (1985), Cheng et al. (1995,
1997), Cai et al. (2000), Xu & Harrington (2001) and Chen et al. (2002).

We consider semiparametric transformation models allowing the response variable T to be subject
to double censoring, that is to both left and right censoring. If T represents the failure time, then
left censoring occurs when a subject failed prior to the entry of the study, L, and right censoring
occurs when a subject has not yet failed by the end of the study, U. Double censoring may also
arise when T represents an outcome variable that can only be accurately measured within a certain
range, [L,U]. For example, a recent AIDS clinical trial was designed to compare the virological
responses to three treatments for HIV-infected children. One major endpoint of the study was the
plasma HIV-1 RNA level obtained by the NucliSens assay. As a result of the limits of quantification
of the assay, the observed RNA copies per millilitre of plasma are highly unreliable if above 750,000
or below 400. Note that we observe {min(U,max(L,T)),I(T < L),I(T > U)}, where I(-) is the
indicator function. Double censoring, as we define it, differs from interval censoring, in which case
only {I(T < L),I(T > U)} is observed, and from doubly interval censored data (Sun, 1995) in which
the occurrences of both the originating event and the terminating event are either right or interval
censored (Kim et al., 1993; Geskus, 2001). Our censoring variables L and U can be fixed constants,
or group-specific or subject-specific random variables.

Previous work on our problem includes single sample estimation, two sample testing and regres-
sion analysis. For single sample estimation, Turnbull (1974)’s estimator was studied asymptotically
by Tsai & Crowley (1985), Chang (1990) and Gu & Zhang (1993). Two-sample tests with doubly
censored data were treated by Gehan (1965), Mantel (1967) and Huges (2000). For the linear re-
gression model, Zhang & Li (1996) and Ren & Gu (1997) proposed M-estimators. These regression
methods, requiring that the censoring variables be observed only when T is censored, are somewhat
complicated. In this article, we consider an alternative semiparametric model and present a simpler
approach to the regression analysis of doubly censored data. To this end, we require the censoring

variables to be always observed, as in the aforementioned paediatric ATDS study.



We propose a semiparametric approach to the estimation of both the covariate effect and the
underlying distribution function of T' at a given covariate level. We consider the transformation

model
Sz(t)=pr(T > t| Z) = g{h(t) + B"Z} , (11)

where the continuous, strictly decreasing link function g(-) is given or specified up to a finite dimen-
sional parameter, h(-) is a completely unspecified strictly increasing function, and 3 is a p x 1 vector
of unknown regression coefficients. Note that when g(-) = exp{—exp(-)} (1-1) gives the Cox propor-
tional hazards model (Cox, 1972), and when g(-) = 1/{1+exp(-)} it corresponds to the proportional
odds model (Bennett, 1983; Clayton & Cuzick, 1985; Murphy et al, 1997; Yang & Prentice, 1999).
Note also that the linear model considered by Zhang & Li (1996) and Ren & Gu (1997) is equivalent
to (1-1) if g is unspecified and h(t) is known to be ¢.

We first consider the case in which g¢(-) is completely specified. Inference procedures for the
regression parameters are derived in §2. Pointwise and simultaneous confidence intervals for the
distribution function of T' at a given covariate level are provided in §3. In §4, we present a graphical
method for model checking and a procedure for selecting an optimal link function, g(:), from a
class indexed by a single parameter A\. We also provide inference procedures for the estimated
parameters accounting for the variation from estimating the additional parameter A in the link
function. Simulation studies in §5 suggest that the proposed methods work well in finite samples. In

§6 we apply the methods to the aforementioned AIDS dataset. We close in §7 with some remarks.

2 INFERENCE PROCEDURES FOR REGRESSION PARAMETERS

Let T be the response variable and Z be the corresponding p X 1 vector of bounded covariates.
Assume that T' and Z are related through the semiparametric transformation model in (1-1). Let
L and U denote the left and right censoring variables, respectively. We assume that L and U are
always observed. For T, one can only observe the vector {X, I(T' < L), I(T > U)}, where X =
min{U, max(T,L)}. Given Z, the censoring variables L and U are assumed to be independent of T'.
Let {(T;,L;,U;, Z;) : i = 1,... ,n} be n independent and identically distributed copies of (T, L, U, Z).
Note that pr(X; >t > L; | Z;) = pr(U; > t > L;, T; > t| Z;) = pr(U; > t > Li | Zy)pr(Ti > t | Zy).



Then, under model (1-1),

where ho(-) and By are the true values of h(-) and B, respectively. This motivates the following
estimating equation for ho(¢) at any given 3 :

D [I(X,- >t > L) — I(U; >t > Li)g {h(t) + ﬂTZi}] =0, T,<t<m, (2:1)
i=1

where 7, and 7, are pre-specified constants such that both pr(X; < 7,) and pr(X; > 73) are positive.
Let E(t; B) denote the solution to equation (2:1). Note that E(t; B) is a step function in ¢ that rises
at the distinct jump points of {I(X; >¢):¢=1,... ,n} and {I(U; >t > L;): i =1,... ,n}. By
mimicking the generalised estimating equation method, we consider the following class of estimating

equations for Gy :
zn: / 7 [I(Xz- >t > L) — I(U; >t > L)g {ﬁ(t; B) + ,BTZ,-}] di(t) = 0, (2:2)
i=1"Ta

where 7(-) is a known increasing, but possibly data-dependent, weight function that converges to
a deterministic function v(-) uniformly in ¢ € [r,,75]. For example, we choose the weight function
# to be the counting process of {X;} in all our analyses. Let 3 denote the root of (2-2) and let
E(t) = E(t; E) In Appendix 1, we show that, under mild conditions, B and ﬁ(t) are unique for large
n and are consistent.

To obtain interval estimators for specific components of 3y, in Appendix 2 we show that
1, ~ 1 n
n2(B—fo) =n "2 AT Vi,
i=1
where A is defined by (A1-6) in Appendix 1,
™ T
Vi = / {Zi — 2(; 80)} [I(Xi >t> L) — I(U; > t > Li)g {ho(t) +ﬂoZi}]dU(t),
Ta

and z(t; B) is the limit of Z(¢; 3) defined by (A1-4) in Appendix 1. It follows from the standard central
limit theorem that the distribution of n3 (B —fBo) can be approximated by a zero-mean normal random

vector with covariance matrix

T =nlt4"1 (Z wv;) AL,
i=1



A reasonable estimator for ¥ is
W AG) (z vv) i),
i=1

where 17, is obtained by replacing all the theoretical quantities in V; with their empirical counterparts

and A\(ﬂ) is defined by (A1-5) in Appendix 1.

3 PREDICTION OF SURVIVAL PROBABILITIES

The regression model (1-1) for the response variable T' can also be used to predict the survivorship
function of T' for future patients with specific covariates, for example, in the AIDS study, for a
patient with RNA at a given level z;. A natural estimator for the survival probability S,,(t) is
§Zo (t) = g{/f;(t) + ETZO}. The consistency of 3 and B(t) ensures the consistency of §Zo (t). To obtain

the distribution of §20 (t), in Appendix 2 we show that the process
wio(t) =¥ [g7 80 (®)} — 7 {80 (0)}]
is asymptotically equivalent to @, (t) = n=: D oin 1 Waoi(t), where
Degi(t) = {20 — 2(t; Bo)} A Vi +a(t) ™ [I(Xi >t>L;) = I(Ui > t > Li)g {ho(t) + ﬁgzi}],

a(t) is the limit of n 1 >0 | I(U; > t > L;)g{ho(t) + 8§ Z:}, and §(y) = dg(y)/dy. In Appendix
2, we also show that w,,(t) converges weakly to a zero-mean Gaussian process. In practice, to
approximate the distribution of w,,(t), the resampling method proposed by Parzen et al. (1994)
can be used. In essence, one can first generate a large number of independent random samples
of {Gi,i = 1,...,n} from the standard normal distribution. For each sample, construct @,,(t) =
n-2 Y i1 Wai(t)Gi, where @W,;(t) is obtained by replacing all the theoretical quantities in @, (t)
with their empirical counterparts. It can be shown that @,,(¢) and w,,(t) converge to the same
Gaussian process. Therefore, the distribution of w,,(t) can be approximated by the realisations of

Wy (t). Confidence bands for the S,,(t) can subsequently be obtained based on these realisations.

4  MODEL CHECKING AND MODEL SELECTION PROCEDURES

The inference procedures we propose in §2 and §3 require the specification of the link function g(-).

Here, we present a graphical method for checking if model (1-1) with a given link function g(-) is



appropriate. Note that model (1-1) has an equivalent form:
h(T)=-B"Z +¢,

where the distribution function of the error € is 1 — g(-). If the model is correctly specified, then the
distribution of fitted residuals €;(T;) = E(T,) + B Z; will be close to the error distribution 1 — g(+). As
a result of censoring, the €(T;)’s are not always observed. Since h(-) is an increasing function, the
censoring pattern of €;(T;) can be approximated by that of 7;. To obtain the empirical distribution
for possibly censored €;(7T;), we use Turnbull’s generalised Kaplan-Meier estimator (Turnbull, 1974)
based on the observations {€;(X;), I(T; < L;), I(T; > U;)}.

To select an appropriate link function g(-), we consider a family of linear transformation models

whose link functions are indexed by a single parameter A:

(@) = {14+ Aexp(z)} X, ?f A>0; (41)
exp{—exp(z)}, ifA=0.

This type of transformation is closely related to the Box-Cox transformation for the linear regression
model. Note that A\ = 0 corresponds to the proportional hazards model and A = 1 corresponds to the
proportional odds model. Moreover, model (4-1) corresponds to the gamma frailty model integrated
over the unknown frailty; see Xu & Harrington (2001) for a discussion on the connection between
the time-varying coefficient model, the transformation model and the gamma, frailty model.

An optimal link function may be chosen by minimising a measure of discrepancy between the
observed and fitted values. To be specific, let Ag denote the true value of A\. We can estimate Ay by

minimising the statistic
n Tp N N 2 N
e =Y [ {atnBuon} de), (42)
i=1"Ta

where, for any given A, similarly to those of equations (2-1) and (2-2), {B\)\,h\)‘()} are the solutions
of

n

Zei(t;haﬁag)\)zoa TaStSTb, (43)
i=1

S [ 2 et .ot =0, (44)
i=1"YTa



and e;(t; h,B,9x) = I(X; >t > L;) — I(U; > t > L;) ga{h(t) + B7Z;}. The statistic Q(\) quantifies
the predictive accuracy of the model under link function g). A similar measure of predictive accuracy
was used by Graf et al. (1999) for right-censored failure-time data.

Let X denote argmin, Q()), and let {3, h(t)} denote the solution of (4-3) and (4-4) when given
A=\ In Appendix 3, we show the consistency of /):, B and %(t) This leads to a reasonable estimator

for the survivorship function of T' given covariate zp:

So(t) = g5 {R() + B0 |

Asymptotic properties of B and gzo(t) are shown in Appendix 4.

5 SIMULATION STUDIES

Several simulation studies of the proposed methods were conducted for model (1-1). For the case
when the link function g is given, in one of the studies, we generated T following the proportional
odds model with h(t) = log(¢/10) and 8 = (81 =1, 82 =2)". The resulting 7' has the survivorship

function
1
1+ exp {log(5) + Z1 + 222}’

where Z; is a standard normal random variable and Zs is a Bernoulli random variable with probability

pr(T > t| Zy,Z2) =

0.5. Note that the median of T at baseline Z = (0,0)" is 10 in this setting. We generated the
left censoring variable L from Un(0,1), and the right censoring variable U was generated from
L + Un(10,40). Sample sizes of 200 and 400 were considered. The choice of h, L and U resulted
in, on average, about 17% of the observations being left censored and 20% right censored. For each
simulated dataset, we obtained Bl, 32, their estimated standard errors and the predicted survival
probabilities 8}, = §Z1:0_5,Z2:0(tk), for k = 1,2,3. Here, t1, to and t3 are the 25th, 50th and 75th
percentiles of the random variable T'. In Table 1, we present empirical biases, sampling standard
errors, averages of the standard error estimates and coverage probabilities of the 95% confidence
intervals for B\J and 5. The results suggest that the parameter estimators have negligible biases. The
standard error estimates are close to the sampling standard errors. In addition, the 95% confidence
intervals have appropriate coverage probabilities. Simulation results, not shown, under settings such

that T follows the proportional hazards model, are similar to those in Table 1.



To examine the performance of the estimation procedures accounting for the additional parameter
A in the link function of model (1-1), for example, we let h(t) = 10t, 8 = (1,2)" and the link function
be (4-1) with true A = 2. We simulated data from the following models:

pr(T >t | Z1,25) = g2 (10t + Zy + 2Z5), L ~TUn(—3, —3/4)+2Z;, U ~L+TUn(0, 3)+2Z,,

where Z; and Z3 are Un(0, 1) random variables. Note that here censoring variables L and U depend
on covariates. Under this set up, on average, about 21% of the observations were left censored
and 12% right censored. For each simulated dataset, we obtained estimates for A along with other
parameters in addition to the estimates treating A = 2 as given. Summary statistics for Bj, Sk, Bj,
= §Z0 (tx) and X are presented in Table 2. We find that, like Ej and 3y, the estimators Bj and s}, also
have negligible biases and their estimated standard errors are close to the empirical standard errors.
As expected, the standard errors for Ej are larger than those for Bj due to the additional variation
from estimating A. On the other hand, the standard errors of the predicted survival probabilities

appear similar when A is given and is estimated.

6 EXAMPLE

We now return to the AIDS clinical trial mentioned in §1. This multi-centre, phase II, randomised
paediatric clinical trial was conducted in 1997. A total of 298 HIV-infected children from 48 sites
were enrolled in the study and were followed for 48 weeks. One primary objective of the study
was to compare the virologic responses to the following three treatments: Zidovudine (ZDV) plus
lamivudine (3TC) (Arm A), stavudine (d4T) plus ritonavir (RTV) (Arm B), and ZDV plus 3TC
plus RTV (Arm C). The main outcome measure is the plasma HIV-1 RNA level assessed using the
NucliSens assay. The lower limit of assay quantification for RNA was 400 copies/ml and the upper
limit was 750,000 copies/ml. Here we restrict our analysis to subjects who had initial HIV RNA level
within the limit of quantification (n = 195) and focus on the change in log;o RNA between baseline
and at week 24. Let ¢}, denote the log;; RNA value at week k and let A = ¢y —¥{24. Then the response
variable T = A could be left censored by L = ¢y — 5.88 and right censored by U = £y — 2.60. For T,
there are about 4% of left censoring and 42% of right censoring. Since our preliminary analysis shows
no significant treatment difference between Arms A and B, we combine these two treatment groups

and compare them to Arm C. Let R denote the treatment group indicator with 1 being Arm C and



0 otherwise. The covariates of interest are ¢y and R, the baseline log;y RNA level and the treatment
indicator. Note that the censoring variables depend on the covariates in this setting.

We first fit the model
pr(A >t|R,L) =g{h(t) + iR+ Bolo} ,

choosing g(-) appropriately to encapsulate the proportional hazards and odds models. The estimates
of the regression parameters are summarised in Table 3. To check whether or not these models
are appropriate, in Fig. 1 we compare the empirical distribution of the fitted residuals to the error
distribution 1— g, (+) for different given \’s. Based on Fig. 1, the model with A = 3.5 suggests a better
fit to the AIDS data than the commonly used proportional hazards and proportional odds models
do as the discrepancy between the solid and dotted curves in (a) and (b) appears more systematic.
To select the optimal link function among the class of transformation models described in §4 for this

dataset, we fit the more general model,
pr (A Z t | R, go) =g {h(t) + ,81R + 5250} . (61)

By minimising Q(\) defined in (4-2), we obtain X = 3.5. The estimated treatment difference is 81 =
—1.87 with standard error 0.71, indicating that Arm C is more effective than the other treatments;
p-value = 0.01. The estimated coefficient for ¢, is —0.64 with standard error 0.49. A negative
coefficient for ¢y indicates that the decrease in RNA is more likely for subjects who have higher
initial HIV RNA values, but this is not conclusive; p-value = 0.19.

Clinically, an RNA value exceeding 10, 000 indicates that the patient is not doing well. To examine
the virological response to the treatments for the patients in poor condition, in Fig. 2 we show the
estimated survivorship function of A for patients with £y = 4 in both treatment groups. These plots
also indicate that subjects in Arm C have a larger relative decrease in RNA from baseline. For
example, the probability of their RNA level at week 24 having at least a 50% decrease from baseline
(A > logy,2) is 0.75 (0.065) if they are in treatment Arm C and 0.49 (0.039) if in treatment Arm A
or B, where standard errors are given in brackets. Also shown in Fig. 2 are the 95% pointwise and
simultaneous confidence intervals for the estimated survival probabilities.

For each treatment group, we also compare the estimated survival functions of A based on (6-1)
for subjects with £y at the sample median, which is 4.15, to Turnbull’s generalised Kaplan-Meier
estimates of pr(A > t|R). Note that, based on Laplace’s approximation, pr(A > t|R, £y = 4.15) =



pr(A > t|R) since the density function of ¢; peaks roughly at £y, = 4.15. As shown in Fig. 3,
our estimates are fairly similar to Turnbull’s nonparametric estimates, which supports the choice of

model (6-1).

7 DISCUSSION

Practical implementation of our procedures is easy. The Newton Raphson algorithm was used to
obtain estimates for the regression parameter S and the baseline function h(-). For the weight
function v, we recommend using the counting process of observed responses {X;}. Empirically we
find that the estimators are insensitive to the choice of ¥. For model checking, we used Turnbull’s
generalisation of the Kaplan-Meier estimate to obtain the distribution for the fitted residuals through
the standard software Splus 6.0 (function kaplanMeier) or Splus 6.1 (function survfit).

When inferences are made about the regression parameter S in the transformed linear model,
issues concerning whether the transformation parameter A should be regarded as specified or as to
be estimated were discussed in Bickel & Doksum (1981) and Box & Cox (1982). In the context
of doubly censored data, we present inference procedures for both when ) is given and when it is
unknown. Bickel & Doksum (1981) indicated that the variances of the estimated 8 can be inflated by
large factors over the conditional variances for fixed A. Our numerical results in Tables 2 and 3 agree
with their findings. As noted in Box & Cox (1982), a relevant question is in what circumstances
confidence intervals for 8 calculated as if X were preassigned provide an adequate approximation
when A is unknown. In addition, are inference procedures for prediction more robust to whether A
is specified or estimated? These issues and many aspects of transformations are worthy of further
study.

The modifications needed for extending our methods to analyse commonly observed clustered
data are straightforward. The semiparametric model (1-1) can be defined in a marginal sense when
the data records are clustered. Without considering the within-cluster correlation, our estimating
equations provide valid estimates. Then, easy extensions of the proposed inference procedures can
be made to account for the correlation between data records within the same cluster. Our method
can also be extended to incorporate time-varying covariates and the model selection procedure can

be extended to allow for a more general class of link functions.
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APPENDIX 1

Uniqueness and consistency

We assume that g is twice continuously differentiable and the baseline function hg(t) is continuous.

By the strong law of large numbers, for large n, § > 0, 8 € Ds = {8 : |8 — Bol| < 6}, t € [7a, 78],

%Eﬂ: [I()(z >t> Li) — I(UZ >t> Li)g {ho(t) — &+ ,BTZi}] <0, (Al-l)
i=1

%zn: [I(X, >t> Li) — I(Ui >t> Li)g {ho(t) +e+ ,BTZ,'}] > 0, (A1-2)
i=1

when ¢ is sufficiently large, and hence there exists a unique ﬁ(t; B) such that

n

Z [I(Xz- >t> L)~ I(U; >t > L)g {E(t;ﬁ) + BTZi}] = 0. (A1.3)

By differentiating both sides of (A1-3) with respect to 3, we have the identity
0

—@h(t;ﬂ) =Z(t;8) =

P 1 > ¢ > Log {h(t8) + 8'Z: | Z,
Sy (U > ¢ > Lig {R(t:8) + 872 |

where ¢(y) = dg(y)/dy. To show the existence and uniqueness of B, let V(B) be the left-hand side
of (22). It follows from (A1-4) that n 10V (8)/08 = —A(B), where

Ap) =23 [z 20 10> 0> g (s 8) + 572} o), (A1)
i=1"Ta

which is nonpositive definite, and, for any vector z, z®° =1, z®! = z and £®2 = 22". Furthermore,
since (A1-1) and (A1-2) hold for any € > 0 when and only when 3 = f3, we have that ﬁ(t; Bo) — ho(t),
uniformly in t € [1,, 7], and n=10V(By) /9B — — A, where

A= [/Tb {Z1 = 2(t;50)}*" g {ho(t) + 5321} Gz, (t)dv (1) | , (A1-6)

Ta

11



Gz(t) =pr(U >t > L | Z), and 2(t;8) is the limit of Z(t; 3). When Z; is non-degenerate, A is
negative definite.

Since n "1V (By) — 0, by the standard inverse theorem, there exists a unique solution B to the
equation V() = 0 in a neighbourhood of 3. This, coupled with the nonpositivity of A\(ﬂ) for large
n, ensures the uniqueness of the root of V() = 0 in the entire domain of § asymptotically. The
above proof also implies that f is strongly consistent with ﬁ(t; E) — ho(t), almost surely, uniformly

int € g,

APPENDIX 2
Large sample distribution ofﬁ and wyy(t)

The consistency of B and a Taylor series expansion of V(B ) around S give n2 (ﬂ Bo) = nféV(ﬂo).

Taking a Taylor series expansion of ﬁ(t; Bo) around hg(t), we have
1 1 e o =
V() =3 Y- [ {2~ 205 60)} xlti o, Bo)ao(e),
i=1"v7a

where e;(t;h,8) = I(X; >t > L;) —I(U; > t > L;)g {h(t) + 8" Z;}. Furthermore, it follows from the
uniform law of large numbers (Pollard, 1990, p.41) that sup,c(r, 1 | Z(t; o) — 2(t; Bo) |— 0, almost
surely as n — oo. The functional central limit theorem (Pollard, 1990, p.53) ensures the weak
convergence of n-2 > oieq €i(t; ho, Bo). This, coupled with the strong representation theorem and the
uniform convergence of Z(t;30) — z(t;Bo), entails that n_%V(BO) is asymptotically equivalent to
n"s 2ie1 Vi

To show the asymptotic distribution of w,,(t) = ns {ﬁ(t; B) = ho(t)+ (B — Bo) 20}, we take Taylor

series expansions of ﬁ(t; B) around Sy and E(t; Bo) around hy(t) and obtain
{ (t;8) - } n 22{ 2(t; Bo)TA™'Vi + a(t) "ei(t; ho, Bo) } -

It follows that w,,(t) is asymptotically equivalent to w,,(t) = n"2 Y i1 Waoi(t). To show the weak
convergence of @,,(t) to a zero-mean Gaussian process, it suffices to show the finite-dimensional
convergence and the tightness of @,,(t). It is straightforward to see that, for any finite number of
time points {t1,ta,... ,tm}, the joint distribution of {@,,(t1), Wz (t2),. - ,Ws(tm)} is asymptotically
normal with mean zero. Since a(t), A and zp — z(¢; Bp) are nonrandom, it remains to show that

n=2 Yo, Vi and n"2 Yoieq ei(t; ho, Bo) are tight. Since V; does not involve t, n"2 Yo, Vi is tight.

12



The tightness of n=3 Y i €i(t; ho, Bo) follows the basic properties of empirical processes (Shorack &
Wellner, 1986).

APPENDIX 3

Consistency of h)

Suppose that \g is an interior point of a compact set [0,7]. To show that /):, the minimiser of Q()),
is strongly consistent, it suffices to show that n 1Q(\) converges almost surely and uniformly to
a deterministic function of A which has a unique minimiser at A9 (Newey & McFadden, 1994). It
follows from the uniform law of large numbers that n=*Q()\) — g()\) almost surely for any A € [0, 7],

where

a0 = [ [ I (hao(®) + B2} o ia(0) + B2 Gu0aL ()t

ha(t) and B, are the limits of 5 (¢) and By, respectively, and £ is the distribution function of Z. It

is easy to see that g(\) > ¢(\o) and the minimum of ¢(\) is achieved if and only if

Iro 1o (t) + Brg2} = gx {Pa(t) + 832} (A3-1)
for t € [14, 7] and z € D, almost surely, where and D, is the domain of Z. For (4-1), following some
partial derivatives of (A3-1), it can be shown that (A3-1) holds if and only if A = Ag. Thus, A is the
unique minimiser of ¢(\). It remains to show that the convergence of n=1Q()) to ¢()\) is uniform
in A € [0,n]. To this end, one can obtain ﬂ;‘\ = 0f3,/0A and h;(t) = 0hy(t)/dX by first plugging
the solutions {By, h(t)} into equations (4-3) and (4-4) and differentiating both sides of the resulting
equations with respect to A. It is easy to show that B; and hj\ are bounded for A € [0,7]. Therefore
n1Q()) is equicontinuous in A, which implies that the convergence of n 1Q()) to g()\) is uniform

in A. This concludes the consistency of X and hence the consistency of E and h.

APPENDIX 4
Large sample distribution ofB and gzo (t)

Let Q) = 8Q(N)/ON, ei(t;h, B) = ei(t;h, B,9x), ho(t) = hag(t), Bo = Brgs h(t) = hiy(t) and

E = B\Ao- It follows from a Taylor series expansion that

, -1
(R = Ao) = {—nla%(j")} n1Q0). (Ad1)
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Let hy(t) and 8 denote the limits of h;(t) and ,8;‘\, respectively. The uniform law of large numbers
ensures that supycpg 5 |B}‘ —ﬂ’)\| — 0 and supyeo,n],t€[ra,m] ‘h/*\(t) — h,\(t)‘ — 0 almost surely. It follows
from the uniform convergence of /f;)\(t) and ﬁ)\ and the large sample properties of E and ﬁ(t) that

n"2Q(No) =n"2 Y, g;, where

Tb b_g;o)(t) _
g = /Ta ei(t; ho, Bo) {wi(t) ") } - {bg,l)(t) - bﬁf”(t)z(t;ﬂo)} AW do(p),

wi(t) = —21(U; > t > Ly)ldx, {ho(t) + B3Z:} + dng {ho(t) + B3 Zi} {hiag (t) + B3, Zi}], b8 (2) is the
limit of n™1 Y"1 | wi(t)gn, {Ro(t) + Z7 Bo} Zz@k for k = 0 and 1, and for any function f)(x) we use
the notation f(z) to denote 8fx(x)/dX and use fx(x) to denote dfx(z)/dz. It is easy to see from
the uniform law of large numbers that —n~18Q(X)/0A — p = : TZ” E {w1(t)?} dv(t) almost surely.
From (A4-1), we have n%(X —Xo) = n"z S% , p tg. It follows from Taylor series expansions of B

and h(t) around ho(t) and By that

n

n2(B—fo) =n"z > (Broplai + ATIVA),

b {e) — ho(®)} = g {71+ S0 s gyt

Therefore, the distribution of E can be approximated by a normal random vector with mean 3, and

covariance matrix

n
w23 (072 b, + +AT VIV AT
i=1

The consistency of A, h(t) and 3 ensures the consistency of S,,(t). Arguments similar to
those in Appendix 2 can be used to show that n%{gz() (t) — S, (t)} is asymptotically equivalent
to n2 Yieq Si(t), which converges to a zero-mean Gaussian process, where S, (t) = g, {ho(t) + 55z}

and

Si(t)=p""ai [s'uo {ho(t) + Bozo} + gro {ho(t) + Bozo} {f’l,\o(t) + ﬂ’iozo}]

ez(t, hO)BO) + {ZO _ Z(t,ﬁo)}T Ale] )

+g}\0 {ho(t) + ,BJZO} a(t)
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Table 1: Empirical bias (Bias), sampling standard errors (Sse), average of the estimated standard
errors (Ase) and 95% empirical coverage probability (Ecp) for Bj and s under the proportional odds

model (A = 1). Results are based on 1000 realisations with £, =1 and 3y = 2.

n = 200 n = 400
B Bo 51 52 53 Bi Bo 51 52 53
Bias 0.014 0.026 0.005 0.011 0.003 0.006 0.014 0.002 0.004 0.001
Sse 0.168 0.300 0.043 0.044 0.025 0.114 0.217 0.029 0.030 0.018
Ase 0.156 0.295 0.043 0.043 0.028 0.110 0.208 0.030 0.031 0.020
Ecp 0.932 0.949 0.959 0.944 0.968 0.951 0.933 0.959 0.951 0.968
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Table 2: Empirical bias (Bias), sampling standard errors (Sse), average of the estimated standard
errors (Ase) and 95% empirical coverage probability (Ecp) for Bj and S when A = 2 is known and
Ej and sp when A is estimated. Results are based on 1000 simulated datasets with 5; = 1, 8y = 2

and sample size n = 200.

) B Bo 51 B 53

Bias —  0.027 0.038 0.011 0.009 0.006

_ Sse  —  0.797 0.735 0.041 0.043 0.034
GivenA=2  ye _ 0753 0727 0042 0045 0.035
Ecp —  0.937 0.946 0.945 0.954 0.959

A B Bo 81 S2 53
Bias 0.104 0.001 0.064 0.053 0.047 0.004

‘ Sse 1.833 0.942 1.106 0.042 0.042 0.034
Estimated A\ 0 1805 0972 1.219 0042 0045 0.036

Ecp 0.930 0.940 0.951 0.951 0.956 0.962
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Table 3: Estimated regression parameters, with standard errors in brackets for the RNA data: the
proportional hazards model (A = 0), the proportional odds model (A = 1) and the model with link
function g)(-) at A = 3.5.

A £ R
0 —0.30 (0.17) —0.90 (0.24)
Given A 1 —0.39 (0.24) —1.15 (0.30)
3.5 —0.64 (0.40) —1.87 (0.49)
Estimated A 3.5 (3.02) —0.64 (0.49) —1.87 (0.71)
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Figure 1: The empirical estimates of the distribution function of E(TZ) + BTZi compared to the
0, (b) A\=1, (c) A=3.5, (d)

distribution of ¢; under the model assumption at various A’s: (a) A =

A =05.
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Figure 2: The estimated survivorship function (solid curve) of A for subjects with baseline RNA
10,000 copies/ml in treatment arm (a) C and (b) A or B. Also shown are their 95% pointwise (dotted

curve) and simultaneous (dashed curve) confidence intervals.
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Figure 3: The estimated survivorship function (solid lines) of A for subjects with £y = 4.15 in
each treatment group. Also shown are Turnbull’s generalised Kaplan-Meier estimates (dashed lines)

obtained by ignoring the baseline RNA level.
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